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Abstract

We consider security properties of cryptographic protocols that can be modeled using
the notion of trace equivalence. The notion of equivalence is crucial when specifying
privacy-type properties, like anonymity, vote-privacy, and unlinkability.

Infinite sets of possible traces are symbolically represented using deducibility con-
straints. We describe an algorithm that decides trace equivalence for protocols that
use standard primitives (e.g., signatures, symmetric and asymmetric encryptions) and
that can be represented using such constraints. More precisely, we consider symbolic
equivalence between sets of constraint systems, and we also consider disequations. Con-
sidering sets and disequations is actually crucial to decide trace equivalence for a general
class of processes that may involve else branches and/or private channels (for a bounded
number of sessions). Our algorithm for deciding symbolic equivalence between sets of
constraint systems is implemented and performs well in practice. Unfortunately, it does
not scale up well for deciding trace equivalence between processes. This is however the
first implemented algorithm deciding trace equivalence on such a large class of processes.

Keywords: formal methods, verification, security protocols, privacy-type properties,
symbolic model.

1. Introduction

The present work is motivated by the decision of security properties of cryptographic
protocols. Such protocols are proliferating, because of the expansion of digital commu-
nications and the increasing concern on security issues. Finding attacks/proving the
security of such protocols is challenging and has a strong societal impact.

In our work, we assume perfect cryptographic primitives: we consider a formal, sym-
bolic, model of execution. Such an assumption may prevent from finding some attacks;
the relevance of symbolic models is studied in other research papers (see e.g., [1, 2]), but
it is beyond the scope of the present work.

IThe research leading to these results has received funding from the ANR project Sequoia.
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In this context, the protocols are described in some process algebra, using function
symbols to represent the cryptographic primitives and symbolic terms to represent mes-
sages. We use the applied pi-calculus [3] in this paper. Many attacks on several protocols
have been found during the last 20 years. For example, a flaw has been discovered (see [4])
in the Single-Sign-On protocol used e.g., by Google Apps. These attacks on formal mod-
els of protocols can of course be reproduced on the concrete versions of the protocols.
Several techniques and tools have been designed for the formal verification of crypto-
graphic protocols. For instance CSP/FdR [5], ProVerif [6], Scyther [7], Avispa [8]
and others.

Most results and tools only consider security properties that can be expressed as
the (un)reachability of some bad state. For instance, the (weak) secrecy of s is the
non-reachability of a state, in which s is known by the attacker. Authentication is also
expressed as the impossibility to reach a state, in which two honest parties hold different
values for a variable on which they are supposed to agree. In our work, we are interested
in more general properties, typically strong secrecy, anonymity, or more generally any
privacy-type property that cannot be expressed as the (non) reachability of a given
state, but rather requires the indistinguishability of two processes. For instance, the
strong secrecy of s is specified as the indistinguishability of P (s) from P (s′), where s′

is a new name. It expresses that the attacker cannot learn any piece of the secret s.
Formally, these properties, as well as many other interesting security properties, can be
expressed using trace equivalence: roughly, two processes P and Q are trace equivalent
if any sequence of attacker’s actions yields indistinguishable outputs of P and Q.

Some related work. The automated verification of equivalence properties for security
protocols was first considered in [9] (within the spi-calculus). ProVerif also checks some
equivalence properties (so-called diff-equivalence) [10], which is a stronger equivalence,
often too strong, as we will see below with a simple example. More recently, the approach
behind the Tamarin verification tool [11] has been extended to check equivalence-based
properties [12]. Actually, the equivalence notion is quite similar to the notion of diff-
equivalence used in ProVerif, and therefore suffers from the same drawbacks. A few
other procedures have been published:

• In [13, 14] a decision procedure for the trace equivalence of bounded deterministic
processes is proposed. Their procedure relies on an other procedure for deciding
the equivalence of constraint systems such as the one developed by [15] or [16].
In particular, the processes are restricted to be determinate and do not contain
(non trivial) conditional branching. Furthermore, the procedure seems to be not
well-suited for an implementation. Regarding primitives, these works allow any
primitives that are defined using a subterm convergent rewriting system.

• [17] gives a decision procedure for open-bisimulation for bounded processes in the
spi-calculus. This procedure has been implemented. The scope is however limited:
open-bisimulation is a stronger equivalence notion, and the procedure assumes a
fixed set of primitives (in particular no asymmetric encryption) and no conditional
branching.

• [18] designs a procedure based on Horn clauses for the class of optimally reducing
theories, which encompasses subterm convergent theories. The procedure is sound
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and complete but its termination is not guaranteed. It applies to determinate
processes without replication nor else branches. Moreover, when processes are not
determinate, the procedure can be used for both under- and over-approximations
of trace equivalence.

Our contribution. Our aim was to design a procedure, which is general enough and
efficient enough, so as to automatically verify the security of some simple protocols,
such as the private authentication protocol (see Example 1) or the e-passport protocol
analysed e.g., in [19]. Both protocols are beyond the scope of any above mentioned
results. An extension of ProVerif has been developed allowing one to analyse the
private authentication protocol [20]. However, ProVerif is still unable for instance to
deal with the e-passport protocol.

Example 1. We consider the protocol given in [21] designed for transmitting a secret,
while not disclosing the identity of the sender. In this protocol, a is willing to engage
in a communication with b. However, a does not want to disclose her identity (nor the
identity of b) to the outside world. Consider for instance the following protocol:

A→ B : aenc(〈na, pub(ska)〉, pub(skb))
B → A : aenc(〈na, 〈nb, pub(skb)〉〉, pub(ska))

In words, the agent a (playing the role A) generates a new name na and sends it,
together with her identity (here public key), encrypted with the public key of b. The
agent b (playing the role B) replies by generating a new name nb, sending it, together
with na and his identity pub(skb), encrypted with the public key of a. More formally,
using pattern-matching, and assuming that each agent a holds a private key ska and a
public key pub(ska), which is publicly available, the protocol could be written as follows:

PrivAuth1

 A(ska, pkb) : ν na. out(aenc(〈na, pub(ska)〉, pkb))
B(skb, pka) : in(aenc(〈x, pka〉, pub(skb))).

ν nb. out(aenc(〈x, 〈nb, pub(skb)〉〉, pka))

We will later write A(a, b) for A(ska, pub(skb)),B(b, a) for B(skb, pub(ska)), and B(b, c)
for B(skb, pub(skc)).

This is fine, as long as only mutual authentication is concerned. Now, if we want
to ensure in addition privacy, an attacker should not get any information on who is
trying to set up the agreement: B(b, a) and B(b, c) must be indistinguishable. This
is not the case in the above protocol. Indeed, an attacker can forge e.g., the message
aenc(〈pub(ska), pub(ska)〉, pub(skb)) and find out whether c = a or not by observing
whether b replies or not.

The solution proposed in [21] consists in modifying the process B in such a way that
a “decoy” message: aenc(〈nb, nb〉, pub(ska)) is sent when the received message is not as
expected. This message should look like B’s other message from the point of view of an
outsider. More formally, this can be modelled using the following process:

PrivAuth2


A(ska, pkb) : ν na. out(aenc(〈na, pub(ska)〉, pkb))
B′(skb, pka) : in(x). ν nb.

if proj2(adec(x, skb)) = pka
then out(aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pka))
else out(aenc(〈nb, nb〉, pka))
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Again, we will later write B′(b, a) for B′(skb, pub(ska)).
Still, this solution is not yet fully satisfactory since, for instance, an attacker could

distinguish B′(b, a) from B′(b, c) by sending a message aenc(〈H, pub(ska)〉, pub(skb)),
where H is a huge message, and observing the size of the output. This can be fixed,
considering a process B′′ that, additionally, checks the length of its input and sends the
decoy message if the length does not match its expectation. In this paper, we will assume
perfect cryptography, including length hiding. As shown in [22], the properties of our
algorithm allow to extend the procedure to protocols that include length tests.

With length tests, the above protocol is secure in our model. It is actually also compu-
tationally secure, for an IND-CCA1 encryption scheme, which satisfies key-privacy (see
[23] for instance). When the encryption scheme does not satisfy key-privacy, deciding
the computational security would require to give explicitly to the attacker the capability of
comparing the encryption keys. We do not include this test in our model. It is likely that
it could be added without any significant modification of our decision procedure (extend
the rule Eq-frame-frame).

This example shows that the conditional branching in the process B′ is necessary.
However, such a conditional branching is, in general, beyond the scope of any method
that we mentioned so far (though, the extension [20] of ProVerif can handle the above
example).

Another example is the e-passport protocol, that was analysed in [19], for which,
also, conditional branchings are essential for privacy purposes. Another limitation of
the existing works is the determinacy condition: for each attacker’s message, there is at
most one possible move of the protocol. This condition forces each message to contain
the recipient’s name, which is a natural restriction, but it also prevents from using private
channels (which occur in some natural formalisations).

The results presented in the current paper yield a decision procedure for bounded
processes, with conditional branching and non-determinism. It has been implemented
and the above examples were automatically analysed.

Some difficulties. One of the main difficulties in the automated analysis of cryptographic
protocols is the unbounded possible actions of an attacker: the transition system defined
by a protocol is infinitely branching (and also infinite in depth when the protocols under
study contain replications - which is not the case here). One of the solutions consists in
symbolically representing this infinite set of possible transitions, using symbolic constraint
systems. More precisely, deducibility constraints [24, 25, 26] allow one to split the possible
attacker’s actions in finitely many sets of actions yielding the same output of the protocol.
Each of these sets is represented by a set of deducibility constraints. In this framework,
attackers inputs are represented by variables, that must be deducible from the messages
available at the time the input is generated and satisfying the conditions that trigger a
new message output.

Example 2. Consider the protocol PrivAuth1 and PrivAuth2given in Example 1. Assume
a has sent her message. The message aenc(〈na, 〈nb, pub(skb)〉〉, pub(ska)) is output only
if the attacker’s input x can be computed from the messages available and the attacker’s
initial knowledge {pub(ska), pub(skb)} and satisfies the test. Formally, x is a solution of
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the constraint system:{
pub(ska), pub(skb), aenc(〈na, pub(ska)〉, pub(skb)))`? x
proj2(adec(x, skb)) =? pub(ska)

The symbol `? is interpreted as the attacker’s computing capability. In our case
(perfect cryptography), the attacker may only apply function symbols to known messages.
This is followed by a normalisation step, in which, for instance, the second projection of a
pair gives back the second component, according to the rule proj2(〈x, y〉)→ y. Similarly,
in the protocol PrivAuth2, the message aenc(〈nb, nb〉, pub(ska)) is output if x is a solution
of the constraint system:{

pub(ska), pub(skb), aenc(〈na, pub(ska)〉, pub(skb)))`? x

proj2(adec(x, skb)) 6=? pub(ska)

Hence, though the variable x may take infinitely many values, only two relevant sets
of messages have to be considered, that are respectively the solutions of the first and the
second constraint systems.

Now, let us consider the trace equivalence problem. Given two processes P and Q, we
have to decide whether or not, for every attacker’s sequences of actions, the sequences of
outputs of P and Q respectively are indistinguishable. Again, since there are infinitely
many possible attacker’s actions, we split them into sets that are symbolically represented
using constraint systems, in such a way that the operations that are performed by, say, the
process P are the same for any two solutions of the same constraint system CP . Assume
first that there is a constraint system CQ that represents the same set of attacker’s actions
and for which Q performs the same operations. Then P and Q are trace equivalent if and
only if (at each output step) CP and CQ are equivalent constraint systems: CP and CQ
have the same solutions and, for each solution of CP the output messages of P are
indistinguishable from the output messages of Q. This indistinguishability property on
sequences of messages is formalised using static equivalence.

Example 3. Let us come back to the private authentication protocol presented in Exam-
ple 1. As explained in [21], the privacy property can be formally expressed as the (trace)
equivalence of the two processes B(b, a) and B(b, c) that formalise the role B, in which,
respectively, b is willing to talk to a and b is willing to talk to c (assuming a, b, and c are
honest and their public keys are known by the attacker).

In the protocol PrivAuth1, the traces of B(b, a) are represented, as explained in Ex-
ample 2, by the constraint system CP :

CP =

{
pub(ska), pub(skb), pub(skc), aenc(〈na, pub(ska)〉, pub(skb)))`? x
proj2(adec(x, skb)) =? pub(ska)

For any solution of the constraint, the trace consists of one message

ΦP = aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pub(ska)).

Otherwise, the trace is empty. The traces of B(b, c) are represented in a similar way by
the constraint CQ:

CQ =

{
pub(ska), pub(skb), pub(skc), aenc(〈na, pub(ska)〉, pub(skb)))`? x
proj2(adec(x, skb)) =? pub(skc)
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For any solution of the constraint, the trace consists of one message

ΦQ = aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pub(skc)).

Otherwise, the trace is empty. In this particular case, B(b, a) and B(b, c) are trace
equivalent if and only if:

1. the sets of solutions of the two constraint systems are identical (otherwise, there is
an attacker input, for which one of the traces is empty and the other is not empty)

2. for any solution of either constraint systems, the two output messages are indistin-
guishable (formally, they are statically equivalent).

This is what is formalized (in a general setting) by the equivalence of constraint systems.
In this very example, x = aenc(〈pub(ska), pub(ska)〉, pub(skb)) is a solution of CP and

not of CQ, thus the sets of solutions do not coincide.

In general, the situation is however more complex since, for two attacker’s actions
yielding two solutions of CP , the process Q may move in different ways. This depends in
general on additional properties of the attacker’s input: the actions of the attacker are
split into the solutions of C1

Q, C2
Q.... Now, we need to consider not only the equivalence

of constraint systems, but also the equivalence of sets of constraint systems.

Example 4. Consider now the protocol PrivAuth2: the privacy is expressed as the trace
equivalence of B′(b, a) and B′(b, c). The traces of B′(b, a) consist in a single message:

1. the message aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pub(ska)) if x is a solution of
the constraint C1(ska) where:

C1(α)
def
=

{
pub(ska), pub(skb), pub(skc), aenc(〈na, pub(ska)〉, pub(skb)))`? x
proj2(adec(x, skb)) =? pub(α)

2. the message aenc(〈nb, nb〉, pub(ska))) if x is a solution of the constraint C2(ska)
where:

C2(α)
def
=

{
pub(ska), pub(skb), pub(skc), aenc(〈na, pub(ska)〉, pub(skb)))`? x

proj2(adec(x, skb)) 6=? pub(α)

Now, B′(b, a) and B′(b, c) are trace equivalent if, for every x,

1. C1(ska) ∨ C2(ska) and C1(skc) ∨ C2(skc) have the same solutions (when there is an
output on one side, there is also an output on the other side).

2. For any solution of either sets of constraint systems, the output messages are stat-
ically equivalent.

In this very example, the equivalence boils down to the static equivalence of the two
following (sequences of) messages:

• aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pub(ska)) (when x is a solution of C1(ska)),

• aenc(〈nb, nb〉, pub(ska))).
6



This example shows already the use of sets of constraints. Let us also emphasize an-
other important feature of our (sets of) constraint systems. In the context of equivalence
problems, the relevant notion of solutions of constraint systems are not the assignments
to the free variables (as it is the case in [24, 25, 26] for instance), but the recipes used to
get such assignments, as illustrated by the following example.

Example 5. Consider the following two processes:

P = out(〈t1, t2〉).in(x).if x = t1 then out(s1) else if x = t2 then out(s2)
Q = out(〈t2, t1〉).in(x).if x = t1 then out(s1) else if x = t2 then out(s2)

where t1, t2 are any distinct messages that are statically equivalent, e.g., two random
numbers freshly generated.

Let C1
P , C2

P (resp. C1
Q, C2

Q) be the constraint systems associated with the two branches

of P (resp. Q). The same assignments to x satisfy respectively C1
P ∨C2

P and C1
Q∨C2

Q. And
for any such assignment, the output messages are identical. Yet, the processes are trace
equivalent only if s1, s2 are statically equivalent. Indeed, the attacker may either forward
(as x) the first or the second projection of the first output message. If he forwards the
first projection, he will get s1 in the first experiment and s2 in the second experiment.
This example shows that the relevant notion of solution of a constraint system is not the
assignment of x, but rather the way x is constructed, which we will call a recipe.

In summary, each constraint system comes with a frame, recording the output mes-
sages. For instance, in Example 3, the constraint system CP comes with the frame

pub(ska); pub(skb); pub(skc); aenc(〈na, pub(ska)〉, pub(skb)); ΦP

and the constraint system CQ comes with a frame

pub(ska); pub(skb); pub(skc); aenc(〈na, pub(ska)〉, pub(skb)); ΦQ.

Later, we will define formally a more general notion of frame.
Two sets of constraint systems S and S ′ are equivalent if (and only if) for any solution

of a constraint C ∈ S and any possible way θ (recipe) to construct this solution, there is a
constraint C′ ∈ S ′ such that θ also yields a solution of C′ and the corresponding instance
of the frame associated with C is statically equivalent to the corresponding instance of
the frame associated with C′.

In a companion paper [14], we show how the trace equivalence of processes without
replication, but that may contain non trivial conditional branching and non determin-
istic choices, can be effectively reduced to the equivalence of sets of constraint systems.
The focus of this paper is on the decision of the equivalence of such sets of constraint
systems. Though, we will illustrate our techniques using examples coming from process
equivalence problems. In addition, as explained in [27, 28], we will consider constraint
systems that do not contain destructors (no projection nor decryption for instance). For
the cryptographic primitives that we consider, this is not a restriction, since, using a
narrowing technique [29], it is always possible to get rid of them, possibly at the price of
introducing new variables.
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Example 6. Consider the constraint C1(α) in Example 4. The equality constraint
proj2(adec(x, skb)) =? pub(α) contains destructors. It can however be narrowed to elimi-
nate the destructors, replacing the equation with

x=? aenc(〈x1, x2〉, pub(skb)) ∧ x2 =? pub(α).

Overview of our procedure. The general idea of our decision algorithm for the equivalence
of (sets of) constraint systems is borrowed from earlier work on deducibility constraints:
we simplify the constraints until we get a simple form, on which the equivalence problem
should be easy. Since we are interested in equivalence properties, there are two main
differences. First, we need to consider pairs of (sets of) constraint systems. The simpli-
fication rules should be applied on both (sets of) systems at the same time; when this
corresponds to guessing an attacker action, it should be the same rule, which is applied
on both (sets of) systems. The second main difference concerns the equivalence check-
ing: we have to keep track of an extended frame, recording some of the deductions of
the attacker, and check the static equivalence of all instances, when the constraints are
in solved form.

In comparison to previous constraint solving algorithms, there are many additional
difficulties, which we will emphasize along the paper. One of the problems is that, when
applying the rules in a naive way, the two (sets of) constraint systems do not necessarily
reach a solved form at the same time. So, we may need to apply further rules, even when
one of the systems is in solved form, which causes termination issues.

Finally, along the algorithm, we guess for instance whether or not a key is deducible.
This introduces negative deducibility constraints, which might be hard to solve. We turn
around the difficulty, keeping track of previous choices (e.g., whether a key was deducible
or not). This yields matrices of constraint systems: the different columns correspond to
constraint systems that share the same structure, but may yield different outputs of the
protocol, whereas the different rows correspond to different guesses of deducibility along
the constraint simplification. This complication in the syntax allows some simplifications
in the algorithm, since we may take advantage of the bookkeeping of different rows.

Outline. In this paper, we decide to focus on the algorithm itself, and we only give
some hints about the soundness, completeness and termination of our algorithm. The
interested reader will find detailed proofs of these results in appendix.

In Section 2, we introduce most of the definitions together with a few examples. The
algorithm is explained in Section 3. We start with single constraint systems, before ex-
tending the rules to pairs of (sets of) constraint systems, and later matrices of constraint
systems. Section 4 is probably the most technical one; it is devoted to the description
of the strategy that is used to ensure soundness, completeness, and termination of our
transformation rules. We describe our strategy and we illustrate the main difficulties
we encountered using several examples. The procedure has been implemented in a tool
called APTE, and we provide with a short summary of the experiments in Section 5.

This paper can be seen as an extended and enriched version of a part of [27]. In [27],
it was shown that trace equivalence is decidable for a large class of processes. The core
of [27] is the design of an algorithm for equivalence of sets of constraint systems. However,
due to space limitations, the algorithm is only briefly presented. In this paper, a detailed
description is given with many examples for illustration purposes. The strategy described
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in this paper is not exactly the same as the one presented in [27, 28]. Actually, we manage
to simplify the last steps of the strategy.

2. Messages, constraint systems, and symbolic equivalence

In this section, we introduce most of the definitions together with a few examples. In
particular, we define formally the problem we are interested in, i.e., symbolic equivalence
between sets of constraint systems.

2.1. Messages

To model messages, we consider an infinite set of names N = {a, b, . . . , sk, k, n,m, . . .},
which are used to model atomic data. We consider X 1 = {x, y, . . .} an infinite set of first-
order variables, as well as a signature F , i.e., a set of function symbols. More precisely,
we consider F = Fc ] Fd where:

Fc = {senc/2, aenc/2, pub/1, sign/2, vk/1, 〈 〉/2, h/1}
Fd = {sdec/2, adec/2, check/2, proj1/1, proj2/1}.

These function symbols model signature, pairing, hash function, symmetric and asym-
metric encryptions. Symbols in Fc are constructors and those in Fd are destructors.

Terms are defined as names, variables, and function symbols applied to other terms.
For any F ⊆ F , N ⊆ N and V ⊆ X 1, the set of terms built from N and V by applying
function symbols in F is denoted by T (F,N∪V). We denote by vars1(u) the set of (first-
order) variables occurring in a term u. A term u is ground if vars1(u) = ∅. We denote
by st(u) the set of subterms of u. A constructor term, resp. ground constructor term, is
a term belonging to T (Fc,N ∪ X 1), resp. to T (Fc,N ). A ground constructor term is
also called a message.

Example 7. Going back to Example 1, m = aenc(〈na, pub(ska)〉, pub(skb)) is a message
and t = aenc(〈proj1(adec(x, skb)), 〈nb, pub(skb)〉〉, pub(ska)) is a non ground term.

In order to take into account the properties of our cryptographic primitives, we con-
sider the following term rewriting system.

sdec(senc(x, y), y) → x
adec(aenc(x, pub(y)), y) → x

proj1(〈x, y〉) → x
proj2(〈x, y〉) → y

check(sign(x, y), vk(y)) → x

The rules are standard, for instance, the first column states that the decryption of a
ciphertext with the appropriate decryption key gives back the plaintext. Symmetric and
asymmetric encryptions are respectively considered in each of the two rules. These rules
define a convergent term rewriting system [30], and t↓ denotes the normal form of t.

Example 8. Continuing Example 7, and considering an honest execution (the one where
the attacker does not interfere) of the protocol described in Example 1, the variable x will
be instantiated with the message m = aenc(〈na, pub(ska)〉, pub(skb)), and t{x 7→ m}↓ =
aenc(〈na, 〈nb, pub(skb)〉〉, pub(ska)), which is a message.
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We now consider a set X 2 = {X,Y, . . .} of recipe variables and we write vars2(·) the
function that returns the set of recipe variables occurring in its argument. A recipe is a
term built on Fc,Fd, a set of parameters AX = {ax 1, . . . , axn, ...}, that can be seen as
pointers to the hypotheses (or known messages), and variables in X 2. As in the applied
pi-calculus, all the function symbols are public, i.e., available to the attacker. Moreover,
names are excluded from recipes: names that are known to the attacker must be given
explicitly as hypotheses. We denote by Π the set of recipes, i.e., Π = T (F ,AX ∪X 2). A
ground recipe ζ is a recipe that does not contain variables (vars2(ζ) = ∅). We denote by
param(ζ) the set of parameters that occur in ζ. Intuitively, a ground recipe records the
attacker’s computation. It is used as a witness of how a deduction has been performed.

Example 9. As seen in Example 3, to mount an attack against the simplified version of
the private authentication protocol, the attacker can build the message:

aenc(〈pub(ska), pub(ska)〉, pub(skb)).

This is indeed possible using the ground recipe aenc(〈ax 1, ax 1〉, ax 2) (assuming that ax 1

and ax 2 are pointers to pub(ska) and pub(skb)).

2.2. Frames

In [3] (and subsequent papers) a frame is used to record the sequence of messages (or
terms in a symbolic execution) that have been sent by the participants of the protocol.
It can be written, using the formalism that we introduce below, as a sequence

{ax 1, 1 B u1; . . . ; axn, n B un}

where ax i are parameters, 1, ..., n are the numbering of successive outcomes (the stages
of the execution) and u1, . . . , un are the corresponding output messages. We extend
this notion to record some additional information on attacker’s deductions. Typically
(sdec(X, ζ), i B u) records that, using a decryption with the recipe ζ, on top of a recipe X,
allows one to get u (at stage i). After recording this information in the frame, we may
rely on this bookkeeping, and no longer consider a decryption on top of X.

With such an extension, members of the frame may look like ζ, i B v and the same
stage may appear several times. However, if ζ = ax j , then we still have i = j. The
recipes ζ that are added to the frame will always different from the previous ones, which
allows to define a substitution associated with a frame, as we explain below.

Definition 1 (frame). A frame Φ (resp. a closed frame) is a sequence of the form
{ζ1, i1 B u1; . . . ; ζn, in B un} where:

• u1, . . . , un are constructor terms (resp. ground constructor terms),

• i1, . . . , in are integers, and

• ζ1, . . . , ζn are distinct general recipes (resp. ground recipes).

The domain of the frame Φ is dom(Φ) = AX ∩ {ζ1, . . . , ζn}. It must be equal to
{ax 1, . . . , axm} for some m, and m is called the size of Φ. Moreover, we assume that for
all (ζ, i B u) ∈ Φ, i ≤ m and if ζ = ax j then i = j.
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The indices i1, . . . , in represent the stages at which a message is known. An attacker
could indeed distinguish two processes, simply because some message can be computed
earlier in one of the processes than in the other: the stage at which messages are available
is a relevant information.

A frame Φ of size m defines a substitution on dom(Φ): if dom(Φ) = {ax 1, . . . , axm}
and, for i = 1, . . . ,m, we have that (ax i, i B vi) ∈ Φ, then we write again Φ the
substitution {ax 1 7→ v1, . . . , axm 7→ vm}. We denote by Init(Φ) the frame Φ restricted to
its domain dom(Φ). A closed frame Φ is consistent if, for every (ζ, i B u) ∈ Φ, we have
that (ζΦ)↓ = u. Lastly, an initial frame is a frame of the form {ax 1, 1 B u1; . . . ; axm,m B
um} where ax 1, . . . , axm ∈ AX , i.e. a frame such that Φ = Init(Φ).

Example 10. Consider the following initial frame:

Φ = {ax 1, 1 B aenc(〈na, pub(ska)〉, pub(skb))); ax 2, 2 B aenc(nb, pub(skb))}

Let Φ′ = Φ ] {ax 3, 3 B skb; adec(ax 1, ax 3), 3 B 〈na, pub(ska)〉}. Φ′ is a closed frame.
The intermediate component adec(ax 1, ax 3), 3 B 〈na, pub(ska)〉 records the deduction
of 〈na, pub(ska)〉 using the recipe adec(ax 1, ax 3) at stage 3.

Actually, we do not need to consider recipes that make unnecessary detours, or yield
always junk messages. We introduce therefore a restricted set of recipes Πr:

Πr = {ξ ∈ Π | ∀f ∈ Fd,∀ξ1, . . . , ξn ∈ Π, f(ξ1, . . . , ξn) ∈ st(ξ)⇒ root(ξ1) 6∈ Fc}.

where root(u) is the root symbol of u.

Example 11. The recipe sdec(senc(ax 1, ax 2), ax 2) is not in normal form, and thus not
in Πr, whereas sdec(senc(ax 1, ax 1), ax 2), though in normal form, is not in Πr. Intuitively,
this recipe, when applied to a frame, will either not yield a message or yield the message
pointed by ax 1. In the latter case, there is a simpler recipe consisting in ax 1 alone.

We define below the static equivalence in a way similar to [3]. We make explicit the
success (or the failure) of decrypting or checking a signature.

Definition 2 (static equivalence). Two closed frames Φ and Φ′ are statically equivalent,
written Φ ∼ Φ′, if they have the same size m and

1. for any ground recipe ζ ∈ Πr such that param(ζ) ⊆ {ax 1, . . . , axm},
ζΦ↓ ∈ T (Fc,N ) if, and only if, ζΦ′↓ ∈ T (Fc,N )

2. for any ground recipes ζ, ζ ′ ∈ Πr such that param({ζ, ζ ′}) ⊆ {ax 1, . . . , axm}, and
the terms ζΦ↓, ζ ′Φ↓ are in T (Fc,N ),

ζΦ↓ = ζ ′Φ↓ if, and only, if ζΦ′↓ = ζ ′Φ′↓.

We could have stated the definition with arbitrary recipes in Π. The definition would
have been equivalent (see Lemma 6.7 in [28]). We chose, without loss of generality, to
consider recipes in Πr only, because it simplifies the following.

Example 12. From Example 1, we consider the two closed frames:

• Φ1 = Φ0 ] {ax 3, 3 B m; ax 4, 4 B aenc(〈na, 〈nb, pub(skb)〉〉, pub(ska))}, and
11



• Φ2 = Φ0 ] {ax 3, 3 B m; ax 4, 4 B aenc(nb, pub(ska))}

with Φ0 = {ax 1, 1 B pub(ska); ax 2, 2 B pub(skb)} and m = aenc(〈na, pub(ska)〉, pub(skb)).
They are statically equivalent. Indeed, for any recipe ζ ∈ Πr, there is no redex in either
ζΦ1 or ζΦ2. Moreover, it is not possible to build any ciphertext present in the frame
from its components (since each ciphertext involves at least one fresh nonce which is not
available to the attacker).

Example 13. Assume b, c are names. Consider the two following frames:

Φ1 = {ax 1, 1 B a; ax 2, 2 B senc(b, a)} Φ2 = {ax 1, 1 B a; ax 2, 2 B senc(c, a)}
They are statically equivalent. Though the recipe ζ = sdec(ax 1, ax 2) yields a non

trivial reduction when applied to Φ1 (resp. Φ2), the results b and c are indistinguishable.
Actually, only trivial equalities can be derived on both sides. Now, if we disclose explic-
itly b (or c, or both), as in the frames

Φ′1 = Φ1 ] {ax 3, 3 B b} Φ′2 = Φ2 ] {ax 3, 3 B b}
then the frames are not statically equivalent. Choosing the recipes ζ = sdec(ax 1, ax 2)
and ζ ′ = ax 3, we have that ζΦ′1↓ = ζ ′Φ′1↓(= b), while ζΦ′2↓ 6= ζ ′Φ′2↓. The attacker may
observe an equality on the first frame, which does not hold on the second frame.

The first condition in the definition of static equivalence is also important: the at-
tacker may observe the success of some operation on one of the frames, while it fails on
the other.

Example 14. Consider the two following frames:

Φ1 = {ax 1, 1 B sign(a, b); ax 2, 2 B vk(b)}, and Φ2 = {ax 1, 1 B sign(a, b); ax 2, 2 B vk(c)}.

The attacker can only observe trivial equalities on both frames. However, if we let ζ =
check(ax 1, ax 2), then ζΦ1↓ ∈ T (Fc,N ) and ζΦ2↓ /∈ T (Fc,N ). The attacker observes
the success of checking the signature in one case and its failure in the other case.

2.3. Constraint systems

As explained in the introduction, our decision algorithm will rely on deducibility
constraints, as a means to represent symbolically sets of traces of a protocol. The fol-
lowing definitions are consistent with [25]. In particular, the so-called monotonicity and
origination properties are expressed through item 3 in the next definition. Since we are
interested here in equivalence properties, we do not only need to represent sets of traces,
but also to record some information on the attacker’s actions that led to these traces.
That is why we also include equations between recipes and a set NoUse of obsolete ele-
ments in the frame; roughly, a component of the frame is obsolete when the attacker used
another recipe to get the message, at an earlier stage. Finally, we also consider negative
constraints, in order to enable splitting the set of traces into disjoint sets.

Definition 3. A constraint system is either ⊥ or a tuple (S1;S2; Φ;D;E;EΠ; ND ;NoUse)
where:

1. S1 (resp. S2) is a set of variables in X 1 (resp. X 2);

2. Φ is a frame, whose size is some m and NoUse is a subset of Φ;
12



3. D is a sequence X1, i1 `? t1; . . . ; Xn, in `? tn where

• X1, . . . , Xn are distinct variables in X 2

• t1, . . . , tn are constructor terms

• 1 ≤ i1 ≤ . . . ≤ in ≤ m.

• for every (ξ, i B t) ∈ Φ, vars1(t) ⊆
⋃
ij<i

vars1(tj);

• for every (ξ, i B t) ∈ Φ, param(ξ) ⊆ {ax 1, . . . , ax i} and vars2(ξ) ⊆ {Xk | ik ≤ i}.

4. E =
∧
k uk =? vk∧

∧
i ∀x̃i · [

∨
j ui,j 6=

? vi,j ] where uk, vk, ui,j and vi,j are constructor
terms.

5. EΠ =
∧
i ζi =? ζ ′i ∧

∧
j ξj 6=

? ξ′j ∧
∧
k root(βk) 6=? fk where ζi, ζ

′
i, ξj , ξ

′
j, βk are recipes

in Πr and fk are constructor symbols.

6. ND =
∧
i ∀x̃i.[ui 6=

? vi∨
∨
j ki,j 6 `? wi,j ] where ui, vi, wi,j are constructor terms and

ki,j ∈ N.

We say that a constraint system is initial if NoUse = ∅, ND = ∅, EΠ = ∅, vars2(D) = S2

and Φ is an initial frame.

Intuitively, S1 is the set of free variables in X 1; we may have to introduce auxiliary
variables, that will be (implicitly) existentially quantified, as well as (explicitly) uni-
versally quantified variables. Similarly, S2 is a set of main recipe variables (in X 2) of
the constraint. For readability, we will sometimes omit some of the components of the
constraint system, because they are either straightforward from the context or empty.
We also write ΦC for the frame part of a constraint system C. We will later call the
component D the deducibility part of the constraint system.

Example 15. The constraints, as displayed in Example 2, follow another (simpler)
syntax. However, as already explained, we need not only to reason about the attacker’s
inputs, but also on how he computed these values. Furthermore, as we explained in the
introduction, the terms are assumed to be narrowed, so as to eliminate the destructors;
in the Example 2, the variable x has been narrowed to aenc(〈x, y〉, pub(skb)): for each
occurrence d(s1, . . . , sn) of a destructor d, we unify d(s1, . . . , sn) with a left hand side of
a rewrite rule d(v1, . . . , vn)→ w, then replace d(s1, . . . , sn) with w and add the equations
si =? vi.

According to the syntax of the above definition, the first constraint system of that
example should be written:

Φ = {ax 1, 1 B pub(ska); ax 2, 2 B pub(skb); ax 3, 3 B aenc(〈na, pub(ska)〉, pub(skb)))}
D = {X, 3`? aenc(〈x, y〉, pub(skb))}
E = {y=? pub(ska)}

Implicitly S1 = {x, y}, S2 = {X}, and the set EΠ, NoUse and ND are empty. This is an
initial constraint system.

More examples will be given later. From now, vars1(C) will denote the set of free
first-order variables of C (while it was, according to the Section 2.1 the set of all variables
occurring in C).
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Before defining the semantics of such extended constraint systems, we need first to
consider the components ND , E, and EΠ, and also to introduce the notion of path (see
Definition 5). The semantics of ND , E and EΠ is obtained from the interpretation of
atomic formulas, using the usual interpretation of logical connectives. Hence we focus
on the semantics of atomic formulas in the next definition.

Definition 4 (solution of side constraints). Let θ be a substitution mapping vars2(C) to
ground recipes, and σ be a substitution mapping vars1(C) to ground constructor terms.

1. σ � (i 6 `? u) if, and only if, there is no ground recipe ξ ∈ Πr, with param(ξ) ⊆
{ax 1, . . . , ax i}, such that ξ(Φσ)↓ = uσ↓.

2. σ � u 6=? v if, and only if, uσ 6= vσ.

3. θ � ξ1 =? ξ2 (resp. θ � ξ1 6=? ξ2) if, and only if, ξ1θ = ξ2θ (resp. ξ1θ 6= ξ2θ).

4. θ � root(ξ) 6=? f if, and only if, root(ξθ) 6= f.

Note that, in items 2 and 3, we only check that the equalities and disequalities hold
syntactically. Actually, some additional information about systems obtained along our
procedure allow us to ensure that resulting terms are in normal form (and thus rewriting
is not needed here).

Example 16. Let Φ = {ax 1, 1 B senc(a, x); ax 2, 2 B b} and σ = {x 7→ b}. We have
that σ |= (1 6 `? a) whereas σ 6|= (2 6 `? a) since sdec(ax 1, ax 2)(Φσ)↓ = a.

There are possibly several ways to compute the same message, given a frame. All
possible ways of computing a given message are the observable equalities that are used
in the static equivalence. Checking static equivalence will be part of the procedure for
the decision of symbolic trace equivalence. Therefore, we may consider only one way
(a “canonical” recipe) to get a message from a frame. We choose our recipe according
to its path, which is the sequence of destructors applied on its leftmost argument. This
sequence determines the result, regardless of other arguments. Let us make this point
more precise.

Definition 5 (path). Let ξ ∈ Πr be such that root(ξ) 6∈ Fc. The path of ξ, denoted
path(ξ), is a word in the language defined by the regular expression F∗d · (AX +X 2) over
an infinite alphabet. In other words, it is recursively defined as follows:

path(ξ) = ξ when ξ ∈ AX ∪ X 2, and path(f(ξ1, . . . , ξn)) = f · path(ξ1) otherwise.

Note that, if f(ξ1, . . . , ξn) ∈ Πr and f /∈ Fc, then root(ξ1) is a destructor, by definition
of Πr. Hence, if root(ξ) /∈ Fc, path(ξ) is a sequence of destructors, followed by an element
of AX + X 2.

Example 17. Let ξ = sdec(sdec(ax 2, ax 1), sdec(ax 1, ax 2)). We have that path(ξ) =
sdec·sdec·ax 2. Assuming that the computation will lead to a message, this path determines
the result of the computation.

NoUse is a subset of the frame whose use is forbidden, because we changed the canon-
ical recipe. This happens only in the course of our algorithm when we discover that a
message can actually be computed at an earlier stage. The following defines the restric-
tions on the recipes that we consider.
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Definition 6 (ξ conforms to Φ). Let Φ be a closed frame, NoUse be a subset of Φ, and
ξ be a ground recipe in Πr. We say that ξ conforms to the frame Φ w.r.t. NoUse if :

• ∀ζ ∈ st(ξ),∀(ζ ′, i B u) ∈ Φ, path(ζ) = path(ζ ′)⇒ ζ = ζ ′.

• ∀(ζ, i B u) ∈ NoUse, ζ 6∈ st(ξ)

Example 18. Consider the following frame Φ:

{ax 1, 1 B 〈a, b〉; ax 2, 2 B senc(a, b); ax 3, 3 B b; ax 4, 4 B a; ax 5, 5 B senc(c, a)}

At some point (stage 2), we may choose a canonical way of computing a, for instance
decrypting the second message with the second component of the first one. Then we
record this choice in the frame Φ+ = Φ ∪ {sdec(ax 2, proj2(ax 1)), 2 B a} as well as this
commitment to the recipe used to get a: NoUse = {ax 4, 4 B a}.

The recipe sdec(ax 2, ax 3), which yields a, does not conform to Φ+ w.r.t. NoUse
because of the first condition in the Definition 6. The recipe sdec(ax 5, ax 4) (that yields c)
does not conform to Φ+ w.r.t. NoUse because of the second condition. However, the
recipes sdec(ax 2, proj2(ax 1)), proj1(ax 1), and sdec(ax 5, sdec(ax 2, proj2(ax 1))) are conform
to Φ+ w.r.t. NoUse.

Definition 7 (solution). A solution of C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) consists
of a substitution σ mapping vars1(C) to ground constructor terms and a substitution θ
mapping vars2(C) to ground recipes in Πr, such that:

1. for every X ∈ vars2(C), Xθ conforms to Φθσ w.r.t. NoUseθ;

2. for every X, j `? u in D, Xθ(Φσ)↓ = uσ↓ and param(Xθ) ⊆ {ax 1, . . . , ax j};

3. σ � ND ∧ E and θ � EΠ.

We denote by Sol(C) the set of solutions of C. By convention, Sol(⊥) = ∅. A pair (σ, θ)
that only satisfies the two first items is a pre-solution of C.

Example 19. Consider the constraint of Example 15. σ = {x 7→ na, y 7→ pub(ska)},
θ = {X 7→ ax 3} is the obvious solution of the constraint. Another solution is the pair
(σ′, θ′) with σ′ = {x 7→ pub(ska), y 7→ pub(ska)} and θ′ = {X 7→ aenc(〈ax 1, ax 1〉, ax 2)}.

Example 20. Consider the frame Φ+ of Example 18, together with

X, 5`? senc(x, a); x 6=? a ∧ x 6=? b ∧ ∀y1, y2.(x 6=?〈y1, y2〉 ∧ x 6=? senc(y1, y2)).

One possible solution is σ = {x 7→ c} with θ = {X 7→ ax 5}.

2.4. Sets of constraint systems

Before moving to the equivalence of constraint systems, we need to consider sets
of constraint systems, as explained in the introduction. We do not have however to
consider arbitrary sets of constraint systems, but only constraint systems that have the
same structure. Roughly, two systems have the same structure if they correspond to
the same attacker’s actions, but do not necessarily correspond to the same frame nor
the same side constraints. As shown in Example 4, we needed to move from constraint
systems to sets of constraint systems, because of non-deterministic choices and non-trivial
conditional branchings: for the same attacker’s recipes, several outcomes are possible. In
such a case, the different constraint systems share the same structure, as defined below.
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Definition 8 (structure). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint sys-
tem. The structure of C is given by the following sets:

S2, EΠ, {(X, i) | X, i`? u ∈ D}, {(ξ, i) | ξ, i B u ∈ Φ} and {(ξ, i) | ξ, i B u ∈ NoUse}.

Two constraint systems C and C′ have the same structure if their underlying structures
are identical. By convention, the constraint system ⊥ has the same structure as any other
constraint system.

Definition 9. Sets of constraint systems are sequences of constraint systems sharing the
same structure.

Example 21. Back to Example 4, the initial set of constraint systems is given by the
pair [C1(ska), C2(ska)]:

C1(α) =


Φ1 = Φ0 ] {ax 4, 4 B m; ax 5, 5 B aenc(〈x, 〈nb, pub(skb)〉〉, pub(ska))}
D1 = {X, 4`? aenc(〈x, y〉, pub(skb))}
E1 = {y=? pub(α)}

C2(α) =


Φ2 = Φ0 ] {ax 4, 4 B m; ax 5, 5 B aenc(nb, pub(skb))}
D2 = {X, 4`? aenc(〈x, y〉, pub(skb))}
E2 = {y 6=? pub(α)}

where Φ0 = {ax 1, 1 B pub(ska); ax 2, 2 B pub(skb); ax 3, 3 B pub(skc)}, and m =
aenc(〈na, pub(ska)〉, pub(skb)). Both constraint systems are initial constraint systems
and they have the same structure.

2.5. Symbolic equivalence

We come finally to the symbolic equivalence, the property that we want to decide.

Definition 10 (symbolic equivalence ≈s). Let S and S ′ be two sets of constraint systems.
S ⊆s S ′ if, for every C ∈ S, for every (σ, θ) ∈ Sol(C), there exists C′ ∈ S ′ and a
substitution σ′ such that (σ′, θ) ∈ Sol(C′) and ΦCσ ∼ ΦC′σ

′.
If S ⊆s S ′ and S ′ ⊆s S, then we say that S and S ′ are in symbolic equivalence,

which we write S ≈s S ′.

Example 22. Using the notations of Example 21, the two sets of constraint systems
[C1(ska), C2(ska)] and [C1(skc), C2(skc)] are symbolically equivalent (this is a non-trivial
equivalence).

The decision of symbolic equivalence between sets of constraint systems (the problem
that is solved in this paper) is exactly the crucial piece for the decision of privacy-type
security properties:

Theorem 1 ([14, 28]). If symbolic equivalence between sets of constraint systems is
decidable, then trace equivalence between processes with non determinism and conditional
branching (but without replication) is decidable.
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3. Our algorithm

As explained in the introduction, our algorithm which decides symbolic equivalence
between sets of constraint systems is based on transformations of such systems until a
solved formed is reached. We start by defining and explaining these rules on a single
constraint system and then explain how it is extended to pairs of sets (and actually even
matrices) of constraint systems.

3.1. The transformation rules

The transformation rules are split in two parts. They are displayed in Figure 1 and
Figure 2 respectively, and we start by explaining the rules on a single constraint system.
For sake of readability, we only write the components of the constraint system that
are modified by an application of an instance of a rule. Moreover, in all the following
examples, we apply eagerly some simplifications (such simplifications are formalised and
explained in Section 3.2).

The rules of Figure 1 aim at simplifying the deducibility constraints, until they only
involve variables. In some respect, this amounts to enumerate (relevant) recipes. The
only subtle point is that such recipes are constructed both from bottom (Dest) and
from top (Cons, Axiom). Therefore, they may either yield instantiations of the recipe
variables (construction from the top) or new elements in the frame (postpone the in-
stantiation). These rules are necessary, but not sufficient, for the decision of equivalence
properties, because of possible observable identities that hold on a constraint system and
not on the other. The obvious case is an equality between two members of the frame,
but there are more subtle examples. The complementary rules are described in Figure 2
and will be commented further.

Transformation rules for satisfiability (Figure 1). A simple idea would be to guess
the top function symbol of a recipe and replace the recipe variable with the corresponding
instance. When the head symbol of a recipe is a constructor and the corresponding term
is not a variable, we can simplify the constraint, breaking it into pieces. This is the
purpose of the rule Cons. Cons(X, f) rule simply makes a case distinction on whether
the top symbol of the recipe variable X is a constructor f. Either it is, and then we can
decompose the constraint, or it is not and we add a disequation of the form root(X) 6=? f
forbidding X to start with f.

Example 23. Consider the constraint C1(ska) of Example 21:

X, 4`? aenc(〈x, pub(ska)〉, pub(skb))

Cons(X, aenc) can be applied to the constraint, guessing whether or not the attacker com-
puted the term t = aenc(〈x, pub(ska)〉, pub(skb)) by applying an asymmetric encryption
on two previously computed messages. This yields the two constraint systems:

C11 :=

 X1, 4`? x1; X2, 4`? x2

t=? aenc(x1, x2) ∧ y=? pub(ska)
X =? aenc(X1, X2)

C12 :=


X, 4`? t
y=? pub(ska)

root(X) 6=? aenc

The first constraint system can be simplified, solving equations and performing replace-
ments, which yields:

X1, 4`?〈x, pub(ska)〉; X2, 4`? pub(skb); y=? pub(ska); X =? aenc(X1, X2)
17



Cons(X, f) : S2;X, i`? t;E;EΠ ���
�:

XXXXz

S′2; X1, i`? x1; · · · ;Xn, i`? xn;
E ∧ t=? f(x1, . . . , xn);
EΠ ∧X =? f(X1, . . . , Xn)

X, i`? t ; E; EΠ ∧ root(X) 6=? f

where: • x1, . . . , xn, X1, . . . Xn are fresh variables, and
• S′2 = S2 ∪ {X1, . . . , Xn} if X ∈ S2 and S′2 = S2 otherwise.

Axiom(X, p) : Φ; X, i`? u; E; EΠ ���
�:

XXXXz

Φ; E ∧ u=? v; EΠ ∧X =? ξ

Φ; X, i`? u; E; EΠ ∧X 6=? ξ

If Φ contains ξ, j B v with i ≥ j, path(ξ) = p and (ξ, j B v) 6∈ NoUse.

Dest(ξ, l→ r, i) : Φ;E; ND ��
��:

XXXXz

Φ, f(ξ,X2, . . . , Xn), i B w; E ∧ v=? u1

X2, i`? u2; . . . Xn, i`? un; ND

Φ; E;
ND ∧ ∀x̃ · [v 6= u1 ∨ i 6 `? u2 ∨ . . . ∨ i 6 `? un]

If Φ contains ξ, j B v with j ≤ i and (ξ, j B v) 6∈ NoUse. We denote by x̃ the set of
variables that occur in f(u1, . . . , un) → w, a fresh renaming of l → r. X2, . . . , Xn are
fresh variables.

Figure 1: Transformation rules for satisfiability

The rule Axiom also makes a case distinction on whether a trivial recipe (a left
member of the frame, typically an axiom ax i) can be applied. If so, the constraint can
simply be removed. Otherwise, we also add a disequation between recipes forbidding it.

Example 24. Continuing with the two constraints (respectively named C11 and C12),
obtained in the previous example, C11 yields, by application of Axiom(X2, ax 2),

C111 :=

 X1, 4`?〈x, pub(ska)〉
pub(skb) =? pub(skb)
X =? aenc(X1, X2) ∧X2 =? ax 2

C112 :=


X1, 4`?〈x, pub(ska)〉
X2, 4`? pub(skb)

X =? aenc(X1, X2) ∧X2 6=? ax 2

Again, C111 can be simplified as follows:

X1, 4`?〈x, pub(ska)〉; X =? aenc(X1, ax 2) ∧ X2 =? ax 2

Trying to apply Axiom to other deducibility constraints of C11 or using other mem-
bers of the frame yields a failure of unification (we get X1 6=? ax 1, X2 6=? ax 1, ...). When
applied to the constraint C12, the only case where the two branches are non-trivial is the
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application of Axiom(X, ax 4):

C121 :=

{
aenc(〈x, pub(ska)〉, pub(skb)) =? aenc(〈na, pub(ska)〉, pub(skb))

X =? ax 4 ∧ root(X) 6=? aenc

C122 :=

{
X, 4`? aenc(〈x, pub(ska)〉, pub(skb))

X 6=? ax 4 ∧ root(X) 6=? aenc

This can be simplified as follows:

C121 =

{
x=? na ∧ y=? pub(ska)
X =? ax 4

C122 =

{
X, 4`? aenc(〈x, pub(ska)〉, pub(skb))

X 6=? ax 4 ∧ root(X) 6=? aenc

An overview of our procedure applied to the constraint system C1(ska) is given below:

C1(ska)

C11

C111

C1111

C11111

C1112

C112

C12

C121 C122

Cons(X, aenc)

Axiom(X2, ax 2)

Cons(X1, 〈 〉)

Axiom(X4, ax 1)

Axiom(X, ax 4)

The constraint systems C11 and C12 are those described in Example 23 whereas the
constraint systems C111, C112, C121 and C122 are given in Example 24. The system C121

is actually in solved form (no more rule can be applied) and it admits a solution:

σ = {x 7→ na, y 7→ pub(ska)} with θ = {X 7→ ax 4}.

The dashed arrows indicate that even if some rules can still be applied, they would
lead to constraint systems with no solution (i.e., ⊥). The constraint system C112 is not
yet in solved form but C112 can not be satisfied because the only way to deduce pub(skb)
is to use ax 2 which is forbidden by X 6=? ax 2. Regarding the constraint system C122 the
two possible ways to deduce a term of the form aenc(〈x, pub(ska)〉, pub(skb)) is to build
it using aenc (but this is forbidden by the constraint root(X) 6=? aenc) or to use ax 4 (also
forbidden due to X 6=? ax 4).

Regarding the left branch of the tree, we can apply the rule Cons(X1, 〈 〉) on C111 to
obtain the constraint systems C1111 and C1112 (which has actually no solution):

C1111 :=

 X3, 4`? x; X4, 4`? pub(ska);
X =? aenc(〈X3, X4〉, ax 2)
X2 =? ax 2 ∧X1 =?〈X3, X4〉

C1112 :=


X1, 4`?〈x, pub(ska)〉;
X =? aenc(X1, ax 2)

X2 =? ax 2 ∧ root(X1) 6=?〈 〉
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Lastly, we may apply the rule Axiom(X4, ax 1) on C1111 and obtain on the left branch
the (solved) constraint system C11111:

X3, 4`? x; X =? aenc(〈X3, ax 1〉, ax 2) ∧X2 =? ax 2 ∧X1 =?〈X3, ax 1〉 ∧X4 =? ax 1

This system has several solutions among which σ = {x 7→ pub(ska), y 7→ pub(ska)} ob-
tained by mapping X3 to ax 1. This means that the recipe X = aenc(〈ax 1, ax 1〉, ax 2)
can be used to build a message that will satisfy all the requirements: the message
aenc(〈pub(ska), pub(ska)〉, pub(skb)) is indeed of the expected form, i.e., of the form
aenc(〈x, pub(ska)〉, pub(skb)).

Now, when the top symbol of a recipe is a destructor, we can not apply the same
transformation since the resulting constraint systems will become more complex, intro-
ducing new terms, which yields non-termination. Thus, our strategy is different. We
switch from the top position of the recipe to the redex position using the rule Dest.
If v is term of the frame, that can be unified with a non variable subterm of a left-hand
side of a rewrite rule (for instance v is a ciphertext), we guess whether the rule can be
applied to v. This corresponds to the equation v=? u1 occurring in the Dest rule, that
yields an instance of w, the right member of the rewrite rule, provided that the other left
members are also deducible. Typically, in case of symmetric encryption, if a ciphertext
is in the frame, we will give a direct access to the plaintext by adding a new element in
the frame. For this, we have to ensure that the decryption key is deducible. The index i
corresponds to the stage at which we try to deduce the key. Note that a key that is not
deducible at stage i may become deducible later on, i.e., at stage j > i. Thus, we may
need to apply this rule several times on the same frame element (at different stages).

Example 25. Consider the constraint system, that includes the frame

Φ = {ax 1, 1 B senc(〈a, b〉, c); ax 2, 2 B c; ax 3, 3 B senc(c, a)}

and the constraint X, 3`? b. Applying Dest(ax 1, sdec(senc(x, y), y)→ x, 2), we get:
Φ, sdec(ax 1, X2), 2 B x
X2, 2`? y; X, 3`? b
senc(x, y) =? senc(〈a, b〉, c)


Φ
X, 3`? b
∀x, y.(senc(x, y) 6= senc(〈a, b〉, c) ∨ 2 6 `? y)

Basically, we guess here whether the key c can be deduced at stage 2.
The second constraint is unsatisfiable, while the first one can be simplified to:

Φ, sdec(ax 1, X2), 2 B 〈a, b〉 X2, 2`? c; X, 3`? b

These transformation rules are rather schemes of rules: the side conditions both may
impose some restrictions on the parameters of the rule and on the constraint, on which
it is applied. They also specify the resulting constraint. In other words, we can see the
side conditions as a way to schematize a (possibly infinite, yet recursive) set of rules.

Of course, these transformation rules will not be applied without restriction, other-
wise we would roughly enumerate all possible attackers recipes and, though this would
be complete, this would certainly not terminate. For instance, we will avoid to apply
Cons(X, f) to X, i`? t when t is a variable, or Dest(ξ, l → r, i) to ξ, j B v when v is a
variable. These restrictions will be explained at the beginning of Section 4.

20



Transformation rules for static equivalence (Figure 2). For equivalence proper-
ties, it is necessary to ensure that the observable identities are the same on both systems.
Let us illustrate this point on an example.

Example 26. Consider the frames:

• Φ1 = {ax 1, 1 B a; ax 2, 2 B k1; ax 3, 3 B senc(x, k); ax 4, 4 B senc(senc(a, k1), k)}

• Φ2 = {ax 1, 1 B a; ax 2, 2 B k1; ax 3, 3 B senc(x, k); ax 4, 4 B senc(b, k)}.

If x = senc(a, k1), then the two frames are not statically equivalent since ax 3 = ax 4 is
an equality satisfied on the first frame and not on the second. If x 6= senc(a, k1) on the
first frame, and x 6= b on the second one, then the two frames are statically equivalent.
If, for instance, the deducibilityy constraint associated with both frames is X, 2`? x, then
the rules of Figure 1 will not help in finding the witness of non-equivalence.

Another set of rules, the equality rules described in Figure 2, will be used in such
a situation. The purpose of these equality rules is to distinguish between cases, in
which some equalities hold and cases, in which they do not hold. The relevant equalities
that we have to consider concern the right-hand sides of deducibility constraints and/or
members of the frame. These rules do not correspond to attacker’s actions and they are
not necessary if we are only interested in reachability properties.

The first set of rules allowed roughly to reduce any deducibility constraint to a con-
junction of constraints X, i`? x where X,x are variables. It allows further to assume
that any relevant application of destructors to the frame has been recorded in the frame.
We still miss immediately observable equalities between members of the frame: such
equalities must hold (or not) simultaneously on two equivalent contraint systems. This
is the purpose of the rule Eq-frame-frame, that makes a case distinction, depending
on equalities between members of the frame.

This rule has to be complemented with a rule that computes other deducible subterms,
that are not obtained from the frame by applications of destructors (see Example 30 and
the rule Ded-st).

There are still a few ways to distinguish between two constraint systems:

• if a constraint imposes that two recipes yield the same result, then it must also be
the case in the other constraint (see Example 29). Similarly if a constraint allows
(for some instance of the variables) that two recipes yield the same result, this must
be true on the other constraint (see Example 29 again). This is the purpose of the
rule Eq-ded-ded, which investigates possible equalities relating the members of
deducibility constraints.

• if some instance of a variable can be computed at an earlier stage than what is
imposed by the deducibility constraint, it has to be an an earlier stage also in the
other constraint system. The rule Eq-frame-ded therefore investigates whether
or not some member of a deducibility constraint can be obtained at an earlier stage.

As we prove later, this finally covers all the possible situations.
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Eq-frame-frame(ξ1, ξ2) : E ���
�:

XXXXz

E ∧ u1 =? u2

E ∧ u1 6=? u2

where ξ1, i1 B u1, ξ2, i2 B u2 ∈ Φ for some ξ1, ξ2, i1, i2

Eq-frame-ded(ξ1, X2) : E,NoUse ���
�:

XXXXz

E ∧ u1 =? u2,NoUse ∪ (ξ1, i1 B u1)

E ∧ u1 6=? u2,NoUse

where ξ1, i1 B u1 ∈ Φ and X2, i2 `? u2 ∈ D, with i2 < i1 and X2 ∈ S2 for some
ξ1, ξ2, u1, u2

Eq-ded-ded(X, ξ) : X, i`? u; E; EΠ ���
�:

XXXXz

E ∧ u=? v; EΠ ∧X =? ξ

X, i`? u; E ∧ u 6=? v; EΠ

where ξ ∈ T (Fc,dom(α)), v = ξα with α = {Y 7→ w | (Y, j `? w) ∈ D ∧ j ≤ i ∧ Y ∈ S2}.
Moreover, we assume that:

• if root(ξ) = f then EΠ 6� root(X) 6=? f

• if ξ = Y then for all f ∈ Fc, EΠ � root(X) 6=? f is equivalent to EΠ � root(Y ) 6=? f.

Ded-st(ξ, f) : Φ;E; ND ���:XXXz

Φ; X1, smax `? x1; · · · ; Xn, smax `? xn
E ∧ u=? f(x1, . . . , xn); ND

Φ; E; ND

∀x̃ · [u 6=? f(x1, . . . , xn) ∨ smax 6 `? x1 ∨ . . . ∨ smax 6 `? xn]

If Φ contains ξ, i B u and (ξ, i B u) 6∈ NoUse. The sequences x̃ = x1, . . . , xn, and
X1, . . . , Xn are sequences of fresh variables and smax represents the maximal index that
occurs in C.

Figure 2: Additional transformation rules for static equivalence

Example 27. Let us come back to Example 26. Applying Eq-frame-frame(ax 3, ax 4)
to the first constraint system, we get:{

Φ1, X, 2`? x
senc(x, k) =? senc(senc(a, k1), k)

{
Φ1, X, 2`? x

senc(x, k) 6=? senc(senc(a, k1), k)

The case x = senc(a, k1) is now distinguished from the case x 6= senc(a, k1).

Here, we could additionally put the frame element ax 4 B senc(senc(a, k1), k) of the
first constraint system in the set NoUse (thus forbidding the use of this element). How-
ever, as illustrated by the following example (Example 28), this is not always possible,
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and thus this feature is not present in the rule Eq-frame-frame contrary to what is
done in the rule Eq-frame-ded.

Example 28. Let Φ = {ax 1, 1 B 〈k, senc(k, k)〉}. After applying some transformation
rules, assume that we reach the frame:

Φ+ = {ax 1, 1 B 〈k, senc(k, k)〉; proj1(ax 1), 1 B k; proj2(ax 1), 1 B senc(k, k);

sdec(proj2(ax 1), proj1(ax 1)), 1 B k}.
Applying Eq-frame-frame(ξ1, ξ2) with ξ1 = proj1(ax 1) and ξ2 = sdec(proj2(ax 1), proj1(ax 1)),
we will be tempted to put proj1(ax 1) B k in NoUse. If so, in order to deduce k, we now
need to use the recipe ξ2 = sdec(proj2(ax 1), proj1(ax 1)) which is not conform to Φ+ since
proj1(ax 1) ∈ st(ξ2) (see Definition 6). When we put a frame element in the set NoUse,
we have to be sure that it has not been already used to build another frame element.

Example 29. Consider the two constraint systems:

Φ1 = {ax 1, 1 B a; ax 2, 2 B b; ax 3, 3 B x1}, D1 = {X, 1`? x1; Y, 2`? x1; Z, 3`? y1}
Φ2 = {ax 1, 1 B a; ax 2, 2 B b; ax 3, 3 B x2}, D2 = {X, 1`? x2; Y, 2`? y2; Z, 3`? y2}

There are redundant constraints in each individual system. However, we need x1 = y1

and x2 = y2 in order to get equivalent systems, since the recipes X,Y must yield the same
value, according to the first system (hence x2 = y2) and the recipes Y,Z yield the same
value, according to the second system (hence x1 = y1). The rule Eq-ded-ded takes care
of such situations: we guess whether different recipe variables yield the same value and
record the result of the guess in the constraint.

Actually, we sometimes need to apply Eq-ded-ded with a recipe ξ which is not reduced
to a variable. In particular, this is the case when we have to handle disequations between
terms. Consider the two constraint systems:

D3 := {Z, 1`? z; Y, 2`? y; X, 3`? x}, with E3 := x 6=?〈y, z〉
D4 := {Z, 1`? z; Y, 2`? y; X, 3`? x}

The deducibility constraints are identical in both systems but the disequations in E3

should be satisfied by both constraint systems in order to be equivalent. By applying the
rule Eq-ded-ded with X and ξ = 〈Y, Z〉, we split the solutions of both constraint systems
into two disjoint sets: those that satisfy the equation x=?〈y, z〉, and those that do not
satisfy this equation.

As it is displayed, the rule Eq-ded-ded has infinitely many instances, as the recipe
ξ is an arbitrary constructor recipe. Our strategy will later restrict the situations, in
which the rule has to be applied, so that only specific instances are needed.

Finally, the last transformation rule of Figure 2 investigates the possible deducible
subterms of the frame. This is a necessary step to capture static equivalence in presence
of non-invertible primitives such as hash function and asymmetric encryption.

Example 30. Consider the two constraint systems:

• Φ1 = {ax 1, 1 B pub(ska); ax 2, 2 B aenc(x, pub(ska))} and D1 = {X, 1`? x};

• Φ2 = {ax 1, 1 B pub(ska); ax 2, 2 B aenc(b, pub(ska))} and D2 = {X, 1`? x}.
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Intuitively, the transformation rules we have seen so far do not help in simplifying
any of the two constraint systems. The only relevant possibility would be to try decrypt-
ing aenc(x, pub(ska)), but the private key ska is not deducible. Nevertheless, the two
constraint systems are not equivalent since the attacker can construct aenc(x, pub(ska))
(using the recipe aenc(X, ax 1)) and therefore observe the identity aenc(X, ax 1) = ax 2

on Φ1, which is not possible on Φ2. This is the reason of the rule Ded-st, that guesses
the subterms of the frame that can be constructed by the attacker. In the above example,
the first constraint system would become:

Φ1, {X, 1`? x; X1, 2`? x; X2, 2`? pub(ska)}
(the other branch is unsatisfiable), while on the second constraint system, we get:

Φ2, {X, 1`? x; X1, 2`? b; X2, 2`? pub(ska)}
Eventually, this last constraint will be proven unsatisfiable, witnessing the non-equivalence
of the constraint systems.

Our rule Ded-st only considers a one-step intruder deduction, in order to incremen-
tally check equalities and disequalities, avoiding unnecessary blow ups.

Now, before explaining how to apply the rules on pairs of sets of constraint systems,
we formalise what we used implicitly in all our examples, i.e., normalisation of constraint
systems after the application of a transformation rule.

3.2. Normalisation

The normalisation consists mainly in simplifying the equations and disequations and
performing the replacements when relevant. The normalisation rules are displayed in
Figure 3. As usual, substitutions are confused with solved conjunctions of equations. We
also switch sometimes the order of the components of a constraint system in order to
ease the display, and omit irrelevant parts of the constraint system.

Here, mgu is a function that maps any conjunction of equations to their most general
unifier. Such a unifier is confused with a solved system of equations, which is either
⊥ or a conjunction x1 =? t1 ∧ . . . ∧ xn =? tn, where x1, . . . , xn are variables that appear
only once. Furthermore, the variables of mgu(e) are contained in the variables of e and
mgu(mgu(e)) = mgu(e).

The first four rules simplify equations between terms/recipes. The last four rules
simplify the disequations on recipes, removing them when they are trivially satisfied, or
replacing the whole system with ⊥ when they are trivially inconsistent. The remaining
rules simplify disequations between (first-order) terms taking care of variables that are
universally quantified. The soundness of the rules follows from complete axiomatisations
of the free term algebra (see e.g., [31]); let us recall that these formulas are interpreted
in the free constructor algebra, according to Definition 4. If the simplification rules are
applied only when they modify a constraint, then the set of rules is strongly terminating,
i.e., any rewriting strategy is terminating.

We further apply two normalisation rules, that are displayed in Figure 4. Before ex-
plaining these rules, we say that the application of the rule Cons(X, f), Axiom(X, path),
or Dest(ξ, l→ r, i) is useless on a constraint system C if such a rule is not applicable or
if a similar instance has already been applied along the same branch. In case of the rule
Cons and Axiom, by similar, we mean that exactly the same instance has already been
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Φ;D;EΠ; ND ;NoUse;E ∧
∧n
i=1 ui =? vi  Φσ;Dσ;EΠ; NDσ;NoUseσ;Eσ ∧ σ

if σ = mgu(
∧n
i=1 ui =? vi)

Φ;D;EΠ; ND ;NoUse;E ∧
∧n
i=1 ui =? vi  ⊥ if mgu(

∧n
i=1 ui =? vi) = ⊥

Φ;D;E; ND ;NoUse;EΠ ∧
∧n
i=1 ζi =? ξi  Φθ;D;E; ND ;NoUseθ;EΠθ ∧ θ

if θ = mgu(
∧n
i=1 ζi =? ξi)

Φ;D;E; ND ;NoUse;EΠ ∧
∧n
i=1 ζi =? ξi  ⊥ if mgu(

∧n
i=1 ζi =? ξi) = ⊥

E ∧ ∀x̃.[
∨n
i=1 ui 6=

? vi]  E if mgu(
∧n
i=1 ui =? vi) = ⊥

E ∧ ∀x̃.[E′ ∨ u 6=? u]  E ∧ ∀x̃.E′

E ∧ ∀x̃.[E′ ∨ x 6=? u]  E ∧ ∀x̃r {x}.E′σif x ∈ x̃r vars1(u) and σ = {x→ u}

E ∧ ∀x̃.∀x.E′  E ∧ ∀x̃.E if x 6∈ vars1(E)

E ∧ ∀x̃.[E′ ∨ f(u1, . . . , un) 6=? f(v1, . . . vn)]  E ∧ ∀x̃.[E′ ∨
∨n
i=1 ui 6=

? vi]

E ∧ u 6=? v ∧ ∀x̃.[E′ ∨ u 6=? v]  E ∧ u 6=? v

EΠ ∧ ζ 6=? ξ  EΠ if mgu(ζ, ξ) = ⊥

EΠ ∧ ζ 6=? ζ  ⊥

EΠ ∧ root(f(ξ1, . . . , ξn)) 6= f  ⊥

EΠ ∧ root(f(ξ1, . . . , ξn)) 6= g  EΠ if f 6= g

Figure 3: Normalisation rules for side constraints

E ∧ ∀x̃.[E′ ∨ x 6=? a]  E
if a ∈ N , (X, i`? x) ∈ D, Axiom(X, path) is useless for any path and
Dest(ξ, l→ r, i) is useless for any ξ, l→ r, and
for all (ζ, j B v) ∈ Φ, j ≤ i and v ∈ X 1 implies (ζ, j B v) ∈ NoUse

D ∧X, i`? u  ⊥
if Cons(X, f) is useless for all f ∈ Fc; and Axiom(X, path) is useless for any path; and
Dest(ξ, l→ r, i) is useless for all ξ, l→ r; and
for all (ζ, j B v) ∈ Φ, j ≤ i and v ∈ X 1 implies (ζ, j B v) ∈ NoUse

Figure 4: Two additional normalisation rules

applied. In case of the rule Dest, additional instances are actually useless. Indeed, there
is no need to apply e.g., Dest(ξ, l→ r, 3) on the branch where a “successful” application
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of Dest(ξ, l→ r, 2) has been considered. We illustrate this concept through an example.

Example 31. Continuing with the constraint systems named CDest
1 and CDest

2 , obtained
in Example 25, we have that:

• Dest(ax 1, l→ r, 2) and Dest(ax 1, l→ r, 3) are useless on CDest
1 since an element

of the form sdec(ax 1, ), 2 B is already present in the frame;

• Dest(ax 1, l → r, 2) is useless on CDest
2 since the associated non-deducibility con-

straint already occurs in the constraint system;

• Dest(ax 3, l → r, 1) and Dest(ax 3, l → r, 2) are useless on both CDest
1 and CDest

2

since they do not contain any frame element of the form ax 3, j B with j ≤ 2;

where (l, r) = (sdec(senc(x, y), y), x).

Now, we can explain rules displayed in Figure 4. Intuitively, the first rule states that x
cannot be the name a, if it has to be deducible and cannot be obtained by Axiom or
Dest. The second rule states that, in order to deduce a message, the attacker has either
to construct it from deducible messages, or retrieve it from the frame and deducible
messages. In other words, any attacker’s ground recipe is built using Fc, Fd and the ax i.

Definition 11 (normalisation). If C is a constraint system, we let C↓ be an irreducible
form of C, w.r.t. the rules of Figures 3 and 4.

In what follows we assume that every constraint system is eagerly normalised.

3.3. From constraint systems to pairs of sets of constraint systems

Given two constraint systems, we cannot only simplify them independently and then
check for their equivalence, because actions and tests must be performed by the attacker
in the same way in both experiments.

Example 32. Consider the two following frames:

Φ1 = {ax 1, 1 B a; ax 2, 2 B a; ax 3, 3 B b}, and Φ2 = {ax 1, 1 B a; ax 2, 2 B b; ax 3, 3 B a}.

For sake of simplicity, assume there are no deducibility constraints. These two frames
are not statically equivalent. Indeed, choosing ζ1 = ax 1 and ζ2 = ax 2, we have that
ζ1Φ1↓ = ζ2Φ1↓, while ζ1Φ2↓ 6= ζ2Φ2↓.

On the other hand, we may only apply the Eq-frame-frame rule, whose (in each
case) one of the branches yields ⊥ and on the other branch the constraint system is
unchanged. Hence the rules do not help witnessing the non-equivalence, unless we apply
the same instance of Eq-frame-frame simultaneously on both frames. For instance
Eq-frame-frame(ax 1, ax 2) applied to Φ1 and Φ2 simultaneously yields Φ1 and ⊥ on
one branch, and ⊥ and Φ2 on the other.

Intuitively, each transformation rule of Figure 1 corresponds to an action of the
attacker and each rule of Figure 2 corresponds to a test of the attacker. Two constraints
systems are therefore symbolically equivalent if, and only if, applying the same rule on
both systems yields (on each branch) symbolically equivalent constraint systems.
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In the introduction we motivate the need of considering sets of constraint systems,
and more precisely pairs of sets of constraint systems. We explain now how our transfor-
mation rules will be applied in such a setting. Remember that sets of constraint systems
are sequences of constraint systems sharing the same structure (see Definition 9). The
basic idea is to apply the same transformation rule (with the same parameters) on each
constraint system of each set. Note that, the parameters of a transformation rule only
depend on the structure of the underlying constraint system. Thanks to this, the simul-
taneous application of a transformation rule can be defined in a natural way.

Given S = [C1, . . . , Cn] and S ′ = [C′1, . . . , C′n′ ] two sets of size n (resp. n′) of constraint
systems having the same structure, and Rule(p̃) an instance of a transformation rule.
The application of Rule(p̃) on the pair (S,S ′) yields two pairs of sets of constraint
systems (S1,S ′1) and (S2,S ′2) such that:

(S,S ′)

([C1,1, ..., C1,n], [C′1,1, ..., C′1,n′ ]) =: (S1,S ′1) (S2,S ′2) := ([C2,1, ..., C2,n], [C′2,1, ..., C′2,n′ ])

where:

• for all i ∈ {1 . . . n}, the constraint systems C1,i and C2,i are those obtained by
application of Rule(p̃) on Ci; and

• for all i ∈ {1 . . . n′}, the constraint systems C′1,i and C′2,i are those obtained by
application of Rule(p̃) on C′i.

3.4. Matrices of constraint systems

The transformation of pairs of sets of constraint systems make successive case distinc-
tions. If we only work with pairs of sets of constraint systems, we loose the relationships
between the two complementary cases. This is harmless when the case distinction roughly
corresponds to attacker’s actions (later called external applications). There are however
situations, in which we wish to remember that two constraints originate from the same
one, and hence are complementary. We give some examples below, as well as in Section 4.

Keeping track of complementary constraints is achieved through matrices of con-
straint systems: each row corresponds to a set (now a sequence) of constraint systems,
while the columns correspond to complementary choices. The matrices can be seen as a
merge of some branches of the case distinction tree of the previous section.

The non-deducibility constraints introduced by the rules Dest and Ded-st allow
us to properly divide the solutions of a constraint system. However, no transformation
rule solves these non-deducibility constraints. When a non-deducibility constraint is
introduced, the idea is to take advantage of informations that are collected, while solving
the constraint in the other branch. This requires however gathering together in the same
structure the constraint systems that result from the application of a rule introducing
non-deducibility constraints.
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Example 33. Let C be a constraint system with the deducibility constraint X, 2`? senc(a, a),
and the frame Φ = {ax 1, 1 B a; ax 2, 2 B senc(b, a)}. Dest(ax 2, sdec(senc(x, y), y)→ x, 2)
applied on C gives us:

C1 =

{
Φ, sdec(ax 2, Y ), 2 B b
X, 2`? senc(a, a); Y, 2`? a

C2 =

{
Φ; X, 2`? senc(a, a)

∀x1, x2.[senc(x1, x2) 6=? senc(b, a) ∨ 2 6 `? x2]

To solve the non-deducibility constraint in C2, we will use the information we get from
the transformation rules applied on C1. Applying Axiom(Y, ax 1) on C1, we get:

C3 =


Φ, sdec(ax 2, ax 1), 2 B b
X, 2`? senc(a, a)
Y =? ax 1

C4 =


Φ, sdec(ax 2, Y ), 2 B b
X, 2`? senc(a, a); Y, 2`? a

Y 6=? ax 1

Using successive applications of Cons(Y, f) and Axiom(Y, path) for any f and path, C4
is eventually reduced to ⊥. Now, the formula ∀x1, x2.[senc(x1, x2) 6=? senc(b, a)∨2 6 `? x2]
has no free variable and its negation is a consequence of C1 (since the rule splits the set
of solutions). The satisfiability of C3 therefore implies the unsatisfiability of C2.

If we wish to perform such an inference, we need to keep in the same structure the
constraints C2 and C3 (instead of solving them independently).

As illustrated in Example 33 above, solving the non-deducibility constraints will rely
on the information obtained from the application of the rules on other constraint sys-
tems. That is why we gather together sets of constraint systems, and organise them into
matrices, each row being a set of constraint systems.

Infering the unsatisfiability of C2 in Example 33 requires some properties of C3, typ-
ically that C3 is in pre-solved form. In more general situations, in which C2 contains
(free first-order) variables that appear also in C1, we will also be able to apply such an
inference, thanks to an invariant: if C, C′ are two constraint systems in the same column
such that the frame of C is (roughly) a strict superset of the frame of C′, then, for any
assignment σ of the free first-order variables of C, the solutions of Cσ and C′σ are disjoint.

This relationship between constraints in the same column is eventually exploited in
the step e of Section 4.

Example 34. Applying Dest(ax 2, sdec(senc(x, y), y) → x, 2) on (the set) [C] given in
Example 33, a priori yields two sets [C1] and [C2] where C1, C2 are the constraint systems
of Example 33. We group however the resulting systems in the following matrix:[

C1
C2

]
Applying Axiom(Y, ax 1), we get now the following matrix of constraint systems: C3C4

C2


In order to check the non-deducibility constraint in C2, we only need the information
provided by the constraint systems in the same column as C2. We will see later on how
to exploit this information (see Section 4 - Phase 1 / Step e).
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Note that in Example 34, the constraint systems C1, C2, C3, and C4 have the same
set S1 (resp. S2) of first-order (resp. recipe) variables. Moreover, they have the same
shape according to the following definition.

Definition 12 (shape). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint system.
The shape of C is given by S2, and {(X, i) | X, i`? u ∈ D and X ∈ S2}.

Intuitively, the shape of a constraint system only takes into account the free recipe
variables, i.e., those that represent the actions of the attacker. By convention, we assume
that the constraint system ⊥ has the same shape as any other constraint system.

We extend the notion of same structure to matrices of constraint systems as follows:
M (n rows, m columns) and M′ (n′ rows, m′ columns) have the same structure if:

• all the constraint systems stored in M and M′ have the same shape;

• n = n′, i.e., M and M′ have the same number of rows; and

• for all i ∈ {1 . . . n}, the constraint systems stored in the ith row of the matricesM
and M′ have the same structure.

In fact, introducing matrices of constraint systems serves a greater purpose than just
solving the non-deducibility constraints. Indeed, deciding the symbolic equivalence of
sets of constraint systems contains two main issues:

• matching an existing solution from one set to the other;

• and deciding whether the two resulting frames are statically equivalent or not.

The idea behind matrices with several rows is to keep all the guesses on static equivalence
into a single matrix. Intuitively, when we guess the form of the solutions, we split the
matrix into two matrices. However, when we guess an equality between terms or a
property on static equivalence, we gather the information in a single matrix. We thus
consider two kinds of application: internal and external.

The transformation rules Ded-st, Eq-frame-frame, Eq-frame-ded and Dest
will be applied internally whereas Cons(X, f), Axiom(X, path) and Eq-ded-ded(X, ξ)
will be applied externally when X ∈ S2 and internally otherwise (i.e., X 6∈ S2).

Internal/external application of a transformation rule. Let (M,M′) be a pair
of matrices of constraint systems having the same structure. In particular, M and M′
have the same number of rows, say n. Let M = [S1, . . . ,Sn] and M′ = [S ′1, . . . ,S ′n]. Let
Rule(p̃) be an instance of a transformation rule and i be an index representing a row,
i.e., 1 ≤ i ≤ n.

An internal application of Rule(p̃) to the ith row of the pair (M,M′) yields a pair
of matrices (M̃,M̃′) such that:

M̃ = [S1, . . . ,Si−1, T1,i, T2,i,Si+1,Sn] M̃′ = [S ′1, . . . ,S ′i−1, T ′1,i, T ′2,i,S ′i+1,S ′n]

where (T1,i, T ′1,i) and (T2,i, T ′2,i) are the pair of row matrices obtained by applying Rule(p̃)
on (Si,S ′i). Note that, since the two matrices M and M′ have the same structure, the
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two sets Si and S ′i have the same structure too and we have already seen how to apply
a transformation rule in such a situation. We actually obtain two matrices with n + 1
rows. We say that an instance Rule(p̃) of a rule is internally applicable on (M,M′) on
row i if Rule(p̃) is applicable on (Si,S ′i).

An external application of Rule(p̃) on (M,M′) yields two pairs of matrices (M̃1,M̃′1)
and (M̃2,M̃′2) such that:

M̃1 = [T1,1, . . . , T1,n] M̃′1 = [T ′1,1, . . . , T ′1,n]

M̃2 = [T2,1, . . . , T2,n] M̃′2 = [T ′2,1, . . . , T ′2,n]

where (T1,i, T ′1,i) and (T2,i, T ′2,i) are the pairs of sets obtained by applying Rule(p̃) on
(Si,S ′i) for each i ∈ {1, . . . , n}. Each resulting pair of matrices has exactly the same
numbers of rows and columns as the original one (M,M′).

Remark. Unfortunately, all the constraint systems inM andM′ do not necessarily have
the same structure, but only the same shape. When the external application involved is
an instance of a rule Cons, it is easy to see that having the same shape will ensure that the
rule can be applied on each set, i.e., on each row of the matrix. Regarding an external
application of the rule Axiom(X, path), we have to be careful. Since the constraint
systems have the same shape and we know that X ∈ S2, we can ensure that X occurs
in each constraint system. However, it could happen that some rows do not contain
the required frame element. By convention, in such a pair (Si,S ′i) of row matrices, the

resulting pairs of row matrices are (T1,i, T ′1,i)
def
= (⊥,⊥) and (T2,i, T ′2,i)

def
= (Si,S ′i).

Example 35. All the rules applied in Example 34 are internal rules.

Since our algorithm manipulates matrices of constraint systems, we extend the notion
of symbolic equivalence accordingly. Given a matrix M having n rows and m columns,
we denote by Mi,j the constraint system stored in the ith row and jth column, and we
denote by Φi,j its associated frame.

Definition 13 (symbolic equivalence ≈s). Let M and M′ be two matrices of constraint
systems having the same structure and of size (n×m) and (n×m′) respectively. We have
that M ⊆s M′ if for all 1 ≤ i ≤ n, for all 1 ≤ j ≤ m, for all (σ, θ) ∈ Sol(Mi,j), there
exists 1 ≤ k ≤ m′ and a substitution σ′ such that (σ′, θ) ∈ Sol(M′i,k) and Φi,jσ ∼ Φ′i,kσ

′.
IfM⊆sM′ andM′ ⊆sM, then we say thatM andM′ are in symbolic equivalence,

denoted by M≈sM′.

In the following section, we will describe a quite complex strategy S that always
terminates on sets of initial constraint systems. Before describing it, we state some
soundness and completeness results, and we explain the test that is performed on the
leaves to decide symbolic equivalence.

Our transformation rules yield a finite tree labeled with pairs of matrices of constraint
systems. Actually, if we follow the strategy S , we can show that our notion of equivalence
is preserved through application of our transformation rules: for any transformation rule,
we have that symbolic equivalence holds for the father if, and only if, symbolic equivalence
holds for the children. Formally, we distinguish the case of an application of an internal
rule from the one of an external rule.
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Theorem 2. [soundness and completeness for internal rules] Let M1, M′1 be two ma-
trices of constraint systems obtained from a pair of sets of initial constraint systems by
following the strategy S . Let Rule(p̃) be an internal transformation rule applicable on
(M1,M′1) on the ith row. Let (M2,M′2) be the resulting pair of matrices of constraint
systems obtained by the application of Rule(p̃). We have that:

M2 ≈sM′2 is equivalent to M1 ≈sM′1

Theorem 3. [soundness and completeness for external rules] LetM,M′ be two matrices
of constraint systems obtained from a pair of sets of initial constraint systems by following
the strategy S . Let Rule(p̃) be an external transformation rule applicable on (M,M′).
Let (M1,M′1) and (M2,M′2) be the two resulting pairs of matrices of constraint systems
obtained by the application of Rule(p̃). We have that:

M1 ≈sM′1 and M2 ≈sM′2 is equivalent to M≈sM′

The proof of the soundness and completeness theorems stated above are done by a
case analysis on the transformation rules. Basically, we assume the existence of a solution
for a given constraint system (satisfying some properties due to our strategy S), and we
show how to transform this solution to obtain a solution for a slightly different constraint
system (typically we consider a solution of a given constraint system and we have to show
that, after application of a transformation rule, this solution still exists in one of its sons).
In most cases, the transformation consists in replacing a recipe by another one that allows
one to deduce the same message. The main issue of this replacement is to guarantee that
the new recipe also satisfies all the needed properties (e.g., the recipe has to be in Πr,
conformity of the recipe w.r.t. the frame, ...).

Example 36. Consider the following constraint system C.

C =

{
ax 1, 1 B a; ax 2, 2 B senc(a, a); ax 3, 3 B a
X, 1`? senc(a, a); Y, 3`? a

A solution of such a constraint system is θ = {X 7→ senc(ax 1, ax 1);Y 7→ sdec(ax 2, ax 3)}.
Note that the recipes are in Πr and conform to the frame.

Applying the rule Eq-frame-ded(ax 2, X), the frame element ax 2, 2 B senc(a, a) is
added to the set NoUse, and thus now we have to replace ax 2 by Xθ (note that both
deduce the same term senc(a, a)).

In such a situation, Y θ will become sdec(senc(ax 1, ax 1), ax 3) which is not a recipe
in Πr anymore. To cope with this problem, we have to replace ax 2 by senc(ax 1, ax 1), but
also Y θ by ax 1. Thus, we get θ′ = {X 7→ senc(ax 1, ax 1); Y 7→ ax 1}.

3.5. Test on leaves

By applying the rules on a pair of sets of initial constraint systems, we obtain a tree
whose nodes (including the leaves) are labeled by a pair of matrices. The idea behind
our transformation rules (given in Figure 1 and Figure 2) is to transform constraint
systems into simpler ones, so that deciding symbolic equivalence will become trivial.
Typically, as it is done in [32], we want to consider systems in which right-hand sides
of deducibility constraints are distinct variables. However, in presence of disequations,
putting the systems in such a form does not guarantee anymore that the two resulting
systems will be in symbolic equivalence. Let us illustrate this using a simple example.
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Example 37. Consider the pair (C, C′) of sets of initial constraint systems given below
(each set is reduced to a singleton):

C =
{

Φ = {ax 1, 1 B a}; X, 1`? x C′ =

{
Φ = {ax 1, 1 B a}; X, 1`? x

x 6=?〈a, a〉
Although these two systems have the expected form, they are not in symbolic equiv-

alence. To see this, consider for instance the substitution θ = {X 7→ 〈ax 1, ax 1〉}. We
have that θ ∈ Sol(C) but θ 6∈ Sol(C′) due to the presence of the disequation.

Thus, once the system is put in this kind of “pre-solved form”, the basic idea will
be to continue to apply our transformation rules to “match” disequations of each con-
straint system. For this, we need to transform the disequations in which some names or
universally quantified variables occur until obtaining disequations that only contain free
variables and public function symbols. This will guarantee that there exists a recipe as-
sociated to this term and this gives us the way to match it in another constraint system.
Once the system is transformed into such a new kind of “solved form” (i.e., distinct vari-
ables on the right-hand side of deducibility constraints as well as matched disequations),
we can now easily conclude. Indeed, since we also take care of static equivalence on
the resulting frames, disequations that correspond to public disequality tests are easily
transferable from one constraint system to another without any additional checks.

Example 38. Continuing Example 37 and assuming that the pairing operator is the only
constructor symbol, we will go on, applying Cons(X, 〈 〉). The resulting pair on the left
branch will be the pair (C1, C′1) where:

C1 =

{
Φ; X = 〈X1, X2〉
X1, 1`? x1; X2, 1`? x2

C′1 =


Φ; X = 〈X1, X2〉
X1, 1`? x1; X2, 1`? x2

x1 6=? a ∨ x2 6=? a
Now, by applying the Axiom rule twice, the resulting pair on the left branch will be

the pair (C11, C′11) where:

C11 = {Φ; X = 〈ax 1, ax 1〉 C′11 =
{

Φ; X = 〈ax 1, ax 1〉; a 6=? a ∨ a 6=? a

The disequations occurring in C′11 are trivially not satisfied, thus we have that C′11↓ = ⊥.
These two constraint systems are trivially not in symbolic equivalence.

As illustrated above, our goal is to reach pairs of (sets) of constraint systems in solved
form. Each constraint system is either ⊥ or satisfies the following conditions:

1. for all X, i`? u ∈ D, we have X ∈ S2 and u is a variable distinct from the right-hand
side of any other deducibility constraint;

2. the set E does not contain any variable that is universally quantified, and for all
u 6=? v in E, we have that u, v do not contain any names. Moreover, the disequations
are “the same” on each constraint system occurring in the pair.

The first phase of our strategy consists in applying transformation rules to fulfil the first
condition (without taking care of the disequations) and obtain a system in pre-solved
form, whereas the second phase of our strategy will reduce the constraint systems into
solved form. The next section is dedicated to the description of the strategy S that has
been designed with a lot of care to ensure the termination of our procedure.
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Once solved forms are reached, the test performed on each leaf labeled (M,M′)
consists of checking that for each row of the matrices, either both matrices contain a
constraint system different form ⊥, or both matrices contain only ⊥ on the whole row.
More formally, we have that:

Definition 14 (test LeafTest). Let (M,M′) be a pair of matrices of constraint systems
with n rows and m (resp. m′) columns. LeafTest(M,M′) = true if and only if for each
row i ∈ {1 . . . n}, we have that:

∃j ∈ {1, . . . ,m} with Mi,j 6=⊥ if, and only if, ∃j′ ∈ {1, . . . ,m′} with M′i,j′ 6=⊥ .

Theorem 4. Let (M0,M′0) be a pair of sets of initial constraint systems and (M,M′)
be a leaf of the tree whose root is labeled with (M0,M′0) and which is obtained following
the strategy S . We have that M≈sM′ if, and only if, LeafTest(M,M′) = true.

The proof of this theorem is done relying on the two following properties that are
satisfied by each leaf (M,M′) of the tree.

1. Any constraint system C occurring in M (resp. M′) different from ⊥ admits a
solution, i.e., Sol(C) 6= ∅.

2. For any constraint systems C, C′ that occur in the same row (possibly of the same
matrice) and that are different from ⊥, we have that C ≈s C′.

Corollary 1 (main result). Let S and S ′ be two sets of initial constraint systems. We
have that S ≈s S ′ if, and only if, LeafTest(M,M′) = true for any leaf of the tree whose
root is labeled with (S,S ′) and which is obtained following the strategy S .

4. Strategy

Our goal is to reduce (matrices of) constraint systems to solved forms. We proceed
in two steps: first reduce the (matrices of) constraint systems to pre-solved forms, i.e.,
taking care on deducibility constraints only and then reduce them to solved form, con-
sidering the disequality constraints. Let us consider the first step. We may restrict the
rules applications, as long as there is always at least a rule that can be applied when
(some) constraint system is not in pre-solved form. That is how we design our strat-
egy; we restrict the rules applications, while ensuring that an unsolved contraint system
can be reduced by at least one rule. This is what we later call “strong application”.
Such a strategy is terminating when applied to a single constraint system, and yields a
pre-solved form.

We are however working on pairs of (matrices of) constraint systems. In that case, we
must focus on one unsolved constraint system. Otherwise, since the same rule is applied
on all the constraint systems of the pair, we may go back and forth and never reach
a pair in which all the systems are in solved form. We will give an example of such a
phenomenon: we could go back and forth forever, simplifying alternatively the left and
the right component of a pair. That is why, we need to design a more elaborate strategy
on pairs of matrices. It will, roughly, require to focus on one unsolved constraint system,
and to ensure that the rule is a strong application for this system. Once this system is in
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pre-solved form, other rule applications (applied to put the other systems in pre-solved
form) may not, as a side effet, impair this pre-solved form.

We say that a rule is strongly applicable on C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) when
the following extra conditions are fulfilled:

• Rule Cons(X, f): either the term t is not a variable, or there exists an atomic
statement (root(X) 6=? g) in EΠ such that g ∈ Fc and g 6= f;

• Rule Axiom(X, path): the term v is not a variable or there exists f ∈ Fc such that
(root(X) 6=? f) in EΠ;

• Rule Dest: the term v is not a variable;

• Rule Ded-st: the term u is not a variable;

• Rule Eq-frame-frame: no additional condition;

• Rule Eq-frame-ded: the terms u1, u2 are the same variable.

• Rule Eq-ded-ded: ξ ∈ vars2(D), and u and v are the same variable.

Since we have to apply simultaneously our transformation rules on several constraint
systems, we can not guarantee that each application will be a strong one. As illustrated
by Example 39, this yields some termination issues.

Example 39. Consider the pair (C, C′) of sets of initial constraint systems given below
(each set is actually reduced to a singleton):

C =
{

Φ; X, 1`? senc(x1, x2); Y, 2`? x1 C′ =
{

Φ; X, 1`? y1; Y, 2`? senc(y1, y2)

We may apply Cons(X, senc) on the system C yielding (on the left branch):

C1 =


Φ; X =? senc(X1, X2)
X1, 1`? x1

X2, 1`? x2

Y, 2`? x1

C′1 =


Φ; X =? senc(X1, X2)
X1, 1`? z1;
X2, 1`? z2

Y, 2`? senc(senc(z1, z2), y2)

Then, again using a strong application of Cons(Y, senc) on the system C′1, we obtain (on
the left branch):

C11 =



Φ; X =? senc(X1, X2)
X1, 1`? senc(x11, x12)
X2, 1`? x2

Y =? senc(Y1, Y2)
Y1, 2`? x11

Y2, 2`? x12

C′11 =



Φ; X =? senc(X1, X2)
X1, 1`? z1

X2, 1`? z2

Y =? senc(Y1, Y2)
Y1, 2`? senc(z1, z2)
Y2, 2`? y2

Thus, we get back to a subproblem of the original deducibility constraints.

34



4.1. Taking care of deducibility constraints

The first phase of our strategy consists of applying transformation rules to put con-
straint systems in “pre-solved” form. As depicted below, this first phase is a cycle of
several steps.

Step a Step b Step c Step d Step e
s := 1 k := 1

if no rule of Step b

applicable if k = n + n′

k := k + 1

s := s + 1

if s = smax

The integer s indicates the support of the rules that are applied during the cycle.
This notion of support of a rule is formally defined as follows:

• the support of Cons(X, f) (resp. Axiom(X, path), Eq-ded-ded(X, ξ)) is i where
X, i`? u ∈ D;

• the support of Dest(ξ, ` → r, i) (resp. Ded-st(X, ξ)) is i (resp. smax i.e., the
maximal index that occurs in C);

• the support of Eq-frame-frame(ξ1, ξ2) is max(i1, i2) where ξ1, i1 B u1 ∈ Φ and
ξ2, i2 B u2 ∈ Φ;

• the support of Eq-frame-ded(ξ1, X2) is i1 where ξ1, i1 B u1 ∈ Φ;

The integer n (resp. n′) is the number of columns in matrix M (resp. M′) and m
is the size of the frames that occur in M and M′. The integer k indicates the column
of the matrix on which we are currently working. By convention, when k > n, i.e., k is
strictly greater than the number of columns in the matrix M, this means that we work
on the (k − n)th column of the matrix M′.
We now explain in more detail each of these steps.

Step a: frame analysis. We apply the rules Dest and Eq-frame-ded, with support
equal to s, as long as possible with priority on the rule Eq-frame-ded. The application
of those rules has to be a strong application for at least one constraint system that
occurred in the row of the matrix on which we apply the rule.

The main idea is to work on the frame to learn the deducible subterms (this is
the purpose of the rule Dest). However, when we encounter a frame element of the
form ξ, i B x, we can not apply the Dest rule on it. The purpose of using the rule
Eq-frame-ded is to “discard” this frame element by adding it into the set NoUse. To
ensure that rule Eq-frame-ded will be applicable each time we are in such a situation,
it is important to work by increasing support. Indeed, by definition of constraint system,
we know that the variable x will appear in a deducibility constraint of support less than i.
Putting deducibility constraints of support less than i in pre-solved form allows us to
ensure that there exists X, j `? x with j < i, and thus Eq-frame-ded is applicable.
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In order to satisfy some necessary properties, when Dest(p̃) or Eq-frame-ded(p̃)
is applied on one row of the matrix, we will apply the same rule with similar parameter
on each row of the matrix. More specifically,

• if Dest(ξ, `→ r, s) is applied on a row (S,S ′) of (M,M′) where (ξ, i) (with i ≤ s)
belongs to the structure of the constraint systems in (S,S ′), then for each row
(T , T ′) of (M,M′) where there exists ξ′ such that (ξ′, i) belongs to the struc-
ture of the constraint systems in (T , T ′) and path(ξ′) = path(ξ), we also apply
Dest(ξ′, `→ r, s) on (T , T ′).

• if Eq-frame-ded(ξ,X) is applied on a row (S,S ′) of (M,M′) where (ξ, i) belongs
to the structure of the constraint systems in (S,S ′), then for each row (T , T ′) of
(M,M′) where there exist ξ′ such that (ξ′, i) belongs to the structure of the con-
straint systems in (T , T ′) and path(ξ′) = path(ξ), we apply Eq-frame-ded(ξ′, X)
on (T , T ′).

At the end of Step a, the frame of any constraint system is fixed for the support s.
The existing frame elements (for support s) could be further instantiated, but no frame
element will be added (for this support).

To avoid the non-terminating behaviour mentioned in Example 39, we break the
symmetry between the different components. The idea is to focus on one column of the
matrix and to reduce the constraint systems until reaching “pre-solved form” (distinct
variables on the right-hand sides of the deducibility constraints), and then move to the
next column of the matrix.

Example 40. Going back to Example 39, and assuming that Φ = {ax 1, 1 B a; ax 2, 2 B
b}, we can first observe that there is nothing to do regarding Step a. The idea will be
to apply Cons(X, senc) as in Example 39, but then we will be forced to work on the
constraint system C1. We can apply Eq-ded-ded(Y,X1) yielding (on the left branch)
the pair (C11, C′11) where:

C11 =

{
Φ; X1, 1`? x1; X2, 2`? x2

X =? senc(X1, X2) ∧ Y =?X1

and C′11 = ⊥. Indeed, the equality z1 =? senc(senc(z1, z2), y2) can not be satisfied.

More formally, we have a cycle of three different steps. The parameter of this cycle is
the index of the column on which we are currently working. Each of this cycle alternates
Step b and Step c, and then ends with Step d.

Steps b and c: dealing with internal deducibility constraints. The purpose of
this cycle (Steps b and c) is to deal with internal deducibility constraints (of support s),
i.e., the constraints of the form X, s`? u with X 6∈ S2. During Step b, the idea is to put
internal deducibility constraints in “pre-solved” form, whereas during Step c, the main
goal is to remove them. At the end of Step c, all the internal deducibility constraints
would have disappeared.
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Step b. We apply the internal applications of the rules Eq-ded-ded, Eq-frame-frame,
Cons, Axiom, and Ded-st with support less than s, as long as possible. To be applied
on e.g., the ith row, the application of the rule has to correspond to a strong application
w.r.t. the constraint system located at the ith row and kth column.

Step c. Given a constraint system C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse), we consider the
set XC defined as follows:

XC = {x ∈ X 1 | (Y, j `? x) ∈ D, and Y 6∈ S2}
The purpose of this set is to contain all the first-order variables that occur on the right-
hand side of an internal deducibility constraint. We apply by order of preference:

1. The internal rule Eq-ded-ded(X,Y ) with X 6∈ S2 when the rule is strongly appli-
cable on one constraint system of the kth column.

2. The external rule Cons(X, f) when a variable in XC occurs in the deducibility
constraint X, i`? u. This has again to correspond to a strong application.

3. The external rule Axiom(X, path) on X, i`? u if this correspond to a strong appli-
cation and i is minimal.

Intuitively, the purpose of Step c is to discard the internal deducibility constraints
using the rule Eq-ded-ded. However, when this is not possible (e.g., because the variable
that occurs on the right-hand side of the internal constraint does not appear as a right
member of an external deducibility constraint), we will try break the term u that contains
such a variable using the rule Cons with the hope to be able to apply Eq-ded-ded once
the variable will appear at the root position. Once this is done, and if an application
of Eq-ded-ded is still not possible, we will use the rule Axiom to instantiate some
variables. Doing this at the end allows us to ensure that the variables that will be
introduced during the replacement will be “smaller” (i.e., the deducibility constraints
that introduce each of these variables have a support smaller than the variables that are
removed thanks to the Axiom rule).

Step d: dealing with external deducibility constraints. Now, we have to put the
external deducibility constraints in “pre-solved” form. For this, we apply the external
application of the rules Eq-ded-ded, Cons and Axiom as long as they are strongly
applicable on the constraint system Mi,k (or Mi,k−n when k > n) by increasing order
on the index i of the row. For instance, if Rule1(p̃1) is strongly applicable on Mi1,k,
Rule2(p̃2) is strongly applicable onMi2,k, and i1 ≤ i2 then we apply the rule Rule1(p̃1)
on (M,M′).

Step e: solving non-deducibility constraints. This last step consists of solving the
non-deducibility constraints that occur in the matrices. This is done by replacing some
constraint systems with ⊥. Intuitively, we only keep the constraint systems that have a
frame which is “maximal” (i.e., a frame which contains a maximal number of elements).

Formally, for each constraint system C in the matrix (with its associated frame Φ),
if there exists a constraint system C′ (with its associated frame Φ′) in the same column
as C, a recipe ξ, such that (ξ, s B u) ∈ Φ′ for some u, whereas Φ does not have such an
element – i.e., for all (ξ′, s B v) ∈ Φ, we have that path(ξ) 6= path(ξ′) – then we replace
the constraint system C in the matrix by ⊥.
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The fact that C does not contain a frame element for path(ξ) means that C contains
some non-deducibility constraints instead. However, since C′ is in pre-solved form, we
know that the deducibility constraints introduced by the Dest rule have been solved, and
thus the non-deducibility constraints in C′ can not be satisfied. During Step e, each con-
straint system that is replaced by ⊥ does not have a solution due to the non-deducibility
constraints. The same applies to solve the non-deducibility constraints introduced by
the rule Ded-st. We illustrate this through an example.

Example 41. Consider the constraint system C presented in Example 33 as well as the
constraint system C′ made of the deducibility constraint X, 2`? senc(a, a) and the frame
Φ′ = {ax 1, 1 B a; ax 2, 2 B b}. We consider the matrices M = [C] and M′ = [C′]. In
Example 33, we have seen that applying the rule Dest(ax 2, sdec(senc(x, y), y) → x, 2)
on C yields C1 and C2. The application of this rule on C′ yields after normalisation the
constraint system ⊥ and the following constraint system C′2:

C′2 =

{
Φ′; X, 2`? senc(a, a)

∀x1, x2.[senc(x1, x2) 6=? b ∨ 2 6 `? x2]

Thus the application of the rule Dest(ax 2, sdec(senc(x, y), y) → x, 2) on M and M′
yields the pair of matrices (M1,M′1):

M1 =

[
C1
C2

]
M′1 =

[
⊥
C′2

]
Then, we may apply the rule Axiom(Y, ax 1) internally (on the first row of the matrix),
and we obtain:

M2 =

 C3C4
C2

 M′2 =

 ⊥⊥
C′2


On the constraint system C4, the successive applications of Cons(Y, f) and Axiom(Y, path)
for any f and path will yield after normalisation the constraint system ⊥. All these rules
are internal, and thus we obtain the following pair of matrices:

M3 =


C3
⊥
. . .
⊥
C2

 M′3 =


⊥
⊥
. . .
⊥
C′2


Then, the successive applications of the rules Cons and Axiom on M3 and M′3 (to

solve the remaining deducibility constraints in C3, C2, and C′2) will yield in particular a
leaf (M4,M′4) where:

M4 =


C5
⊥
. . .
⊥
C6

 M′4 =


⊥
⊥
. . .
⊥
C′6


where the constraint systems C5, C6 and C′6 are as follows:
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C5 =


Φ, sdec(ax 2, ax 1), 2 B b
X =? senc(ax 1, ax 1)
Y =? ax 1

C6 =

{
Φ; X =? senc(ax 1, ax 1)

∀x1, x2.[senc(x1, x2) 6=? senc(b, a) ∨ 2 6 `? x2]

C′6 =

{
Φ′; X =? senc(ax 1, ax 1)

∀x1, x2.[senc(x1, x2) 6=? b ∨ 2 6 `? x2]

Now, following the transformation explained above, the system C6 will be replaced
by ⊥. Indeed, there exists C5 in the same column as C6 that contains the frame element
sdec(ax 2, ax 1), 2 B b, and for which there is no counterpart in C6. Instead, in C6, we
have a non-deducibility constraint that is actually unsatisfiable.

Indeed, the existence of a solution for the constraint system C5 implies that the recipe
sdec(ax 2, ax 1) yields a message, thus ax 2 is a ciphertext whose key is deducible at stage 2,
and so the non-deducibility constraint of C6 can not be satisfied.

4.2. Taking care of disequations

After the first phase of our strategy S , the rules Dest, Eq-frame-ded, Eq-frame-frame
and Ded-st will never be applicable anymore for any parameter. Thus, the only rules
that can be applied during the second phase are Cons, Axiom and Eq-ded-ded. Fur-
thermore these rules will always be applied as external rules. As already explained, the
purpose of this phase is to take care of the disequations. For this, we need to match
them, and ensure that the same disequations occur in each constraint system. As de-
picted below, this second phase is made up of three steps.

Step a Step b Step c

if no rule of Step b
is applicable

Step a: getting rid of universally quantified variables. In order to be able to
match the disequations, we have to get rid of variables that are universally quantified.
For this, we apply the rules Cons(X, f) and Axiom(X, path) as long as, for at least one
constraint system occurring in the matrix, this corresponds to a strong application of
the rule or there exists an atomic statement u 6=? w in E (where u is such that X, i`? u –
actually at this stage u will be a variable) for which there exists a variable y ∈ vars1(w)
which is universally quantified. At the end of this Step a, variables that are universally
quantified would have been removed.

Example 42. Let Φ+ = {ax 1, 1 B a; ax 2, 2 B 〈b, a〉; proj1(ax 2), 2 B b; proj2(ax 2) B a},
and consider the following constraint system:

C =
{

Φ+; Y, 1`? y; ∀x. y 6=?〈x, a〉

For sake of simplicity, we will assume that 〈 〉 is the only constructor symbol. In order
to get rid of the variable x, the strategy will tell us to apply Cons(Y, 〈 〉). This gives us:

C1 =


Φ+; Y1, 1`? y1; Y2, 1`? y2

∀x. y 6=?〈x, a〉
y=?〈y1, y2〉; Y =?〈Y1, Y2〉

C2 =


Φ+; Y, 1`? y

∀x. y 6=?〈x, a〉
root(Y ) 6=?〈 〉
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Using our simplification rules, the first system will be simplified as follows:

C1↓ =


Φ+; Y1, 1`? y1; Y2, 1`? y2

y2 6=? a
y=?〈y1, y2〉; Y =?〈Y1, Y2〉

Note that C1↓ does not contain any quantified variable anymore. Considering the con-
straint system C2, in order to get rid of the variable x, we can for instance apply the rule
Axiom(Y, ax 1). We obtain (after some simplifications):

C21 =
{

Φ+; Y = ax 1; y = a C22 =

{
Φ+;Y, 1`? y; ∀x. y 6=?〈x, a〉
root(Y ) 6=?〈 〉 ∧ Y 6=? ax 1

The system C21 does not contain any quantified variable anymore. We can pursue like
this using Cons(Y, ax 2) on C22. We obtain (after some simplifications) C221 = ⊥ and

C222 =

{
Φ+;Y, 1`? y; ∀x. y 6=?〈x, a〉
root(Y ) 6=?〈 〉 ∧ Y 6=? ax 1 ∧ Y 6=? ax 2

We can continue with Cons(Y, proj1(ax 2)) and Cons(Y, proj2(ax 2)). The resulting sys-
tems on the left branches will not contain any disequations (they are actually trivially
satisfied) whereas on the right branch the constraint system will be turned to ⊥ following
the simplification rule given in Figure 4. Thus, at the end, all the quantified variables
have been removed.

Steps b and c: matching disequations. To ensure that we will reach a solved form
in which all the disequations are matched, the rule Eq-ded-ded plays an important role.
The rule Eq-ded-ded allows one to “externalise” the disjunctions, splitting disjunctive
disequations, each of which will appear in different matrices. However, it may happen
that the rule Eq-ded-ded can not be applied to get rid of a particular disequation. In
such a situation, we will first use the rules Cons and Axiom to simplify it, and allow
eventually the application of the rule Eq-ded-ded. The only rules that can be applied
during these two steps (b and c) are Cons, Axiom and Eq-ded-ded. However, as
illustrated by Example 43, to ensure termination we can not apply them in any order.

Example 43. We consider a constraint system in “pre-solved” form such that:

E = [x1 6=? y ∨ x2 6=? a] ∧ y 6=?〈〈x1, x2〉, b〉.

For sake of simplicity, we do not described Φ and D. We simply assume that the
frame contains the terms a and b. First, we apply Axiom on x2 (with a), on one
branch we will obtain x1 6=? y ∧ y 6=?〈〈x1, a〉, b〉. Then applying Cons twice, we obtain
x1 6=?〈〈y1, y2〉, y3〉 ∧ [y1 6=? x1 ∨ y2 6=? a∨ y3 6=? b]. Lastly, applying Axiom on y3 (with b),
we obtain:

x1 6=?〈〈y1, y2〉, b〉 ∧ [y1 6=? x1 ∨ y2 6=? a]

getting back to the original set of disequations.

To avoid such a situation, the main idea is to postpone the use of the Axiom rule.
We apply as long as we can the rules Cons and Eq-ded-ded, and only after that we
can move to Step c and apply the Axiom rule.
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Example 44. Going back to Example 43 and following our strategy, we will first apply
Eq-ded-ded to deal with the disequation x1 6=? y. On the left branch, i.e., assuming the
equality x1 = y is satisfied, the disequation y 6=?〈〈x1, x2〉, b〉 becomes y 6=?〈〈y, x2〉, b〉, and
disappears since it is trivially satisfied. Hence, we obtain two constraint systems that
respectively contains:

x2 6=? a x1 6=? y ∧ y 6=?〈〈x1, x2〉, b〉
Then, on the resulting system on the left branch, we have no choice, we have to apply

an Axiom rule. On the right, we pursue using the Cons rule on y allowing us to simplify
(on the left branch) a bit more the disequations – the name b is now at the root position:

x1 6=?〈y1, y2〉 ∧ [y1 6=?〈x1, x2〉 ∨ y2 6=? b]

Then, we may apply Eq-ded-ded to deal with y1 6=?〈x1, x2〉. We get

y2 6=? b x1 6=?〈y1, y2〉 ∧ y1 6=?〈x1, x2〉
Again, on the left, the disequation x1 6=?〈y1, y2〉 has disappeared since after replacing y1

with 〈x1, x2〉, it is trivially satisfied. On the right, the disequations now contain free
variables and public function symbols and applying Eq-ded-ded will be useless. On the
left, we now have to apply an instance of the Axiom rule. Thus, this strategy avoids the
non termination issue mentioned in the previous example.

Step b. During this step, we apply as long as we can the rules Cons and Eq-ded-ded.
However, as illustrated with the following example, due to the fact that we have to apply
simultaneously our transformation rules on several constraint systems, we can get some
termination troubles.

Example 45. Consider the pair (C, C′) of sets of initial constraint systems given below
(each set is actually reduced to a singleton):

C =


ax 1, 1 B a
X, 1`? x; Y, 1`? y

x 6=? h(y) ∧ x 6=? y
C′ =

{
ax 1, 1 B a
X, 1`? x; Y, 1`? y

We could apply Cons(X, h) replacing x with h(x′) to simplify the disequation x 6=? h(y)
into x′ 6=? y. However, this operation will transform the other disequation, namely x 6=? y
into h(x′) 6=? y. More precisely, this gives (on the left branch):

C0 =


ax 1, 1 B a
X ′, 1`? x′; Y, 1`? y

x′ 6=? y ∧ h(x′) 6=? y
X =? h(X ′)

C′0 =


ax 1, 1 B a
X ′, 1`? x′; Y, 1`? y
X =? h(X ′)

This pair (C0, C′0) is made up of two systems on which the Cons rule is again applicable,
and we can go on forever with Cons.

The main idea is to favour the application of Eq-ded-ded. However, given a par-
ticular disequation, necessarily of the form x 6=? u at this stage, it may happen that
Eq-ded-ded can not be applied for two main reasons:

1. either a name occurred in the disequation, i.e., u contains a name;
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2. or a “faulty” variable occurred in the disequation, i.e., u contains a variable whose
support is greater than the support of x.

In both cases, the idea is to apply the Cons rule to bring the name or the “faulty”
variable at the root position. Thus, we authorise the application of the rule Cons(X, f)
on X, i0 `? t during Step b (actually t is a variable at this stage) if there exists a constraint
system C on which the rule Cons(X, f) is not useless, and such that:

1. either Cons(X, f) is strongly applicable on C (at this stage, since t is a variable,
this means that there exists an atomic statement (root(X) 6= g) in EΠ(C) such that
g ∈ Fc and g 6= f);

2. or there is a disequation of the form t 6= u with root(u) = f, and u contains a name
or a “faulty” variable, i.e., i0 < max

{
i | x ∈ vars1(u) and (X, i`? x) ∈ D(C)

}
.

Example 46. Going back to Example 45. Applying Cons(X, h) is now forbidden. In-
stead, we may apply Eq-ded-ded(X, h(Y )). This leads us to the pairs (⊥; C′1) and (C; C′2)
where:

C′1 =


ax 1, 1 B a
Y, 1`? y
x=? h(y); X =? h(Y )

C′2 =


ax 1, 1 B a
X, 1`? x; Y, 1`? y

x 6=? h(y)

From the pair (⊥; C′1) we will conclude that symbolic equivalence does not hold. Regarding
the pair (C; C′2), we can go on and reach a solved form by applying Eq-ded-ded(X,Y )
obtaining again two pairs of constraint systems. The first one will be of the form (⊥; C′3)
and the second one will contain two systems in which all the disequations are matched.

We have shown that applying the rules Cons (under the additional conditions men-
tioned above) and Eq-ded-ded in any order will terminate (for Step b). However, to
ensure termination of the cycle made of Step b and Step c, we have to work on a dise-
quation which is maximal, i.e. one that involves variables whose supports are maximal.
The necessity of this extra condition and its formal definition will be discussed later on
(actually after the description of Step c).

Step c. In this last step, we apply the rule Axiom(X, path) as long as possible, i.e.,
as long as there is at least one constraint system C in the pair of matrices on which
Axiom(X, path) is strongly applicable on it. Note that, at this stage, the term t in
the constraint X, i`? t is necessarily a variable. Thus a strong application means that
(root(X) 6= f) ∈ EΠ(C) for some f. When no more instance of the Axiom rule can be
applied, we go back to Step b. It is quite easy to see that Step c alone will terminate.
The number of variables decreases on the left branch, and at some point all the possible
instances of the Axiom rule would have been considered.

However, to ensure termination of the cycle made of Step b and Step c, we have to
restrict the order on which the rules Cons and Eq-ded-ded are applied during Step b.
We prove termination of this cycle under the hypothesis that we always work on the
maximal disequation. The measure associated to a disequation u 6=? v occurring in a
constraint system C is a pair of integers defined by L1

C(u 6=
? v) = (L1

C(u);L1
C(v)) where:

L1
C(u) = max

(
{ i | (X, i`? x) ∈ D(C) and x ∈ vars(u)} ∪ {0}

)
.
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We use a “lexicographic” order to compare those pairs, and to decide on which dise-
quation we will work. We have that (i1, i2) >lex (j1, j2) if

• either max(i1, i2) > max(j1, j2);

• or max(i1, i2) = max(j1, j2) and min(i1, i2) > min(j1, j2)

Note that, using this order, we have that L1
C(u 6=

? v) = L1
C(v 6=

? u) for any terms u and v.

Example 47. Let (C, C′) be two constraint systems obtained at the end of Phase 2/
Step a that only differ by the content of their frame. For sake of simplicity, we also
assume that f is a function symbol of arity 2 and the only one that we consider here.
(this symbol could be mimicked in our setting using h and 〈 , 〉). Moreover, regarding
disequations, we assume that they contain:

x 6= f(y, z) x 6= z root(Y ) 6= f.

Note that Cons and Eq-ded-ded can not be applied, but due to the presence of
root(Y ) 6= f, the rule Axiom is strongly applicable on Y . Consider the left branch
during such an application, and assume that such an application will instantiate y with
f(f(a, a), w) on C, and y with f(w, f(a, a)) on C′. Let (C1, C′1) be the resulting pair. Such
a scenario is possible since even if C and C′ have the same structure, they may differ on
the content of their frame. The constraint systems C1 and C′1 will now have different sets
of disequations. In particular, we have that

C1 =


. . .

x 6=? f(f(f(a, a), w), z)

x 6=? z

C1 =


. . .

x 6=? f(f(w, f(a, a)), z)

x 6=? z

Here a is a name whereas w is variable, and we necessarily have that W, iw `? w (but
also Y, jy `? y) occurs in both C and C′, and we have also that iw < iy. Now, on this
branch, we have nothing to do regarding Step c, and we go back to Step b. We have
still nothing to do regarding the second disequation of each constraint system, but we can
apply the Cons rule on the first one. Consider the left branch during such an application
of Cons(X, f), we get (C11, C′11) where:

C11 =


. . .

x1 6=? f(f(a, a), w) ∨ x2 6=? z

f(x1, x2) 6=? z

C′11 =


. . .

x1 6=? f(w, f(a, a)) ∨ x2 6=? z

f(x1, x2) 6=? z

Now, depending on the values of iw and iz, we may have a choice. We can either apply
Cons to simplify x1 6=? f(f(a, a), w) (and x1 6=? f(w, f(a, a))) or apply Eq-ded-ded on
x2 6=? z. We consider here the first option (to respect maximality, this is only possible if
iw ≥ iz), and we get (on the left branch) the pair (C111, C′111) where:

C111 =


. . .

x11 6=? f(a, a) ∨ x12 6=? w ∨ x2 6=? z

f(f(x11, x12), x2) 6=? z

C′111 =


. . .

x11 6=? w ∨ x12 6=? f(a, a) ∨ x2 6=? z

f(f(x11, x12), x2) 6=? z
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Now, we may still have some choice, but it is not possible for instance to consider an
application of the Cons rule on x11 6= f(a, a). Indeed, L1

C111(x11 6=? f(a, a)) is not maximal
since L1

C(f(a, a)) = 0 in any constraint system C. This remark is important to avoid non
termination. Indeed, applying Cons(X11, f) would allow us to add root(X11) 6= f on the
constraint systems on the right branch, and then applying Eq-ded-ded on x12 6=? w, and
then on x2 6=? z, and considering the pair of constraint systems obtained along the right
branch, we will eventually obtain a pair of constraint systems that will contain:

Cright =


. . .

x12 6=? w

x2 6=? z

f(f(x11, x12), x2) 6=? z
root(X12) 6= f

C′right =


. . .

x12 6=? w

x2 6=? z

f(f(x11, x12), x2) 6=? z
root(X12) 6= f

Assuming that x, y, and z have the same support, i.e., X, ix `? x, Y, iy `? y and
Z, iz `? z are in C and C′ with ix = iy = iz, the situation is quite similar to the pair
of constraint systems we consider at the very beginning of this example. We may apply
a similar sequence of transformation rules leading to a termination issue. Note how-
ever that this sequence does not respect our maximality condition. The application of
Cons(X1, f) on (C11, C′11) does not respect our maximality condition. Indeed, by defini-
tion of a constraint system, we have that iw < iy, and together with the hypothesis that
ix = iy = iz, this would contradicts the fact that iw ≥ iz.

Relying on this strategy, we are now able to prove termination of our algorithm.

Theorem 5. (termination) Applying the transformation rules on a pair of sets of initial
constraint systems and following the strategy S always terminates.

5. Implementation

This decision procedure has been implemented in a tool called APTE. The tool is
implemented in Ocaml (around 12 000 lines). APTE is an open source software and is
distributed under GNU General Public Licence 3.0. The tool as well as the description
of the protocols we have analysed using it are available at:

http://projects.lsv.ens-cachan.fr/APTE/.

As expected, APTE checks trace equivalence for processes that use standard primi-
tives (e.g., pairing, signatures, hash functions, symmetric and asymmetric encryptions).
We can model in particular conditionals (with non-trivial else branches), private chan-
nels, and non-deterministic choices, but we consider processes without replication. In
case of failure when establishing trace equivalence, APTE provides a witness of non-
equivalence. In terms of protocols, APTE has been used to analyse several protocols
among them the private authentication protocol, and some protocols issued from the
e-passeport application as described in [33].

Our implementation closely follows the transformation rules that are described along
the paper. However, for efficiency reasons, some optimisations have been implemented.
In particular, the strategy described in the previous section imposes us to apply the rule
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Axiom on each frame element and the rule Cons for each constructor symbol. Thus,
giving the attacker some useless capabilities, e.g., by adding some fresh names in the
frame, or considering some additional hash functions, will considerably increase the ex-
ecution time of our algorithm. To cope with these issues, we adapt the strategy: only
the relevant instances of the rule Cons and Axiom are applied. We manage to obtain
a quite efficient algorithm for checking symbolic equivalence between sets of constraint
systems. However, the interleaving step, that is required for moving from symbolic equiv-
alence to trace equivalence, is expensive from the computation point of view. Actually,
we are faced with the usual interleaving explosion problem. For example, using such
an approach, deciding anonymity for one session of the private authentication protocol
amounts to solve 15 symbolic equivalences between pairs of sets of constraint systems
(each pair containing between 2 and 8 constraint systems). Around 200 symbolic equiv-
alence have to be solved to deal with 2 sessions, and more than 900 when we want to
analyse 3 sessions of this protocol. Moreover, it is worth mentioning that the size of the
constraint systems but also the number of constraint systems in each set are increasing,
and we thus rapidly reach the limit of the tool.

To illustrate this exponential blow up, we report on Table 5 and Table 6 some experi-
ments that we have performed to analyse the private authentication protocol for 1 and 2
sessions respectively. We indicate the number of symbolic traces of each length, and since
a given symbolic trace may lead to several constraint systems, we also indicate this num-
ber (on the average). For instance, considering symbolic traces of length 6 (i.e., traces
made up of 6 input/output actions), there are 4 different symbolic traces of this length.
On the average, one such trace leads to 6 constraint systems, and we will have to launch
our algorithm 4 times for checking symbolic equivalence between pairs (S,S ′) of sets of
constraint systems (each pair containing 6 constraint systems in average). Checking one
symbolic equivalence will require the applications of 428 transformations rules (most of
the rules are applied internally) and this will be done in less than a few milliseconds.

# traces # systems # rules int. - ext. time (s)
(in average per trace) (in average per symbolic equivalence)

1 1 2 6 83% - 17% 0.00
2 1 2 14 86% - 14% 0.00
3 1 2 25 88% - 12% 0.00
4 2 2 41 90% - 10% 0.00
5 2 6 182 93% - 7% 0.00
6 4 6 428 94% - 6% 0.00
7 4 6 1734 95% - 5% 0.01

Figure 5: Results obtained when analysing 1 session of the private authentication protocol.

As indicated in Table 6, analysing two sessions of the private authentication protocol,
we reach the limit of our tool. In particular, checking trace equivalence for traces up to
length 9 requires us to launch our algorithm for checking symbolic equivalence between
pairs of sets of constraint systems more that 90 times. The total time to get an answer
is around 1500 seconds but it still remains around one hundred of symbolic equivalences
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to check and the underlying sets of constraint systems become very huge, e.g., for traces
of length 10, each pair contains 360 constraint systems in average.

# traces # systems # rules int. - ext. time (s)
(in average per trace) (in average per symbolic equivalence)

1 1 2 6 83% - 17% 0.00
2 1 2 14 86% - 14% 0.00
3 1 2 25 88% - 12% 0.00
4 2 4 41 90% - 10% 0.00
5 4 12 129 90% - 10% 0.00
6 6 41 793 93% - 7% 0.03
7 12 87 2468 94% - 6% 0.29
8 18 204 13324 96% - 4% 4.67
9 36 280 39292 96% - 4% 40.19
10 54 360 . . . . . . . . .
11 54 373 . . . . . . . . .

Figure 6: Results obtained when analysing 2 sessions of the private authentication protocol.

The results summarised in Table 5 and 6 correspond to what we obtain when enu-
merating all the symbolic traces and then applying our procedure for checking symbolic
equivalence on each resulting symbolic trace. Since checking trace equivalence requires
to consider partial symbolic traces, we managed to optimise the tool by exploiting the
result of our algorithm launched on symbolic traces of size n when analysing the symbolic
traces of size n+1. This avoids us to apply some transformations that have already been
applied during the analysis of the traces of size n and push a bit the boundaries of our
tool but an analysis of the private authentication protocol for 3 sessions is still out of
reach.

6. Conclusion

Trace equivalence is a central notion for expressing privacy-type properties. It has
been shown that trace equivalence can be reduced to checking equivalence between sets
of constraint systems (see e.g., [14]). This reduction result is very general and holds
for arbitrary processes (without replication) and for arbitrary equational theories. In
this paper, we present a procedure to automatically check equivalence between sets of
constraint systems. Altogether, this gives us an algorithm for checking trace equivalence
in the applied pi-calculus. The procedure described in this paper has been implemented
and performed well on constraint systems. However, the interleaving step that is required
for moving from symbolic equivalence to trace equivalence, is performed in a rather naive
way and it appears that this step is expensive from the computation point of view.

To cope with the interleaving problem mentioned above, we would like to propose
some optimisations to reduce the number of interleavings that have to be considered, and
so the number of equivalence between sets of constraint systems that have to be checked.
This problem has already been studied in the context of reachability properties [34]
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but seems to be more challenging for trace equivalence (see e.g., for some preliminary
results [35]).

Although our procedure is tailored to a fixed set of primitives, it can probably be
extended to primitives that are described by subterm convergent rewriting systems. Sim-
ilarly, adding more tests (such as equal encryption keys or equal lengths) should not be a
problem. We would also like to enrich our algorithm to deal with less standard primitives
such as blind signatures or trapdoor commitment functions that are crucial in the context
of e-voting protocols but do not fall in any existing decidability results. Handling other
associative-commutative primitives, such as exclusive-or, or modular exponentiationm,
seems to be extremely challenging for the class of protocols that we consider: for the side
constraints only (quantified disequalities) there is no quantifier elimination procedure.

Lastly, we would like also to pursue the study of the constraint systems that are
generated by our algorithm. The matrices of constraint systems obtained at the end
(i.e., on the leaves) enjoy some nice properties (e.g., existence of a “constructor” solution,
one-to-one equivalence between constraint systems that occur on the same row, . . . ). We
think that these properties can be further exploited to decide some more fine grained
notion of equivalence. Actually, relying on these nice properties, it has already been
shown that the notion of length trace equivalence, a notion of equivalence that takes into
account the length of messages [22], is decidable (relying on the algorithm presented in
this paper).
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The appendices are dedicated to the proofs of Theorem 5 and Corollary 1. This task
is difficult and highly technical task due to several reasons:

• The proofs of the intermediate results are often done relying on a case analysis
considering each rule one by one, and this tends to lengthen the proofs. This is
even more true for the termination proof since we have to consider the different
rules but also the different phases and steps of the strategy.

• The constraint systems are composed of several elements which make them difficult
to manipulate in the proofs.

• The technicality of the proofs comes also from the fact that the soundness and
termination proofs overlap. A good example is Step e of the first phase of the
strategy which is a necessary step for the soundness of our algorithm.

Outline. In Appendix A, we give the different invariants that are satisfied by the pairs
(of matrices) of constraint systems obtained during the algorithm. We prove the com-
pleteness of our transformation rules in Appendix B. However, the soundness of our
transformation rules also depends on the strategy we use. Hence, before proving the
soundness of the rules in Appendix D, we show some additional invariants related to
the strategy in Appendix C. We conclude the proofs of soundness and completeness by
proving Theorems 2 and 3 in Appendix E. We also show the soundness and completeness
of our final test on a pair of matrices of constraint systems,i.e. the proof of Theorem 4,
in Appendix F. In Appendix G, we establish termination.

Notations. Note that given a pair of sets of initial constraint systems, the maximal index
that occurs in the constraint systems will be the same along the procedure, and we will
denote it smax.

Appendix A. Some invariants

We establish in this section some invariants that are independent from the strategy S .
We start by showing that our transformation rules preserve the fact that matrices share
the same structure.

Lemma 1. Let (M,M′) be a pair of matrices of constraint systems such thatM andM′
have the same structure. Any internal (resp. external) application of a rule in Figure 1
and/or Figure 2 transforms the pair (M,M′) on a pair (M1,M′1) (resp. two pairs
(M1,M′1) and (M2,M′2)) of matrices having the same structure.

Proof. Let C and C′ be two constraint systems. Recall that the transformations rules
Dest, Eq-frame-frame, Eq-frame-ded and Ded-st are applied internally whereas
the rules Cons(X, f), Axiom(X, path) and Eq-ded-ded(X, ξ) are applied externally
when X ∈ S2 and internally otherwise (i.e. X 6∈ S2).

Let Rule(p̃) be a rule and let C1, C2 (resp. C′1, C′2) be the two constraint systems
obtained by application of R on C (resp. C′). We assume that the application of Rule(p̃)
is done simultaneously on C and C′ (i.e. the possible fresh recipe variables created are
the same in both applications). We show that :

49



1. if C and C′ have the same structure (resp. shape) then C1, C′1 and C2, C′2 have the
same structure (resp. shape);

2. if Rule(p̃) is applied internally on C, then C, C1 and C2 have the same shape.

With theses properties, the result directly holds. We prove theses properties by
case analysis on the rule Rule(p̃). To simplify the notation, we will use the notation
S1(C), S2(C),Φ(C), . . . while we refer to the different elements of a constraint system C.

Case Rule(p̃) = Cons(X, f): We assume that the application of Rule(p̃) was done si-
multaneously, thus if ar(f) = n, we denote by X1, . . . , Xn the fresh recipe variables used
in C1 and C′1.

Assume first that C and C′ have the same structure. Thus we have that S2(C) =
S2(C′). By definition of Cons(X, f), we have that S2(C) = S2(C2) and S2(C′) = S2(C′2)
which means that S2(C2) = S2(C′2). Furthermore, If X ∈ S2(C) = S2(C′), then S2(C1) =
S2(C) ∪ {X1, . . . , Xn} = S2(C′) ∪ {X1, . . . , Xn} = S2(C′1). Otherwise, we have that
S2(C1) = S2(C) = S2(C′) = S2(C′1).

We also have that EΠ(C) = EΠ(C′). But by definition of Cons(X, f), EΠ(C1) =
EΠ(C) ∧X =? f(X1, . . . , Xn) and EΠ(C′1) = EΠ(C′) ∧X =? f(X1, . . . , Xn). Thus we have
that EΠ(C′1) = EΠ(C1). Similarly, we have that EΠ(C2) = EΠ(C′2).

Since the frame is not modified by the rule Cons(X, f), then we have {(ξ, i) | ξ, i B
Φ(C)} = {(ξ, i) | ξ, i B Φ(C′)} implies that {(ξ, i) | ξ, i B Φ(C1)} = {(ξ, i) | ξ, i B Φ(C′1)}.
The same holds for C2 and C′2.

At last, we have D(C1) = D(C) ∪ {X1, i`? x1, . . . , Xn, i`? xn} and D(C′1) = D(C′) ∪
{X1, i`? x′1, . . . , Xn, i`? x′n} where x1, . . . , xn, x

′
1, . . . , x

′
n are fresh variables. Thus, {(X, i) |

X, i`? u ∈ D(C)} = {(X, i) | X, i`? u ∈ D(C′)} implies that {(X, i) | X, i`? u ∈
D(C1)} = {(X, i) | X, i`? u ∈ D(C′1)}. The case for C2 and C′2 is trivial since D(C2) =
D(C) and D(C′2) = D(C′).

We can conclude that if C and C′ have the same structure then C1 and C′1 (resp. C2
and C′2) also have the same structure. Similarly, we show that if C and C′ have the same
shape then C1 and C′1 (resp. C2 and C′2) also have the same shape.

At last, if Cons(X, f) is applied internally (i.e. X 6∈ S2(C)), then we have that
S2(C) = S2(C1) = S2(C2). Furthermore since X1, . . . , Xn are fresh then X1, . . . , Xn 6∈
S2(C) and so C, C1 and C2 have the same shape.

Case Rule(p̃) = Axiom(X, path): The rule Axiom(X, path) does not modify S2 and ei-

ther it does not modify D, in the case of C2 and C′2, or it removes this constraint in the
case of C1, and C′1. Thus, we easily have that if C and C′ have the same shape, then
C1 and C′1 (resp. C2 and C′2) also have the same shape. Furthermore, in the case of an
internal application of Axiom(X, path), we have that X 6∈ S2(C). If (X, i`? u) ∈ D(C),
then we have that (X, i) 6∈ {(Y, j) | (Y, j `? v ∈ D(C) ∧ Y ∈ S2(C)}. Thus we can also
deduce that C, C1 and C2 have the same shape when the rule Axiom(X, path) is applied
internally.

At last, assume that C and C′ have the same structure. Thus, we have that {(ξ, i) |
ξ, i B u ∈ Φ(C)} = {(ξ, i) | ξ, i B u ∈ Φ(C′)}. But if there exists (ξ, i B u) ∈ Φ(C) with
path(ξ) = path then it implies that there exists u′ such that (ξ, i B u′) ∈ Φ(C′). With
this, we can deduce that EΠ(C1) = EΠ(C)∧X =? ξ and EΠ(C′1) = EΠ(C′)∧X =? ξ. Since
EΠ(C) = EΠ(C′), we can conclude that EΠ(C1) = EΠ(C′1) and so C1 and C′1 have the
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same structure. A similar reasoning allows us to conclude that C2 and C′2 have the same
structure.

Case Rule(p̃) = Dest(ξ, `→ r, i): The application of this rule on C (resp C′) only adds

a new non deducibility constraint on C2 (resp. C′2). Thus, we trivially have that C, C2
have the same shape; and C, C′ have the same structure (resp. shape) implies that C2, C′2
have the same structure (resp. shape).

We consider now the constraint systems C1 and C′1. Since Dest(ξ, ` → r, i) is
applied simultaneously on C and C′, then there exists X2, . . . , Xn fresh recipe vari-
ables such that D(C1) = D(C) ∪ {X2, i`? u2; . . . ; Xn, i`? un} and D(C′1) = D(C′) ∪
{X2, i`? u′2; . . . ; Xn, i`? u′n} where f(u1, . . . un) → w and f(u′1, . . . , u

′
n) → w′ are

fresh renaming of `→ r. Thus we can deduce that {(X, i) | X, i`? u ∈ D(C)} = {(X, i) |
X, i`? u ∈ D(C′)} implies that {(X, i) | X, i`? u ∈ D(C1)} = {(X, i) | X, i`? u ∈ D(C′1)}.

Furthermore, we also have that Φ(C1) = Φ(C)∪{f(ξ,X2, . . . , Xn), i B w} and Φ(C′1) =
Φ(C′) ∪ {f(ξ,X2, . . . , Xn), i B w′}. Thus, we deduce that {(ξ, i) | ξ, i B u ∈ Φ(C)} =
{(ξ, i) | ξ, i B u ∈ Φ(C′)} implies that {(ξ, i) | ξ, i B u ∈ Φ(C1)} = {(ξ, i) | ξ, i B u ∈
Φ(C′1)}.

Since S2(C) = S2(C1) and S2(C′) = S2(C′1) by definition of Dest, we can conclude
that if C, C′ have the same structure then C1, C′1 also have the same structure.

At last, the facts that S2(C) = S2(C1) and X2, . . . , Xn are fresh variables (i.e.
X2, . . . , Xn 6∈ S2(C)) also imply that {(X, i) | X, i`? u ∈ D(C) ∧X ∈ S2(C)} = {(X, i) |
X, i`? u ∈ D(C1)∧X ∈ S2(C1)}. Thus, we can conclude that C, C1 have the same shape.

Case Rule(p̃) = Eq-frame-frame(ξ1, ξ2): This rule only modifies E(C) and E(C′) thus
the result trivially holds.

Case Rule(p̃) = Eq-frame-ded(ξ1, X2) : The application of this rule modifies E(C),
E(C′) and adds an frame element on NoUse(C) and NoUse(C′). Hence, it is easy to see
that the rule does not modify the shape of the constrain systems. Assume now that C
and C′ have the same structure. It implies that {ξ, i | (ξ, i B u) ∈ NoUse(C)} = {ξ, i |
(ξ, i B u) ∈ NoUse(C′)} and {ξ, i | (ξ, i B u) ∈ Φ(C)} = {ξ, i | (ξ, i B u) ∈ Φ(C′)}. Hence,
we have that there exists u, u′ such that (ξ1, i1 B u) ∈ Φ(C) and (ξ1, i1 B u′) ∈ Φ(C′).
Thus, by definition of the rule, we have that NoUse(C1) = NoUse(C) ∪ {ξ1, i1 B u} and
NoUse(C′1) = NoUse(C′) ∪ {ξ1, i1 B u′}. It implies that {ξ, i | (ξ, i B u) ∈ NoUse(C1)} =
{ξ, i | (ξ, i B u) ∈ NoUse(C′1)} and so C1, C′1 have the same structure.

Since only E(C2), E(C′2) are modified from E(C), E(C′), we easily deduce that C2,C2
have the same structure.

Case Rule(p̃) = Eq-ded-ded(X, ξ) : By the application of this rule on C and C′, we

have that EΠ(C1) = EΠ(C) ∧X =? ξ and EΠ(C′1) = EΠ(C′) ∧X =? ξ. Furthermore, the
constraint X, i`? u ∈ D(C) (resp. X, i`? u′ ∈ D(C′)) is removed in D(C1) (resp. D(C2)).
Thus, we can easily see that if C, C′ have the same structure (resp. shape) then C1, C′1
and C2, C′2 also have the same structure (resp. shape).

In the case were Eq-ded-ded(X, ξ) is applied internally, we have that X 6∈ S2(C)
which means that (X, i) 6∈ {(Y, j) | Y, j `? v ∈ D(C) ∧ Y ∈ S2(C)}. Thus, we have that
{(Y, j) | Y, j `? v ∈ D(C) ∧ Y ∈ S2(C)} = {(Y, j) | Y, j `? v ∈ D(C1) ∧ Y ∈ S2(C1)}. This
allows us to conclude that C and C1 have the same shape when Eq-ded-ded(X, ξ) is
applied internally. The result trivially holds for C2 and C′2.

51



Case Rule(p̃) = Ded-st(ξ, f): The application of this rule on C (resp C′) only adds a

new non deducibility constraint on C2 (resp. C′2). Thus, we trivially have that C, C2 have
the same shape; and C, C′ have the same structure (resp. shape) implies that C2, C′2 have
the same structure (resp. shape).

We consider now the constraint systems C1 and C′1. Since Ded-st(ξ, f) is applied
simultaneously on C and C′, then X1, . . . , Xn fresh recipe variables such that D(C1) =
D(C)∪{X1, smax `? x1; . . . ; Xn, smax `? xn} and D(C′1) = D(C′)∪{X1, smax `? x1; . . . ;
Xn, smax `? xn} where x1, . . . , xn are fresh variables. Thus we can deduce that {(X, i) |
X, i`? u ∈ D(C)} = {(X, i) | X, i`? u ∈ D(C′)} implies that {(X, i) | X, i`? u ∈
D(C1)} = {(X, i) | X, i`? u ∈ D(C′1)}.

Since S2(C) = S2(C1) and S2(C′) = S2(C′1) by definition of Ded-st, we can conclude
that if C, C′ have the same structure then C1, C′1 also have the same structure.

At last, the facts that S2(C) = S2(C1) and X2, . . . , Xn were fresh variables (i.e.
X2, . . . , Xn 6∈ S2(C)) also imply that {(X, i) | X, i`? u ∈ D(C) ∧X ∈ S2(C)} = {(X, i) |
X, i`? u ∈ D(C1) ∧ X ∈ S2(C1)}. Thus, we can conclude that C, C1 have the same
shape.

Initially, we consider two row matrices of initial constraint systems. By applying our
rules, the constraint systems we consider become more and more complex. Nevertheless,
we will show that the strategy and the rules ensure several invariants on constraint
systems that will be used in the proof of completeness, soundness and termination. A
constraint system satisfying all the invariants will be called well-formed (see Definition 18
stated later on). Before to state this definition, we introduce the notions of context w.r.t.
a frame, direct access mappings and maximal parameter of a recipe.

Intuitively, the context of a recipe w.r.t. a frame represents part of the recipe that
are not directly defined by the frame.

Definition 15 (context w.r.t. Φ). Let Φ be a frame and ξ be a recipe in Πr. The context
of ξ w.r.t. Φ, denoted CbξcΦ, is a term in T (F ,F∗d · AX ∪X 2) and is defined recursively
as follows:

• CbξcΦ = path(ξ) if there exists (ξ′, i B u) ∈ Φ such that path(ξ) = path(ξ′);

• CbξcΦ = ξ if ξ ∈ X 2;

• CbξcΦ = f(Cbξ1cΦ, . . . ,CbξncΦ) if ξ = f(ξ1, . . . , ξn).

For sake of clarity, when Φ is clear from the context, we denote it by Cbξc.

Definition 16 (direct access mappings). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be
a constraint system. We define the direct access mapping of C, denoted δ1(C) (resp.
δ2(C)), to be a mapping from (F∗d · AX ) ∪ X 2 to constructor terms (resp. recipe in Πr)
where:

• for all (X, i`? u) ∈ D, we have that Xδ1(C) = u (resp. Xδ2(C) = X)

• for all (ξ, i B u) ∈ Φ, we have that path(ξ)δ1(C) = u (resp. path(ξ)δ2(C) = ξ).
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Example 48. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint system where
NoUse = ∅, D = {X, 1`?〈x, a〉 ; Y, 2`? b}, Φ = {ax 1, 1 B senc(a, b) ; ax 2, 2 B
b ; sdec(ax 1, Y ), 2 B a}. Let ξ1, ξ2 and ξ3 three recipes such that ξ1 = 〈X,Y 〉, ξ2 =
sdec(ax 1, Y ) and ξ3 = senc(X, sdec(ax 1, ax 2)). We have :

• Cbξ1c = 〈X,Y 〉 and Cbξ1cδ1(C) = 〈〈x, a〉, b〉

• Cbξ2c = sdec · ax 1 and Cbξ2cδ1(C) = a

• Cbξ3c = senc(X, sdec · ax 1) and Cbξ3cδ1(C) = senc(〈x, a〉, a)

Note that for all ground recipe ξ conforms to a ground frame Φ, CbξcΦδ2(C) = ξ. This
illustrates the fact that the context of a recipe represents the canonical way to represent
a recipe. Moreover, if Φ is consistent then CbξcΦδ1(C)↓ = ξΦ↓.

Definition 17 (maximal parameter of a recipe). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse)
be a constraint system and let ξ ∈ Πr such that vars(ξ) ⊆ vars2(D). We define the max-
imal parameter of ξ in C, denoted paramCmax(ξ), such that:

paramCmax(ξ) = max{i | ax i ∈ st(ξ) or (Y, i,`? v) ∈ D with Y ∈ st(ξ)}

Most of the invariants stated below in Definition 18 are about structural properties
of the frame, and are direct consequences of the application of the rules Dest,Axiom
and Cons. For example, the first property states that for any frame element (ξ, i B u),
the path of the recipe ξ is defined and closed. For all constraint systems C, we denote
by mgu(E(C)) (resp. mgu(EΠ(C))) the most general unifier of all the equations in E(C)
(resp. mgu(EΠ(C))).

Definition 18 (well-formed). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint
system. We say that C is well-formed if it satisfies the following properties:

Invariants on the frame Φ: for all (ξ, i B u) ∈ Φ,

1. path(ξ) exists and is closed. Moreover, for all distinct frame elements (ξ1, i1 B u1)
and (ξ2, i2 B u2) in Φ, we have that path(ξ1) 6= path(ξ2).

2. if path(ξ) = f · w then there exists (ξ′, j B v) ∈ Φ such that j ≤ i, path(ξ′) = w,
ξ′ ∈ st(ξ) and u ∈ st(v).

3. paramCmax(ξ) ≤ i

4. for all X ∈ vars2(ξ), for all x ∈ vars1(Xδ1(C)), there exists (ζ, k B w) ∈ Φ such
that k ≤ i and x ∈ vars1(w).

5. for all ground substitution λ, if for all X ∈ vars2(ξ), we have that (Xλ)Φλ↓ = vλ
where (X, j `? v) ∈ D, then (ξλ)(Φλ)↓ = uλ.

Other invariants: let θ = mgu(EΠ)

6. any inequation in EΠ are:

• either of the form X 6= ξ and there exists i ∈ N and a term u such that
(ξ, i B u) ∈ Φ;
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• or of the form root(X) 6= f with f ∈ Fc.

7. for all X ∈ vars2(C), CbXθcΦ ∈ T (Fc,F∗d · AX ∪ X 2) and for all ζ ∈ st(Xθ),
path(ζ) ∈ F∗d · AX implies that there exists j and v such that (ζ, j B v) ∈ Φ

8. For all (ζ, i B u) ∈ NoUse, there exists X ∈ vars2(C) such that CbXθcΦδ1(C) = u
and paramCmax(Xθ) < i

9. for all (ξ, i B u) ∈ Φ, for all ξ′ ∈ st(ξ), Cbξ′cΦ ∈ T (Fc,F∗d · AX ∪ X 2) and if
path(ξ′) ∈ F∗d · AX then there exists j and v such that (ξ′, j B v) ∈ Φ

10. for all (X, i`? u) ∈ D, X 6∈ S2(C) implies that for all x ∈ vars1(u), there exists
(Z, j `? v) ∈ D such that i < j and x ∈ vars1(v).

We will conclude this appendix by showing that our transformation rules transform
a well-formed constraint system into a pair of constraint systems that are also well-
formed. To be able to prove this result, we first need to show the following two properties
(Lemma 2 and Lemma 3).

Lemma 2. Let ξ, ζ ∈ Πr and let X ∈ X 2. Let θ and Θ be two substitutions such that
θ = {X 7→ ζ} and Θ = {X 7→ path(ζ)}. The following property holds:

path(ξθ) = path(ξ)Θ

Proof. We prove this result by induction on |path(ξ)|:

Base case |path(ξ)| = 1: In such a case, either ξ ∈ AX or ξ ∈ X 2. If ξ ∈ AX , then
ξθ = ξ, path(ξ) = ξ and ξΘ = ξ. Thus, we have path(ξθ) = path(ξ)Θ. Otherwise
ξ ∈ X 2 and path(ξ) = ξ. We distinguish two cases: ξ = X or ξ 6= X. If ξ = X then
path(Xθ) = path(ζ) = XΘ = path(X)Θ. Else, we have that ξθ = ξ. But path(ξ) = ξ
and so path(ξ)Θ = path(ξ). Thus we conclude path(ξθ) = path(ξ)Θ.

Inductive step |path(ξ)| > 1: Otherwise, there exist ξ1, . . . , ξn ∈ Πr and f ∈ F such
that ξ = f(ξ1, . . . , ξn) and path(ξ) = f · path(ξ1). Thus ξθ = f(ξ1θ, . . . , ξnθ) and so
path(ξθ) = f · path(ξ1θ). Using our induction hypothesis on path(ξ1), we have that
path(ξ1θ) = path(ξ1)Θ, and therefore path(ξθ) = f · path(ξ1)Θ = path(ξ)Θ.

Lemma 3. Let C be a well formed constraint system and Φ its associated frame. Let
ξ ∈ Πr such that CbξcΦ ∈ T (Fc,F∗d · AX ∪ X 2). Let θ, Θ be two substitutions such that
θ = {X → ξ′}, Θ = {X → Cbξ′cΦ} and Cbξ′cΦ ∈ T (Fc,F∗d · AX ∪ X 2). The following
property holds:

CbξθcΦ = CbξcΦΘ

Proof. We prove this result by induction on |CbξcΦ|:

Base case |CbξcΦ| = 1: In such a case, either CbξcΦ ∈ (F∗d · AX ) or ξ ∈ X 2. If
ξ ∈ X 2 r {X}, then ξθ = ξ and so CbξθcΦ = ξ = CbξcΦΘ. Thus the result holds. On
the other hand, if ξ = X, then ξθ = ξ′ and CbξcΦ = X and so CbξθcΦ = Cbξ′cΦ = XΘ.

Assume now that CbξcΦ ∈ (F∗d · AX ). In such case, there exists (ζ, i B u) ∈ Φ such
that path(ζ) = path(ξ). But since path(ξ) ∈ (F∗d · AX ), we also have that path(ξ) =
path(ξθ), which means that CbξθcΦ = CbξcΦ = CbξcΦΘ.
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Inductive step |CbξcΦ| > 1: By hypothesis, we know that CbξcΦ ∈ T (Fc,F∗d · AX ∪X 2),
thus, we have that root(CbξcΦ) ∈ Fc and so root(ξ) ∈ Fc. Assume that ξ = f(ξ1, . . . , ξn).
By definition of a context, we have: CbξcΦ = f(Cbξ1cΦ, . . . ,CbξncΦ). Thus we can
applied our inductive hypothesis on ξi, for i ∈ {1 . . . n}. This allows us to deduce that
CbξiθcΦ = CbξicΦΘ. Hence, we have that

CbξθcΦ = Cbf(ξ1, . . . , ξn)θcΦ
= f(Cbξ1θcΦ, . . . ,CbξnθcΦ)
= f(Cbξ1cΦ, . . . ,CbξncΦ)Θ
= Cbf(ξ1, . . . , ξn)cΦΘ
= CbξcΦΘ

This allows us to conclude.

We can now prove that our rules preserve the well-formedness of contraint systems.

Lemma 4. Any rule in Figure 1 and Figure 2 transforms a normalised well-formed
constraint system into a pair of constraint systems that are also well-formed after nor-
malisation. For the rule Dest, we assume that its application is not useless.

Proof. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a normalised well-formed constraint
system and let Rule(p̃) be a rule. Let C1 and C2 be the two constraint systems obtained
by application of Rule(p̃) on C. In the case where the normalisation of C1 and C2 is ⊥,
the result trivially holds thus we will assume that C1↓ 6=⊥ and C2↓ 6=⊥. We show the
result by case analysis on the rule Rule(p̃).

Case Rule(p̃) = Cons(X, f): The rule Cons only adds root(X) 6= f on EΠ(C2). Thus, we
have that C2↓ = C2 and C2 trivially satisfies all the properties of Definition 18, except for
the property 6. But EΠ(C2) = EΠ(C) ∧ root(X) 6= f. Since C is a well-formed constraint
system, then EΠ(C) satisfies Property 6. Furthermore, since f ∈ Fc, then root(X) 6= f
also satisfies Property 6. We can conclude that C2 is a well-formed constraint system.

On the other hand, we have that EΠ(C1) = EΠ(C) ∧ X =? f(X1, . . . , Xn), D(C1) =
D(C)\{X, i`? t} ∪ {X1, i`? x1; . . . ; Xn, i`? xn}, E(C1) = E(C) ∧ t=? f(x1, . . . , xn) and
Φ(C) = Φ(C1). Let σ = mgu(t=? f(x1, . . . , xn)) and θ = mgu(X =? f(X1, . . . , Xn)). By
hypothesis, we know that C is normalised which means that X 6∈ dom(mgu(EΠ(C))) and
vars1(t)∩ dom(mgu(E(C))) = ∅. Since X1, . . . , Xn, x1, . . . , xn are fresh variables, we can
deduce mgu(EΠ(C1)) = mgu(EΠ(C))θ and mgu(E(C1)) = mgu(E(C))σ.

Furthermore, C normalised also implies that Φ(C)mgu(EΠ(C))mgu(E(C)) = Φ(C) and
also that D(C)mgu(E(C)) = D(C). Thus, we can deduce that Φ(C1↓) = Φ(C)θσ and
D(C1↓) = D(C1)σ. We now prove the different properties one by one.

Let (ξ, j B u) ∈ Φ(C1↓). Since Φ(C1↓) = Φ(C)θσ, we know that there exists (ξ′, j B
u′) ∈ Φ(C) such that ξ = ξ′θ and u = u′σ.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.

2. this property is direct from Lemma 2 and C being a well-formed constraint system.

3. We know that ξ = ξ′θ where θ = mgu(X =? f(X1, . . . , Xn)). But paramCmax(X) =
i = paramC1↓max(Xj), we deduce that paramCmax(ξ) = paramC1↓max(ξ

′). Since C is well-
formed, we have paramCmax(ξ) ≤ j and so paramC1↓max(ξ

′) ≤ j.
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4. Let Y ∈ vars2(ξ) and y ∈ vars1(Y δ1(C1↓)). If Y ∈ {X1, . . . , Xn} then there exists
z such that y ∈ vars1(zσ) and z ∈ vars1(t). Thus z ∈ vars1(Xδ1(C)). But ξ = ξ′θ
thus it implies that X ∈ vars2(ξ′). Since C is well formed, we deduce that there
exists (ζ, k B w) ∈ Φ(C) such that z ∈ vars1(w) and k ≤ j. We already showed
that Φ(C1↓) = Φ(C)θσ hence y ∈ vars1(wσ) with (ζθ, k `? wσ) ∈ Φ(C1↓). The
result holds

If Y 6∈ {X1, . . . , Xn}, then Y ∈ vars2(ξ′) and Y 6= X. Hence Y ∈ vars2(D(C)).
Since D(C1↓) = D(C1)σ, Φ(C1↓) = Φ(C)θσ and C is well-formed, we deduce the
result.

5. Let λ be a ground substitution such that for all Y ∈ vars2(ξ), (Y λ)Φ(C1↓)λ↓ = vλ
where (Y, k `? v) ∈ D(C1↓). Let λ′ the substitution such that λ′ = θσλ. We show
that for all Z ∈ vars2(ξ′), (Zλ′)Φ(C)λ′↓ = wλ′ where (Z, k `? w) ∈ D(C). Let
Z ∈ vars2(ξ′). Since ξ = ξ′θ, we have to distinguish two cases :

• Either Z = X: In this case, we have that Zλ′ = Xθσλ = f(X1, . . . , Xn)λ.
But in such a case, we have that X1, . . . , Xn ∈ vars2(ξ) and so by hypoth-
esis, we have that (Xkλ)Φ(C1↓)λ↓ = xkλ, for all k ∈ {1, . . . , n}. Since
Φ(C1↓) = Φ(C)θσ, we can deduce that (Xkλ)Φ(C)λ′↓ = xkλ = xkλ

′. Thus
(Zλ′)(Φ(C)λ′)↓ = f(x1, . . . , xn)λ′ = tλ′.

• Or Z ∈ vars2(ξ)\{X1, . . . , Xn}: In such a case, we have that Zθσ = Z and so
Zλ′ = Zλ. Furthermore, we know that Φ(C1↓) = Φ(C)θσ and so Φ(C1↓)λ =
Φ(C)λ′. Thus, we have that (Zλ′)Φ(C)λ′↓ = (Zλ)Φ(C1↓)λ↓. By hypothesis,
there exists Z, k `? v ∈ D(C1↓) such that (Zλ)Φ(C1↓)λ↓ = vλ. But D(C1↓) =
D(C1)σ and D(C1) = D(C)\{X, i`? t} ∪ {X1, i`? x1; . . . ; Xn, i`? xn}. Thus
there exists Z, k `? v′ ∈ D(C) such that v = v′σ and so vλ = v′λ′. We can
conclude that (Zλ′)Φ(C)λ′↓ = v′λ′ with Z, k `? v′ ∈ D(C).

By hypothesis, we know that C is a well-formed constraint system and so we deduce
that (ξ′λ′)(Φ(C)λ′)↓ = u′λ′. But ξ′λ′ = ξλ, u′λ′ = uλ and Φ(C)λ′ = Φ(C1↓)λ. Thus
we conclude that (ξλ)Φ(C1↓)λ = uλ.

6. Let (ζ1 6=? ζ2) ∈ EΠ(C1↓). By the normalisation, we know that there exists (ζ ′1 6=
? ζ ′2) ∈

EΠ(C1) such that ζ ′1θ = ζ1 and ζ ′2θ = ζ2. Moreover, by the rule Cons, the sets of
inequations of EΠ(C) and EΠ(C1) are the same thus (ζ ′1 6=

? ζ ′2) ∈ EΠ(C). Since C is
well formed, we deduce that ζ ′1 ∈ X 2 and there exists k ∈ N and a term u such that
(ζ ′2, k B u) ∈ Φ(C). Since Φ(C1↓) = Φ(C)θσ, we deduce that (ζ2, k B uσ) ∈ Φ(C1↓).
But path(ζ ′2) exists thanks to C being well-formed (Property 1) thus root(ζ ′2) 6∈ Fc.
Since f ∈ Fc and ζ1 = ζ ′1θ, we deduce that ζ ′1 6= X otherwise the inequation would
have disappeared by the normalisation rule. Thus ζ1 ∈ X 2 and so the result holds.

Let (root(ζ) 6=? g) ∈ EΠ(C1↓). Thanks to the normalisation, we know that ζ ∈ X 2

otherwise the inequation would have disappeared by the normalisation rules. Hence
the result holds.

7. Let Y ∈ vars2(C1↓). If Y ∈ {X1, . . . , Xn}, then since θ = {X =? f(X1, . . . , Xn)}
and Y is fresh, we have Ymgu(EΠ(C1↓)) = Y and so CbYmgu(EΠ(C1↓))cΦ(C1↓) =
Y ∈ T (Fc,F∗d · AX ∪ X 2). Otherwise, we have that Y ∈ vars2(C). Note that C
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is well-formed, thus we deduce that CbYmgu(EΠ(C))cΦ(C) ∈ T (Fc,F∗d · AX ∪ X 2).
But the path of any recipe in Φ(C) is closed which means that any context with
Φ(C1↓) and Φ(C) are the same. More specifically, we have CbYmgu(EΠ(C))cΦ(C) =
CbYmgu(EΠ(C))cΦ(C1↓). Note that mgu(EΠ(C1↓)) = mgu(EΠ(C))θ, θ = {X 7→
f(X1, . . . , Xn)} and f ∈ Fc. Thus by Lemma 3, we have CbYmgu(EΠ(C1↓))cΦ(C1↓) =
CbYmgu(EΠ(C))cΦ(C)θ ∈ T (Fc,F∗d · AX ∪ X 2).

Let ζ ∈ st(Ymgu(EΠ(C1↓)) such that path(ζ) ∈ F∗d · AX . Since θ = {X 7→
f(X1, . . . , Xn)} with f ∈ Fc and mgu(EΠ(C1)) = mgu(EΠ(C))θ, then there exists
ζ ′ ∈ st(Ymgu(EΠ(C))) such that ζ = ζ ′θ. Since C is well-formed, then there
exists k and u such that (ζ ′, k B u) ∈ Φ(C). But Φ(C1↓) = Φ(C)θσ. Hence
(ζ, k B uσ) ∈ Φ(C1↓). Hence the result holds.

8. Assume that (ξ, j B u) ∈ NoUse(C1↓). Since NoUse(C1↓) = NoUse(C)θσ, we have
that (ξ′, j B u′) ∈ NoUse(C). Since C is a well-formed constraint system, we
deduce that there exists Y ∈ vars2(C) such that CbYmgu(EΠ(C))cΦ(C)δ

1(C) = u′

and paramCmax(Ymgu(EΠ(C))) < j. We have seen that CbYmgu(EΠ(C1↓))cΦ(C1↓) =
CbYmgu(EΠ(C))cΦ(C)θ when proving the previous item. Furthermore, we know that

D(C1↓) = D(C1)σ and D(C1) = D(C)\{X, i`? t} ∪ {X1, i`? x1; . . . ; Xn, i`? xn}.
Thus, we deduce that δ1(C)σ = θδ1(C1↓). This allows us to conclude that u =
u′σ = CbYmgu(EΠ(C))cΦ(C)θδ

1(C1↓) = CbYmgu(EΠ(C1↓))cΦ(C1↓)δ
1(C1↓).

At last, we already have that Ymgu(EΠ(C1↓)) = Ymgu(EΠ(C))θ. Thus, since
paramCmax(X) = paramC1↓max(f(X1, . . . , Xn)) = i, then paramCmax(Ymgu(EΠ(C))) < j
implies that paramC1↓max(Ymgu(EΠ(C1↓)) < j.

9. Similar to Property 7

10. Let (Z, k `? u) ∈ D(C1↓). Assume that Z 6∈ S2(C1) and let x ∈ vars1(u). If
X ∈ S2(C) then it implies that there exists (Z, k `? u′) ∈ D(C) such that u = u′σ.
There exists a variable z such that x ∈ vars1(zσ) and z ∈ vars1(u′). Since C
is well-formed, we deduce that there exists (Y, p`? w′) ∈ D(C) such that z ∈
vars1(w′) and p < k. Thus x ∈ vars1(w′σ). If Y 6= X then we deduce that
(Y, p`? w′σ) ∈ D(C1↓) and so the result holds. If Y = X, then t = w′ and p = i.
Since σ = mgu(t=? f(x1, . . . , xn)), we deduce that there exists ` ∈ {1 . . . , n} such
that x ∈ vars1(x`σ). But (X`, i`? x`) ∈ D(C1) with k < i and so the result holds.

Assume now that X 6∈ S2(C). If Z 6∈ {X1, . . . , Xn} then the proof is similar to the
case where X ∈ S2(C) and so the result holds. If X ∈ {X1, . . . , Xn} then there
exists ` ∈ {1, . . . , n} such that x ∈ vars1(x`σ). Since σ = mgu(t=? f(x1, . . . , xn)),
we deduce that x ∈ vars1(tσ). Hence, there exists z such that x ∈ vars1(zσ) and
z ∈ vars1(t). Once again, thanks to C being well-formed, there exists (Y, p`? w′) ∈
D(C) such that p < k and z ∈ vars1(w′) and so x ∈ vars1(w′σ). But (Y, p`? w′σ) ∈
D(C1↓) thus the result holds.

Case Rule(p̃) = Axiom(X, path): By definition of Axiom, we have X, i`? u ∈ D(C) and
ξ, j B v in Φ(C) such that i ≥ j, path(ξ) = path and (ξ, j B v) 6∈ NoUse(C). The
rule Axiom only adds the inequation X 6=? ξ on EΠ(C2). Thus, we have that C2↓ = C2
and C2 trivially satisfies all the properties of Definition 18, except for the property 6.
But EΠ(C2) = EΠ(C) ∧X 6=? ξ. Since C is a well-formed constraint system, then EΠ(C)
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satisfies Property 6. Furthermore, X 6=? ξ also satisfies Property 6 by definition. We can
conclude that C2 is a well-formed constraint system.

On the other hand, we have that EΠ(C1) = EΠ(C)∧X =? ξ, D(C1) = D(C)\{X, i`? u},
E(C1) = E(C) ∧ u=? v and Φ(C) = Φ(C1). Let σ = mgu(u=? v) and θ = mgu(X =? ξ).
By hypothesis, C is a normalized constraint system which means that ({X}∪ vars2(ξ))∩
dom(mgu(EΠ(C))) = ∅ and vars1(u, v) ∩ dom(mgu(E(C))) = ∅. Thus, we can deduce
mgu(EΠ(C1)) = mgu(EΠ(C))θ and mgu(E(C1)) = mgu(E(C))σ. Since C is normalized,
we have that Φ(C)mgu(EΠ(C))mgu(E(C)) = Φ(C) and D(C)mgu(E(C)) = D(C). Thus,
we can deduce that Φ(C1↓) = Φ(C)θσ and D(C1↓) = D(C)σ\{X, i`? uσ}. We now prove
the different properties one by one.

Let (ζ, k B w) ∈ Φ(C1↓). Since Φ(C1↓) = Φ(C)θσ, we know that there exists (ζ ′, k B
w′) ∈ Φ(C) such that ζ = ζ ′θ and w = w′σ.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.

2. this property is direct from Lemma 2 and C being a well-formed constraint system.

3. We know that ζ = ζ ′θ where θ = {X 7→ ξ}. But C is a well-formed constraint
system hence we deduce that paramCmax(ξ) ≤ j. Since paramCmax(X) = i ≥ j ≥
paramCmax(ξ), we deduce that paramC1↓max(ζ) ≤ paramCmax(ζ

′) ≤ j. Hence the result
holds.

4. Let Y ∈ vars2(ζ) and y ∈ vars1(Y δ1(C1↓)). Y ∈ vars2(D(C1↓)) which means that
Y ∈ vars2(D(C)). Since D(C1↓) = D(C1)σ, Φ(C1↓) = Φ(C)θσ and C is well-formed,
we deduce the result.

5. Let λ be a substitution such that for all Y ∈ vars2(ζ), (Y λ)Φ(C1↓)λ↓ = rλ where
(Y, ``? r) ∈ D(C1↓). Let λ′ the substitution such that λ′ = θσλ. We show that for
all Y ∈ vars2(ζ ′), (Y λ′)Φ(C)λ′↓ = rλ′ where (Y, ``? r) ∈ D(C). Let Y ∈ vars2(ζ ′).
Since ζ = ζ ′θ, we have to distinguish two cases :

• Either Y = X: In this case, we have that ξ ∈ st(ζ). Thus, by hypothesis,
we have that for all Z ∈ vars2(ξ), (Zλ)Φ(C1↓)λ↓ = tλ, where (Z,m`? t) ∈
D(C1↓). But (Z,m`? t) ∈ D(C1↓) implies that there exist t′ such that (Z,m`?

t′) ∈ D(C) and t = t′σ. Since Φ(C1↓) = Φ(C)θσ, we can deduce that
(Zλ)Φ(C)λ′↓ = t′σλ = t′λ′. At last, θ = {X 7→ ξ} implies that Zθ = Z
and so Zλ = Zλ′. Thus we have that (Zλ′)Φ(C)λ′↓ = tλ′. Since C is a
well-formed constraint system, we can deduce that (ξλ′)Φ(C)λ′↓ = vλ′. Since
Xθ = ξ and λ′ = θσλ, we have that ξλ′ = Xλ′. With uσ = vσ, we can
conclude that (Xλ′)Φ(C)λ′↓ = uλ′.

• Or Y ∈ vars2(ζ): In such a case, we have that Y θσ = Y and so Y λ′ = Y λ.
Furthermore, we know that Φ(C1↓) = Φ(C)θσ and so Φ(C1↓)λ = Φ(C)λ′. Thus,
we have that (Y λ′)Φ(C)λ′↓ = (Y λ)Φ(C1↓)λ↓. By hypothesis, there exists
Y, ``? r ∈ D(C1↓) such that (Y λ)Φ(C1↓)λ↓ = rλ. However, we have that
D(C1↓) = D(C)σ\{X, i`? uσ} and Y 6= X. Thus there exists Y, ``? r′ ∈ D(C)
such that r = r′σ and so rλ = r′λ′. We can conclude that (Y λ′)Φ(C)λ′↓ = r′λ′

with Y, ``? r′ ∈ D(C).
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By hypothesis, we know that C is well-formed and so (ζ ′λ′)(Φ(C)λ′)↓ = w′λ′. We
have that ζ ′λ′ = ζλ, w′λ′ = wλ and Φ(C)λ′ = Φ(C1↓)λ. Thus we conclude that
(ζλ)Φ(C1↓)λ = wλ.

6. Let (ζ1 6=? ζ2) ∈ EΠ(C1↓). By the normalisation, we know that there exists (ζ ′1 6=
? ζ ′2) ∈

EΠ(C1) such that ζ ′1θ = ζ1 and ζ ′2θ = ζ2. Moreover, by the rule Axiom, the sets of
inequations of EΠ(C) and EΠ(C1) are the same thus (ζ ′1 6=

? ζ ′2) ∈ EΠ(C). Since C is
well formed, we deduce that ζ ′1 ∈ X 2 and there exists k ∈ N and a term u such that
(ζ ′2, k B u) ∈ Φ(C). Since Φ(C1↓) = Φ(C)θσ, we deduce that (ζ2, k B uσ) ∈ Φ(C1↓).
But thanks to C being well-formed (Property 1), path(ζ ′2) and path(ξ) exists, are
closed and if path(ζ ′2) = path(ξ′) then ζ ′2 = ξ′. But ξ = ξ′θ, ζ2 = ζ ′2θ path(ζ ′2) =
path(ζ2) and path(ξ) = path(ξ′). Thus we deduce that ζ2 = ξ implies that ζ1 6= ξ
otherwise C1↓ =⊥ by the normalisation rule.

Moreover, by definition of the path of recipe, path(ξ) 6= path(ζ2) implies ξ 6= ζ2.
Thus we deduce that ζ1 6= ξ otherwise the inequation would have disappeared by
the normalisation rule. Thus ζ1 ∈ X 2 and so the result holds.

7. Let Y ∈ vars2(C1↓). We have mgu(EΠ(C1↓)) = mgu(EΠ(C))θ with θ = {X 7→
ξ}. Furthermore, we know that path(ξ) ∈ F∗d · AX since C is well-formed. Let
Θ = {X 7→ path(ξ)}. By Lemma 3, we have that CbYmgu(EΠ(C1↓))cΦ(C1↓) =
CbYmgu(EΠ(C))cΦ(C1↓)Θ. However, CbYmgu(EΠ(C))cΦ(C1↓) = CbYmgu(EΠ(C))cΦ(C)
and since C is well-formed, we also have that CbYmgu(EΠ(C))cΦ(C) ∈ T (Fc,F∗d ·
AX ∪X 2). Since path(ξ) ∈ F∗d · AX , we conclude that CbYmgu(EΠ(C1↓))cΦ(C1↓) ∈
T (Fc,F∗d · AX ∪ X 2).

Let ζ ∈ st(Ymgu(EΠ(C1↓)) such that path(ζ) ∈ F∗d · AX . Since θ = {X 7→ ξ} and
mgu(EΠ(C1)) = mgu(EΠ(C))θ, then (a) either ζ ∈ st(ξ) with (ξ, i B v) ∈ Φ(C) and
(ξ, i B vσ) ∈ Φ(C1↓) or (b) there exists ζ ′ ∈ st(Ymgu(EΠ(C))) such that ζ = ζ ′θ.
In both cases, since C is well-formed (Property 7), then there exists k and u such
that (ζ ′, k B u) ∈ Φ(C). But Φ(C1↓) = Φ(C)θσ. Hence (ζ, k B uσ) ∈ Φ(C1↓).
Hence the result holds.

8. Assume that (ζ, k B w) ∈ NoUse(C1↓). Since NoUse(C1↓) = NoUse(C)θσ, we have
that (ζ ′, k B w′) ∈ NoUse(C). Since C is well-formed, we deduce that there exists
Y ∈ vars2(C) such that CbYmgu(EΠ(C))cΦ(C)δ

1(C) = w′ and paramCmax(Ymgu(EΠ(
C))) < k. We have seen that CbYmgu(EΠ(C1↓))cΦ(C1↓) = CbYmgu(EΠ(C))cΦ(C)Θ
when proving the previous point. We have that path(ξ)δ1(C)σ = vσ = uσ =
Xδ1(C)σ. Thus, we deduce that Θδ1(C)σ = δ1(C)σ. Furthermore, we know that
D(C1↓) = D(C)σ\{X, i`? uσ} and Φ(C1↓) = Φ(C)θσ which means that δ1(C)σ =
Θδ1(C1↓). This allows us to conclude that w = w′σ = CbYmgu(EΠ(C))cΦ(C)δ

1(C)σ =
CbYmgu(EΠ(C1↓))cΦ(C1↓)δ

1(C1↓).
Lastly, since C is a well formed constraint system, we know that for all Z ∈ vars2(ξ),
paramCmax(Z) ≤ j ≤ i = paramCmax(X). Since Ymgu(EΠ(C1↓)) = Ymgu(EΠ(C))θ,
then paramCmax(Ymgu(EΠ(C))) < k implies that paramC1↓max(Ymgu(EΠ(C1↓))) < k.

9. Similar to Property 7

10. Let (Z, k `? t) ∈ D(C1↓). Assume that Z 6∈ S2(C1) and let x ∈ vars1(u). It implies
that there exists (Z, k `? t′) ∈ D(C) such that t = t′σ. Hence, there exists a variable
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z such that x ∈ vars1(zσ) and z ∈ vars1(t′). Since C is well-formed, we deduce
that there exists (Y, p`? w′) ∈ D(C) such that z ∈ vars1(w′) and p < k. Thus
x ∈ vars1(w′σ). If Y 6= X then we deduce that (Y, p`? w′σ) ∈ D(C1↓) and so
the result holds. If Y = X, then u = w′ and p = i. Since σ = mgu(u=? v), we
deduce that x ∈ vars1(vσ). But (ξ, j `? vσ) ∈ Φ(C1↓) with j ≤ i. Thus by the
origination property of a constraint system, there exists (Y2, p2 `? w2) ∈ D(C1↓)
such that p2 < j and x ∈ vars1(w2). Since p2 < j ≤ i < k then the result holds.

Case Rule(p̃) = Dest(ξ, `→ r, i): By definition of Dest, we have that (ξ, j B v) ∈ Φ(C)
such that j ≤ i, (ξ, j B v) 6∈ NoUse(C), X2, . . . , Xn fresh variables and f(u1, . . . , un)→ w
a fresh renaming of `→ r. The rule Dest only adds a non-deducibility constraint in C2.
Hence, we have that C2↓ = C2 and since C is well formed, we easily deduce that C2 is also
well-formed.

On the other hand, we have that D(C1) = D(C)\{X2, i`? u2; . . . ; Xn, i`? un},
E(C1) = E(C) ∧ u1 =? v and Φ(C1) = Φ(C) ∪ {f(ξ,X2, . . . , Xn), i B w}. By hypothe-
sis, we know that C is normalised which means that vars1(v) ∩ dom(mgu(E(C))) = ∅.
Let σ = mgu(u1 =? v). Since f(u1, . . . , un) → w is a fresh renaming of ` → r and for all
k ∈ {1, . . . , k}, vars1(uk) ⊆ vars1(u1), we can deduce mgu(E(C1)) = mgu(E(C))σ. Fur-
thermore, C normalised also implies that Φ(C)mgu(E(C)) = Φ(C) and D(C)mgu(E(C)) =
D(C). Thus, we can deduce that Φ(C1↓) = Φ(C)σ ∪ {f(ξ,X2, . . . , Xn) B wσ} and
D(C1↓) = D(C)σ ∪ {X2, i`? u2σ; . . . , Xn, i`? unσ}. We now prove the different proper-
ties one by one.

Let (ζ, k B u) ∈ Φ(C1↓). Since Φ(C1↓) = Φ(C)σ ∪ {f(ξ,X2, . . . , Xn) B wσ}, we know
that either there exists u′ such that (ζ, k B u′) ∈ Φ(C) with u′σ = u, or (ζ, k B u) =
(f(ξ,X2, . . . , Xn), i B wσ)

1. If (ζ, k B u) = (f(ξ,X2, . . . , Xn), i B wσ), we have that path(ζ) = f · path(ξ). Since
C is well-formed, we have that path(ξ) exists and is closed. Thus path(ζ) exists and
is closed.

Furthermore, since the rule Dest is never applied if its application is useless, then
we deduce that the frame Φ(C) does not contain f(ξ, ζ2, . . . , ζn), j B w′ and j ≤ i
and root(`) = f. Thus, with C being well formed hence satisfies Property 1, we
can conclude that for all distinct frame elements (ξ1, i1 B u1) and (ξ2, i2 B u2) in
Φ(C1↓), path(ξ1) 6= path(ξ2).

2. If (ζ, k B u) = (f(ξ,X2, . . . , Xn), i B wσ), since we know that (ξ, j B vσ) ∈ Φ(C1↓),
the result trivially holds. Otherwise, we have that (ζ, k B u′) ∈ Φ(C) and since C
is well-formed, we easily conclude.

3. If (ζ, k B u) = f(ξ,X2, . . . , Xn) then paramC1↓max(ζ) = max(paramC1↓max(ξ), i). But
paramC1↓max(ξ) = paramCmax(ξ) thus since C is well-formed, we deduce paramC1↓max(ξ) ≤ j.
Since j ≤ i by definition, we conclude that paramC1↓max(ζ) = i thus the result holds.

4. Let Y ∈ vars2(ζ) and y ∈ vars1(Y δ1(C1↓)). If Y ∈ {X2, . . . , Xn} then y ∈
vars1(vσ). Indeed, our rewrite rule satisfies vars1(u2, . . . , un) ⊆ vars1(u1) thus
with σ = mgu(u1, v) and y ∈ vars1(u2σ, . . . , unσ) the result holds.
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If Y 6∈ {X2, . . . , Xn} then Y ∈ vars2(D(C)) and so there exists z such that y ∈
vars1(zσ) and z ∈ vars1(Y δ1(C)). Since C is well-formed, we deduce that there
exists (β,m B t) ∈ Φ(C) such that m ≤ k and z ∈ vars1(t). But (β,m B tσ) ∈
Φ(C1↓) hence y ∈ vars1(tσ). Thus the result holds.

5. Let λ be a substitution such that for all Y ∈ vars2(ζ), we have that (Y λ)Φ(C1↓)λ↓ =
rλ where (Y, k `? r) ∈ D(C1↓). Let λ′ = σλ. Actually, Y ∈ vars2(ζ) and (ζ, k B
u′) ∈ Φ(C) implies that there exists r′ such that (Y, k `? r′) ∈ D(C) and r′σ =
r. Since Y σλ = Y λ and Φ(C1↓) = Φ(C)σ ∪ {f(ξ,X2, . . . , Xn) B wσ}, we can
deduce that (Y λ′)Φ(C)σλ↓ = (Y λ′)Φ(C)λ′↓ = r′λ′. Since C is well-formed, we have
that (ζλ′)(Φ(C)λ′)↓ = u′λ′. Since ζσλ = ζλ and u′λ′ = uλ, we can deduce that
(ζλ)Φ(C1↓)λ↓ = uλ.

6. EΠ(C1↓) = EΠ(C) thus the result trivially holds.

7. Let X ∈ vars2(C1↓). We have that EΠ(C1↓) = EΠ(C). Let θ = mgu(EΠ(C)). We
show that CbXθcΦ(C1↓) ∈ T (Fc,F∗d ·AX∪X 2). If X ∈ {X2, . . . , Xn}, then the result
trivially holds. Otherwise, we have that X ∈ vars2(C). Since C is a well-formed
constraint system, we know that CbXθcΦ(C) ∈ T (Fc,F∗d ·AX∪X 2). Thus for all ξ′ ∈
st(CbXθcΦ(C)), root(ξ′) 6∈ Fd. Since Φ(C1↓) = Φ(C)σ ∪ {f(ξ,X2, . . . , Xn) B wσ}
and f ∈ Fd, we conclude that CbXθcΦ(C1↓) = CbXθcΦ(C) ∈ T (Fc,F∗d · AX ∪ X 2).

Let β ∈ st(Xmgu(EΠ(C1↓))) and path(β) ∈ F∗d · AX . Since mgu(EΠ(C1↓)) =
mgu(EΠ(C)), then β ∈ st(Xmgu(EΠ(C))). Thanks to C being well-formed, we
deduce that there exists k, u such that (β, k B u) ∈ Φ(C) and so (β, k B uσ) ∈
Φ(C1↓). Hence the result holds.

8. Assume that (ζ, k B u) ∈ NoUse(C1↓). Since NoUse(C1↓) = NoUse(C)σ, we know
that there exists u′ such that (ζ, k B u′) ∈ Φ(C) and u′σ = u. Since C is a
well formed constraint system, we know that there exists X ∈ vars2(C) such that
CbXθcΦ(C)δ

1(C) = u′ and paramCmax(Xmgu(EΠ(C))) < k. Since mgu(EΠ(C)) =

mgu(EΠ(C1↓)) and D(C)σ ⊆ D(C1↓), we deduce that paramC1↓max(Xmgu(EΠ(C1↓))) =
paramCmax(Xmgu(EΠ(C))) < k

In the previous point, we have shown that CbXθcΦ(C) = CbXθcΦ(C1↓). Further-
more, we have δ1(C1↓) = δ1(C)σ ∪ {f · path(ξ) 7→ wσ; X2 7→ u2σ; . . . ; Xn 7→
unσ}. Actually, CbXθcΦ(C) = CbXθcΦ(C1↓) implies that f·, path(ξ), X2, . . . , Xn 6∈
st(CbXθcΦ(C1↓)). Hence, we have that CbXθcΦ(C1↓)δ

1(C1↓) = CbXθcΦ(C)δ
1(C)σ =

u′σ = u.

9. Similar to Property 7

10. Let (Z, k `? u) ∈ D(C1↓). Assume that Z 6∈ S2(C1) and let x ∈ vars1(u). If
Z 6∈ {X2, . . . , Xn} then there exists (Z, k `? u′) ∈ D(C) such that u = u′σ. There
exists a variable z such that x ∈ vars1(zσ) and z ∈ vars1(u′). Since C is well-
formed, we deduce that there exists (Y, p`? t′) ∈ D(C) such that z ∈ vars1(t′) and
k < p. Thus x ∈ vars1(t′σ). But (Y, p`? t′σ) ∈ D(C1↓) hence the result holds.

If Z ∈ {X2, . . . , Xn} then there exists ` ∈ {2, . . . , n} such that x ∈ vars1(x`σ).
Since σ = mgu(u1 =? v), f(u1, . . . , un)→ w is a renaming of `→ r and vars1(u`) ⊆

61



vars1(u1), we deduce that x ∈ vars1(vσ). By the origination property of a con-
straint system, (ξ, j B vσ) ∈ Φ(C1↓) and x ∈ vars1(vσ) implies that there exists
(Y, p`? t) ∈ D(C1↓) such that p < j and x ∈ vars1(t). But j ≤ i hence p < i = k
and so the result holds.

Case Rule(p̃) = Eq-frame-frame(ξ1, ξ2): The rule Eq-frame-frame only adds the

inequation u1 6=? u2 in C2. Since C is well-formed, we easily deduce that C2↓ is also
well-formed.

On the other hand, we have that Φ(C1) = Φ(C), D(C1) = D(C), NoUse(C1) =
NoUse(C), EΠ(C) = EΠ(C1) and E(C1) = E(C) ∧ u1 =? u2. Since C is a well formed
constraint, we have vars1(u1, u2) ∩ dom(mgu(E(C))) = ∅. Let σ = mgu(u1 =? u2). We
have that Φ(C1↓) = Φ(C)σ, D(C1↓) = D(C)σ and NoUse(C1↓) = NoUse(C)σ. We have
also that δ1(C1↓) = δ1(C)σ. Thus, we easily deduce that C1↓ is a well-formed constraint
system.

Case Rule(p̃) = Eq-frame-ded(ξ1, X2): This case is similar to the rule Eq-frame-frame.

Let σ = mgu(u1 =? u2). We have that Φ(C1↓) = Φ(C)σ, D(C1↓) = D(C)σ and δ1(C1↓) =
δ1(C)σ. On the other hand, we have that NoUse(C1↓) = NoUse(C)σ∪{ξ1, i1 B u1σ}. Thus
C1 easily satisfies all the properties of Definition 18 except the property 8. We know that
u1σ = u2σ and X2, i2 `? u2σ ∈ D(C1↓). Furthermore, since C is normalised, we have
that X2mgu(EΠ(C)) = X2mgu(EΠ(C1↓)) = X2 and so CbX2mgu(EΠ(C1↓))cΦ(C1↓) = X2.
Lastly, since X2δ

1(C1) = u2σ, we deduce that CbX2mgu(EΠ(C1↓))cΦ(C1↓)δ
1(C1↓) = u1σ.

Moreover, by definition of the rule Eq-frame-ded, i1 > i2 hence we deduce that
paramC1↓max(X2) < i1.

For any frame element other than (ξ1, i1 B u1σ) the result holds since C is well-formed,
Φ(C1↓) = Φ(C)σ, D(C1↓) = D(C)σ and δ1(C1↓) = δ1(C)σ.

Case Rule(p̃) = Eq-ded-ded(X, ξ): By definition of the rule Eq-ded-ded, we have

that X, i`? u ∈ D(C), ξ ∈ T (Fc, vars2(D(C)), and ξδ1(C) = v. The rule Eq-ded-ded
only adds the insequation u 6=? v in E(C2). Thus, we have that C2↓ = C2. Since C is
well-formed, we also have that C2↓ is a well-formed constraint system.

On the other hand, we have that EΠ(C1) = EΠ(C)∧X =? ξ, D(C1) = D(C)\{X, i`? u},
E(C1) = E(C) ∧ u=? v and Φ(C) = Φ(C1). By hypothesis, C is normalised which means
that ({X}∪vars2(ξ))∩dom(mgu(EΠ(C))) = ∅ and vars1(u, v)∩dom(mgu(E(C))) = ∅. Let
σ = mgu(u=? v) and θ = mgu(X =? ξ). We deduce that mgu(EΠ(C1)) = mgu(EΠ(C))θ
and mgu(E(C1)) = mgu(E(C))σ. Furthermore, since C is normalized, we have that
Φ(C)mgu(EΠ(C))mgu(E(C)) = Φ(C) and D(C)mgu(E(C)) = D(C). Thus, we can deduce
that Φ(C1↓) = Φ(C)θσ and D(C1↓) = D(C)σ\{X, i`? uσ}. We now prove the different
properties one by one.

Let (ζ, k B w) ∈ Φ(C1↓). Since Φ(C1↓) = Φ(C)θσ, we know that there exists (ζ ′, k B
w′) ∈ Φ(C) such that ζ = ζ ′θ and w = w′σ.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.

2. this property is direct from Lemma 2 and C being a well-formed constraint system.

3. We know that ζ = ζ ′θ where θ = mgu(X =? ξ). By definition of the rule Eq-ded-ded,
paramCmax(ξ) ≤ paramCmax(X) = i. Since C is a well-formed constraint system hence
we deduce that paramC1↓max(ζ

′θ) ≤ paramCmax(ζ
′) ≤ j. Hence the result holds.
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4. Let Y ∈ vars2(ζ) and y ∈ vars1(Y δ1(C1↓))). Y ∈ vars2(D(C1↓)) implies that
Y ∈ vars2(D(C)). Since D(C)σ ⊆ D(C1↓), we deduce that there exists z ∈
vars1(Y δ1(C)) such that y ∈ vars1(zσ). Since C is well-formed, we deduce that
there exists (β, j B v) ∈ Φ(C) such that j ≤ k and z ∈ vars1(v). Hence (βθ, j B
vσ) ∈ Φ(C1↓) and y ∈ vars1(vσ). Thus the result holds.

5. Let λ be a substitution such that for all Y ∈ vars2(ζ), (Y λ)Φ(C1↓)λ↓ = rλ where
(Y, ``? r) ∈ D(C1↓). Let λ′ the substitution such that λ′ = θσλ. We show that for
all Y ∈ vars2(ζ ′), (Y λ′)Φ(C)λ′↓ = rλ′ where (Y, ``? r) ∈ D(C). Let Y ∈ vars2(ζ ′).
Since ζ = ζ ′θ, we have to distinguish two cases :

• Either Y = X: In this case, we have that ξ ∈ st(ζ). Thus, by hypothesis,
we have that for all Z ∈ vars2(ξ), (Zλ)Φ(C1↓)λ↓ = tλ, where (Z,m`? t) ∈
D(C1↓). But (Z,m`? t) ∈ D(C1↓) implies that there exist t′ such that (Z,m`?

t′) ∈ D(C) and t = t′σ. Since Φ(C1↓) = Φ(C)θσ, we deduce that (Zλ)Φ(C)λ′↓ =
t′σλ = t′λ′. Moreover, θ = {X 7→ ξ} implies that Zθ = Z and so Zλ = Zλ′.
Thus we have (Zλ′)Φ(C)λ′↓ = t′λ′ = Zδ1(C)λ′. Since ξ ∈ T (Fc, vars2(D(C))),
we deduce that (ξλ′)Φ(C)λ′↓ = ξδ1(C)λ′ = vλ′. Since Xθ = ξ and λ′ = θσλ,
we have that ξλ′ = Xλ′. With uσ = vσ, we can conclude that (Xλ′)Φ(C)λ′↓ =
uλ′.

• Or Y ∈ vars2(ζ): In such a case, we have that Y θσ = Y and so Y λ′ = Y λ.
Furthermore, we know that Φ(C1↓) = Φ(C)θσ and so Φ(C1↓)λ = Φ(C)λ′.
Thus, we have that (Y λ′)Φ(C)λ′↓ = (Y λ)Φ(C1↓)λ↓. By hypothesis, there
exists Y, ``? r ∈ D(C1↓) such that (Y λ)Φ(C1↓)λ↓ = rλ. Since D(C1↓) =
D(C)σ\{X, i`? uσ} and Y 6= X, there exists Y, ``? r′ ∈ D(C) such that
r = r′σ and so rλ = r′λ′. We can conclude that (Y λ′)Φ(C)λ′↓ = r′λ′ with
Y, ``? r′ ∈ D(C).

By hypothesis, we know that C well-formed. Hence, we have that (ζ ′λ′)(Φ(C)λ′)↓ =
w′λ′. Since ζ ′λ′ = ζλ, w′λ′ = wλ and Φ(C)λ′ = Φ(C1↓)λ, we conclude that
(ζλ)Φ(C1↓)λ = wλ.

6. We know that ξ ∈ T (Fc,AX ) hence this case is similar to the proof of Property 6
for the rule Cons.

7. Let Y ∈ vars2(C1↓). We have mgu(EΠ(C1↓)) = mgu(EΠ(C))θ with θ = {X 7→ ξ}.
Furthermore, we know that ξ ∈ T (Fc, vars2(D(C))) and so CbξcΦ(C1↓) = ξ ∈
T (Fc,X 2). By Lemma 3, CbYmgu(EΠ(C1↓))cΦ(C1↓) = CbYmgu(EΠ(C))cΦ(C1↓)θ.
Hence CbYmgu(EΠ(C))cΦ(C1↓) = CbYmgu(EΠ(C))cΦ(C) and CbYmgu(EΠ(C))cΦ(C) ∈
T (Fc,F∗d ·AX∪X 2) (since C is well-formed). Since we have ξ ∈ T (Fc, vars2(D(C))),
we conclude that CbYmgu(EΠ(C1↓))cΦ(C1↓) ∈ T (Fc,F∗d · AX ∪ X 2).

Let ζ ∈ st(Ymgu(EΠ(C1↓))) such that path(ζ) ∈ F∗d ·AX . We have mgu(EΠ(C1↓)) =
mgu(EΠ(C))θ. But θ = mgu(X =? ξ) with ξ ∈ T (Fc,AX ). Hence path(ζ) ∈ F∗d ·AX
implies that there exists ζ ′ ∈ st(Ymgu(EΠ(C))) such that ζ = ζ ′θ. Since C is well-
formed, we deduce that there exists k, w such that (ζ ′, k B w) ∈ Φ(C). Thus
(ζ ′θ, k B wσ) ∈ Φ(C1↓) and so the result holds.

8. Assume that (ζ, k B w) ∈ NoUse(C1↓). Since NoUse(C1↓) = NoUse(C)θσ, we have
that (ζ ′, k B w′) ∈ NoUse(C). Since C is well-formed, we deduce that there exists
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Y ∈ vars2(C) such that CbYmgu(EΠ(C))cΦ(C)δ
1(C) = w′ and paramCmax(Ymgu(EΠ(

C))) < k. As shown in the previous point, we have that CbYmgu(EΠ(C1↓))cΦ(C1↓) =
CbYmgu(EΠ(C))cΦ(C)θ. Furthermore, we have ξδ1(C)σ = vσ = uσ = Xδ1(C)σ.
Thus, we deduce that θδ1(C)σ = δ1(C)σ. Moreover, we know that D(C1↓) =
D(C)σ\{X, i`? uσ} and Φ(C1↓) = Φ(C)θσ which means that δ1(C)σ = θδ1(C1↓).
We can conclude CbYmgu(EΠ(C1↓))cΦ(C1↓)δ

1(C1↓) = CbYmgu(EΠ(C))cΦ(C)δ
1(C)σ =

w′σ = w. Lastly, for all Z ∈ vars2(ξ), paramCmax(Z) ≤ i = paramCmax(X). Since
Ymgu(EΠ(C1↓)) = Ymgu(EΠ(C))θ, we conclude that paramCmax(Ymgu(EΠ(C))) < k
implies that paramC1↓max(Ymgu(EΠ(C1↓))) < k.

9. Similar to Property 7

10. Let (Z, k `? t) ∈ D(C1↓). Assume that Z 6∈ S2(C1) and let x ∈ vars1(u). It implies
that there exists (Z, k `? t′) ∈ D(C) such that t = t′σ. Hence, there exists a variable
z such that x ∈ vars1(zσ) and z ∈ vars1(t′). Since C is well-formed, we deduce
that there exists (Y, p`? w′) ∈ D(C) such that z ∈ vars1(w′) and p < k. Thus
x ∈ vars1(w′σ). If Y 6= X then we deduce that (Y, p`? w′σ) ∈ D(C1↓) and so the
result holds. If Y = X, then u = w′ and p = i. Since σ = mgu(u=? v), we deduce
that x ∈ vars1(vσ). Moreover, by construction of v, it implies that there exists
(Y ′, p′ `? u′) ∈ D(C1↓) such that Y ′ ∈ vars2(ξ), p′ ≤ i and x ∈ vars1(u′). Since
p′ ≤ i = p < k, we deduce that p′ < k and so the result holds.

Case Rule(p̃) = Ded-st(ξ, f): The rule Ded-st only adds a non-deducibility constraint
in C2. Thus, we have that C2↓ = C2 and since C is a well formed constraint system, we
easily deduce that C2 is also well-formed.

On the other hand, we have that Φ(C1) = Φ(C), D(C1) = D(C)∪{X1, smax `? x1; . . . ;
Xn, smax `? xn}, NoUse(C1) = NoUse(C), EΠ(C) = EΠ(C1) and E(C1) = E(C)∧u=? f(x1,
. . . , xn) where x1, . . . , xn are fresh variables. Since C is well-formed, we deduce that
vars1(u) ∩ dom(mgu(E(C))) = ∅. Let σ = mgu(u=? f(x1, . . . , xn)). We have that
Φ(C1↓) = Φ(C)σ and D(C1↓) = D(C)σ ∪ {X1, smax `? x1σ; . . . ; Xn, smax `? xnσ} and
NoUse(C1↓) = NoUse(C)σ. Since the variables X1, . . . , Xn do not appear in the frame,
the facts that C is well-formed and σ = mgu(u=? f(x1, . . . , xn)) implies that C1↓ is also
a well-formed constraint system.

Appendix B. Proof of completeness

This section is devoted to completeness whose proof does not rely on our strategy S .
As explained in Section 3, our algorithm transforms a pair of matrices of constraint
systems into one or two pairs of matrices of constraint systems. The main idea behind
the soundness and completeness is to locally prove that our transformation preserves
the symbolic equivalence between matrices of constraint systems. Since we have several
rules, we will need to prove the local preservation of the symbolic equivalence for each
rule.

Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint system. We denote by C
the constraint system (S1;S2; Φ;D;E;EΠ; ∅;NoUse), i.e. the constraint system obtained
from C by removing the non-deducibility constraints. This notation is extended as ex-
pected to matrices of constraint systems.
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Lemma 5. Let C be a normalised and well-formed constraint system and Rule(p̃) be a
transformation rule applicable on C. Let C1 and C2 be the two resulting constraint systems
obtained by applying Rule(p̃) on C. We denote by Φ, Φ1 and Φ2 the respective frames
of C, C1 and C2 and we denote by S1 the set of free variable of C.

For all i ∈ {1, 2}, for all (σi, θi) ∈ Sol(Ci), (σ, θ) ∈ Sol(C) and Init(Φ)σ = Init(Φi)σi
where σ = σi|vars1(C) and θ = θi|vars2(C)

Variation: For all i ∈ {1, 2}, for all (σi, θi) ∈ Sol(Ci), (σ, θ) ∈ Sol(C) and Init(Φ)σ =
Init(Φi)σi where σ = σi|vars1(C) and θ = θi|vars2(C).

Proof. We prove this lemma by case analysis on the transformation rule that is used to
transform C on C1, C2. In each situation where some conditions are added on the resulting
constraint system (without modifying the conditions that are already present in C), the
result trivially holds. This remark allows one to conclude for the rules Eq-frame-frame,
Eq-frame-ded, Ded-st, Dest, and the case i = 2 for the rules Cons, Axiom and
Eq-ded-ded. Therefore, it remains to prove the result for the remaining cases, i.e. rule
Cons when i = 1, rule Axiom when i = 1 and rule Eq-ded-ded when i = 1.

Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse). We consider the remaining cases using the
notation introduced in Figure 1.

Rule Cons(X, f), i = 1 : Assume that X, k `? t ∈ D(C) and so D(C1) = {X1, k `? x1; . . . ;

Xn, k `? xn}∪D(C)r{X, k `? t}, E(C1) = E(C)∧t=? f(x1, . . . , xn) and EΠ(C1) = EΠ(C)∧
X =? f(X1, . . . , Xn), Φ(C) = Φ(C1) with x1, . . . , xn and X1, . . . , Xn fresh variables.

Let (σ1, θ1) ∈ Sol(C1). By definition of a solution of a constraint system, we know
that:

1. (Xjθ1)(Φ(C1)σ1)↓ = xjσ1↓ and param(Xjθ1) ⊆ {ax 1, . . . , ax i} for any j ∈ {1, . . . , n};

2. σ1 |= E(C) ∧ t=? f(x1, . . . , xn) ∧ND(C) and so tσ1↓ = f(x1σ1, . . . , xnσ1)↓;

3. θ1 |= EΠ(C) ∧X =? f(X1, . . . , Xn) and so Xθ1 = f(X1θ1, . . . , Xnθ1).

Hence, we have that:

(Xθ1)(Φ(C)σ1)↓ = f(X1θ1, . . . , Xnθ1)(Φ(C)σ1)↓
= f((X1θ1)Φ(C)σ1↓, . . . , (Xnθ1)Φ(C)σ1↓)↓
= f(x1σ1↓, . . . , xnσ1↓)↓
= f(x1σ1, . . . , xnσ1)↓
= tσ1↓

Moreover, thanks to param(Xjθ1) ⊆ {ax 1, . . . , ax i} for j ∈ {1, . . . , n}, we have that
param(Xθ1) ⊆ {ax 1, . . . , ax i}. This allows us to conclude that (σ1|vars1(C), θ1|vars2(C)) ∈
Sol(C).
Rule Axiom(X, path), i = 1. Assume that (X, k `? u) ∈ D(C) and (ξ, j B v) ∈ Φ(C)
with j ≤ k and path(ξ) = path. Thus, we have EΠ(C1) = EΠ(C) ∧ X =? ξ, E(C1) =
E(C) ∧ u=? v, D(C1) = D(C) r {(X, k `? u)} and Φ(C1) = Φ(C)

Let (σ1, θ1) ∈ Sol(C1). By definition of a solution of a constraint system, we know
that:

1. σ1 |= E(C) ∧ u=? v ∧ND(C), and so uσ1 = vσ1.
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2. θ1 |= EΠ(C) ∧X =? ξ, and so Xθ1 = ξθ1.

Hence, we have that (Xθ1)(Φσ1)↓ = (ξθ1)(Φσ1)↓. Moreover, since C is well-formed
(Definition 18, item 3), we deduce that paramCmax(ξ) ≤ j hence for all Y ∈ vars2(ξ), there
exists q ≤ j and w such that (Y, q `? w) ∈ D(C). Since X an ξ are unifiable, we also
deduce that X 6∈ vars2(ξ). Hence (Y, q `? w) ∈ D(C1). Thanks to (σ1, θ1) ∈ Sol(C1),
Y θ1Φ(C1)σ1↓ = wσ1. Hence, thanks to C being well-formed (Definition 18, item 5) and
Φ(C1) = Φ(C), we deduce that ξθ1Φ(C)σ1↓ = vσ1 = uσ1.

At last, since paramCmax(ξ) ≤ j and for all Y ∈ vars2(ξ), (σ1, θ1) ∈ Sol(C1) also
indicates that param(Y θ1) ⊆ {ax 1, . . . , ax j} and so param(ξθ1) ⊆ {ax 1, . . . , ax j}. At
last, with j ≤ k and Xθ1 = ξθ1, we conclude that param(Xθ1) ⊆ {ax 1, . . . , axk}. This
allow us to conclude that (σ1|vars1(C), θ1|vars2(C)) ∈ Sol(C).

Rule Eq-ded-ded(X, ξ), i = 1. Assume that (X, k `? u) ∈ D(C) and ξ ∈ T (Fc,dom(α))

with α = {Y → w | (Y, j `? w) ∈ D(C) ∧ j ≤ i ∧ Y ∈ S2}. Thus, we have EΠ(C1) =
EΠ(C)∧X =? ξ, E(C1) = E(C)∧u=? v, D(C1) = D(C)r{(X, k `? u)} and Φ(C1) = Φ(C).

Let (σ1, θ1) ∈ Sol(C1). By definition of a solution of a constraint system, we know
that:

1. σ1 |= E ∧ u=? v ∧ND , and so uσ1↓ = vσ1↓.

2. θ1 |= EΠ ∧X =? ξ, and so Xθ1 = ξθ1.

Hence, we have that (Xθ1)(Φ(C1)σ1)↓ = (ξθ1)(Φ(C1)σ1)↓. Moreover, according to
Figure 2, we have that ξ ∈ T (Fc,dom(α)) and v = ξα

Since (σ1, θ1) ∈ Sol(C1), we have that for all (Y, j `? w) ∈ D(C1), (Y θ1)Φ(C)σ1↓ =
wσ1. Since ξ ∈ T (Fc,X 2), we can deduce that (ξθ1)(Φ(C)σ1)↓ = vσ1. This allows us
to deduce that (Xθ1)(Φ(C)σ1)↓ = vσ1↓ and so (Xθ1)(Φ(C)σ1)↓ = uσ1↓. Furthermore,
we also know that for all (Y, j `? w) ∈ D, if Y ∈ vars2(ξ), then j ≤ i which means that
param(Y θ1) ⊆ {ax 1, . . . , ax i}. Thus we have:

param(Xθ1) = param(ξθ1) ⊆ {ax 1, . . . , ax i}.

This allows us to conclude that (σ1|vars1(C), θ1|vars2(C)) ∈ Sol(C).

Appendix C. Invariants that depends on the strategy

In Appendix A, we described some general invariants, i.e. those that does not depend
on the strategy. Typically, they are very useful to prove some general properties on
constraint systems. However, they are not sufficient to establish soundness of our rules
or even the termination. The strategy we described in Section 4 has been essentially
designed to ensure termination of our algorithm. However, this strategy also allows us to
extract some new invariants that will help us to prove soundness. We start this section
by listing these invariants.

Appendix C.1. List of invariants

Among the invariants, some of them are specific to some steps of the strategy. We
start by describing the invariants that are satisfied at any step of the strategy.
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Invariant 1 (InvGeneral). Let M be a matrix of constraint systems. We say that M
satisfies the invariant InvGeneral, if and only if:

For all constraint systems C in M, if C 6=⊥ then for all (σ, θ) ∈ Sol(C), for all
(ξ, i B u) ∈ Φ(C), we have that:

1. ax i ∈ st(ξθ).

2. for all ξ′ ∈ Πr with root(ξ′) 6∈ Fc, if path(ξ′) = path(ξθ) and ξ′(Φσ)↓ ∈ T (Fc,N ),
then param(ξ′) 6⊆ {ax 1, . . . , ax i−1}.

3. for all X ∈ vars2(C), if path(ξ) ∈ st(CbXmgu(EΠ)cΦ) then (ξ, i B u) 6∈ NoUse.

4. if (ξ, i B u) 6∈ NoUse then for all ξ′ ∈ st(ξ), if there exists j and v such that
(ξ′, j B v) ∈ Φ then (ξ′, j B v) 6∈ NoUse.

For all constraint systems C, C′ in a same column ofM, if we denote θ = mgu(EΠ(C))
and θ′ = mgu(EΠ(C′)), then

5. ∀X ∈ S2(C),CbXθcΦ(C) = CbXθ′cΦ(C′)

6. ∀X ∈ S2(C),∀f ∈ Fc, EΠ(C) � root(X) 6=? f implies that EΠ(C′) � root(X) 6=? f

7. ∀X ∈ S2(C), for all (ξ, i B u) ∈ Φ(C), for all (ξ′, i′ B u′) ∈ Φ(C′), if path(ξ) =
path(ξ′) then EΠ(C) � X 6=? ξ is equivalent to EΠ(C′) � X 6=? ξ′.

Typically, items 1 and 2 ensure that we use in the frame the minimal recipes w.r.t.
the parameters to deduce the key of a cipher or the verification key of a signature. These
two properties are given by the application of the rule Dest (Step a of Phase 1) and
more specifically by the fact that the cycle of steps in Phase 1 is applied by increasing
support. Items 3 and 4 indicate that during Step a, we always prioritized the application
of the rule Eq-frame-ded over Dest. The last three properties established similarities
between constraint systems of a same column. We already know that the shape of the
constraint systems are the same but the strategy allows us to be even more specific.
Indeed, item 5 indicates that the actions of the attacker are the same in each constraint
system of a given column (up to the context), and items 6 and 7 also indicate that the
inequalities corresponding the attacker’s actions are the same. These three properties are
in fact due to the application on the external rules on the matrices of constraint system.

The next invariants are more specific to the different steps and phase of the strategy.
Thus, they depend on a parameter, i.e. the support of the rules.

Invariant 2 (InvVarConstraint(s)). Let C be a constraint system. We say that C satisfies
InvVarConstraint(s) if C =⊥ or

1. for all (X, i`? u) ∈ D(C), if i ≤ s then u ∈ X 1 and X ∈ S2(C); and

2. for all (X, i`? x), (Y, j `? y) ∈ D(C), if i ≤ s, j ≤ s and X 6= Y then x 6= y.

Invariant 3 (InvVarFrame(s)). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint
system. We say that C satisfies InvVarFrame(s) if and only if for all (ξ, p B v) ∈ Φ,
p ≤ s implies for all X ∈ vars2(ξ), there exists q < p and u ∈ T (Fc,N ∪ X 1) such that
(X, q `? u) ∈ D.
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Intuitively, InvVarConstraint(s) corresponds to the purpose of the first phase of the
strategy, i.e. modifying the constraint systems such that all right hand term of deducible
constraints are distinct variables. Thus, all constraint systems during Phase 2 will satisfy
this invariant.

Invariant 4 (InvNoUse(s)). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint
system. We say that C satisfies InvNoUse(s) if and only if for all (ξ, p B v) ∈ Φ, p ≤ s
and v ∈ X 1 implies (ξ, p B v) ∈ NoUse.

Invariant 5 (InvDest(s)). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint sys-
tem. We say that C satisfies InvDest(s) if and only if for all (ξ, p B v) ∈ Φ, for all f ∈ Fd,
(ξ, p B v) 6∈ NoUse and p ≤ s implies:

• either there exists p′ ∈ N such that

– s ≥ p′ ≥ p; and

– (ξ′, p′ B v′) ∈ Φ for some ξ′ such that path(ξ′) = f · path(ξ); and

– for every p ≤ k < p′, for all σ, σ � ND implies that σ � ∀x̃, v 6= u1 ∨ k 6
`? u2 ∨ . . . ∨ k 6 `? un where f(u1, . . . , un) → w is a fresh rewriting rule with
vars1(u1, . . . , un, w) = x̃.

• or else for every p ≤ k ≤ s, we have that

ND � ∀x̃, v 6= u1 ∨ k 6 `? u2 ∨ . . . ∨ k 6 `? un

where f(u1, . . . , un)→ w is a fresh rewriting rule with vars1(u1, . . . , un, w) = x̃.

Invariant 6 (InvDedsub). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint sys-
tem. Let θ = mgu(EΠ). We say that C satisfies InvDedsub if and only if, for all
(ξ, p B v) ∈ Φ, for all f ∈ Fc, (ξ, p B v) 6∈ NoUse implies:

• either there exist X1, . . . , Xn ∈ vars2(C) such that:

for all i ∈ {1, . . . , n}, paramCmax(Xiθ) ≤ smax and Cbf(X1, . . . , Xn)θcΦδ1(C) = v

• or else ND � ∀x̃, v 6= f(x1, . . . , xn) ∨ smax 6 `? x1 ∨ . . . ∨ smax 6 `? xn where x̃ =
x1 . . . xn are fresh.

Typically, InvDest(s) ensures that no new subterm can be obtained by applying a
destructor while InvDedsub ensures that no new subterm can be obtained by applying a
constructor. The invariants InvDest(s) and InvNoUse(s) will be satisfied by any constraint
system after Step a of Phase 1 with support s.

The next invariant indicates that no rule was applied with support strictly greater
than s. Typically, it is satisfied by all constraint systems during Phase 1 with support
smaller than s.

Invariant 7 (InvUntouched(s)). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint
system. We say that C satisfies InvUntouched(s) if and only if

1. for all (ξ, k B u) ∈ Φ, if s < k then ξ = axk; and
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2. for all (X, k `? u) ∈ D, if s < k then X ∈ S2 and X 6∈ vars2(EΠ).

Lastly, we define an invariant that impacts on several constraint systems in the ma-
trices.

Invariant 8 (InvMatrix(s)). Let M be a matrix of constraint systems. We say that M
satisfies InvMatrix(s) if and only if for all C, C′ two constraint systems in the same column
of M,

• {path(ξ), i | (ξ, i B u) ∈ Φ(C) ∧ i ≤ s} = {path(ξ), i | (ξ, i B u) ∈ Φ(C′) ∧ i ≤ s}

• {path(ξ), i | (ξ, i B u) ∈ NoUse(C) ∧ i ≤ s} = {path(ξ), i | (ξ, i B u) ∈ NoUse(C′) ∧
i ≤ s}

The remaining of this appendix will be dedicated to stating and proving which in-
variants are satisfied at each step and phase of the algorithm

Appendix C.2. Preliminaries

We write C →∗ C′ when C′ is obtained from C by applying a sequence of transformation
rules.

Lemma 6. Let C and C′ be two normalised well-formed constraint systems such that
C →∗ C′. Let θ = mgu(EΠ(C)), θ′ = mgu(EΠ(C′)) and σ′ = mgu(E(C′)). The fol-
lowing property holds: for all X ∈ vars2(C), CbXθcΦδ1(C)σ′ = CbXθ′cΦ′δ1(C′) and
paramC

′

max(Xθ
′) ≤ paramCmax(Xθ).

Proof. We prove this result by induction on the length N of the derivation C →∗ C′.

Base case N = 0: In such a case, C = C′. Thus, we have that θ = θ′ and δ1(C) =
δ1(C′). Therefore, we have for all X ∈ vars2(C), CbXθcΦδ1(C)σ′ = CbXθ′cΦ′δ1(C′)σ′.
Since C is normalised, we have that dom(σ′) ∩ img(δ1(C′)) = ∅, which means that
CbXθ′cΦ′δ1(C′)σ′ = CbXθ′cΦ′δ1(C′) and so CbXθcΦδ1(C)σ′ = CbXθ′cΦ′δ1(C′). Further-
more, since θ = θ′ and C = C′, we trivially have that paramC

′

max(Xθ
′) ≤ paramCmax(Xθ).

Hence the result holds.

Inductive case N > 0: In such a case, we have that C →∗ C′′ → C′ for some normalised
constraint system C′′. By Lemma 4, we know that C′′ is also well-formed. Let θ′′ =
mgu(EΠ(C′′)) and σ′′ = mgu(E(C′′)). By inductive hypothesis, we know that for all
X ∈ vars2(C), CbXθcΦδ1(C)σ′′ = CbXθ′′cΦ′′δ1(C′′) and paramC

′′

max(Xθ
′′) ≤ paramCmax(Xθ).

The application of a rule on C′′ produced two constraint systems C1 and C2. We show the
result by case analysis on the rule applied on C′′ and we distinguish two cases depending
on whether C′ = C1 or C′ = C2.

Case C′ = C2 for any rule: According to Figure 1 and Figure 2, for any rule, only
inequations or non deducibility constraint are added in C2, or some frame elements are
marked as NoUse. Hence, we have that θ′′ = θ′, σ′′ = σ′, ,Φ′′ = Φ′ and D′′ = D′.
Thus, CbXθcΦδ1(C)σ′′ = CbXθ′′cΦ′′δ1(C′′) implies CbXθcΦδ1(C)σ′ = CbXθ′cΦ′δ1(C′).
Moreover, we also deduce paramC

′

max(Xθ
′) = paramC

′′

max(Xθ
′′). Since paramC

′′

max(Xθ
′′) ≤

paramCmax(Xθ), we conclude that paramC
′

max(Xθ
′) ≤ paramCmax(Xθ) and so the result holds.

We now consider the case where C′′ = C1, and we consider each rule in turn:

Rule Cons(X, f): Let Y ∈ vars2(C). The rule described in Figure 1 tells us that:
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• E′ = E′′ ∧ t=? f(x1, . . . , xn).

• E′Π = E′′Π ∧X =? f(X1, . . . , Xn)

• (X, i`? t) ∈ D(C′′)

Since C′′ is normalised, it means that vars(t)∩dom(σ′′) = ∅. Furthermore, x1, . . . , xn are
fresh variables, and so {x1, . . . , xn}∩dom(σ′′) = ∅. Thus, mgu(E′′∧ t=? f(x1, . . . , xn)) =
σ′′mgu(t=? f(x1, . . . , xn)). Let Σ = mgu(t=? f(x1, . . . , xn)) (it exists otherwise the nor-
malised constraint system C′ would be ⊥), we have σ′ = σ′′Σ. Since X1, . . . , Xn are also
fresh variables, thus if we denote Θ = mgu(X =? f(X1, . . . , Xn)), then θ′ = θ′′Θ.

According to Figure 1, (X, i`? t) ∈ D(C′′) implies (Xk, i`? xkΣ) ∈ D(C′) for all
k ∈ {1, . . . , n}. Hence, we have that paramC

′′

max(X) = paramC
′

max(XΘ). Since only X, i`? t
was removed from D(C′′), we deduce that paramC

′

max(Y θ
′′Θ) = paramC

′′

max(Y θ
′′). Hence

paramC
′

max(Y θ
′) = paramC

′′

max(Y θ
′′) ≤ paramCmax(Y θ).

From the first equality, we deduce that CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ. There-
fore by our inductive hypothesis, we have CbY θcΦδ1(C)σ′ = CbY θ′′cΦ′′δ1(C′′)Σ. But
since no frame element was added on Φ′, thus we have CbY θ′′cΦ′′ = CbY θ′′cΦ′ . Further-
more, since C′′ is well-formed, we know that CbY θ′′cΦ′′ ∈ T (Fc ∪ (F∗d · AX ),X 2) and
since Cbf(X1, . . . , Xn)cΦ′ ∈ T (Fc ∪ (F∗d · AX ),X 2), we can deduce by Lemma 3 that
CbY θ′′ΘcΦ′ = CbY θ′′cΦ′{X → Cbf(X1, . . . , Xn)cΦ′} and so CbY θ′′ΘcΦ′ = CbY θ′′cΦ′′Θ.

At last, since the constraint with the variable X was removed in D′ and since we
consider C′ normalised, we have :

• for all Z ∈ vars2(D′′) r {X}, ZΘδ1(C′) = Zδ1(C′) = Zδ1(C′′)Σ

• for all i ∈ {1, . . . , n}, Xiδ
1(C′) = xiΣ and so Xδ1(C′′)Σ = tΣ = f(x1, . . . , xn)Σ =

XΘδ1(C′)

Thus, we deduce that δ1(C′′)Σ = Θδ1(C′), which implies, thanks to CbY θ′′ΘcΦ′ =
CbY θ′′cΦ′′Θ, that : CbY θ′′cΦ′′δ1(C′′)Σ = CbY θ′cΦ′δ1(C′) and so we obtain CbY θcΦδ1(C)σ′
= CbY θ′cΦ′δ1(C′).

Rule Axiom(X, path): Let Y ∈ vars2(C). The rule described in Figure 1 tells us that:

• E′ = E′′ ∧ u=? v.

• E′Π = E′′Π ∧X =? ξ

• (X, i`? u) ∈ D(C′′), (ξ, j B v) ∈ Φ(C′′) and path(ξ) = path

Since C′′ is normalised, it means that (vars(u) ∪ vars(v)) ∩ dom(σ′′) = ∅ which means
that mgu(E′′ ∧ u=? v) = σ′′mgu(u=? v). Let Σ = mgu(u=? v); we have σ′ = σ′′Σ. For
the same reason, if we denoted Θ = mgu(X =? ξ), we have θ′ = θ′′Θ. No element has
been added into the frame C′ (from C′′), which means that CbY θ′cΦ′ = CbY θ′cΦ′′ =
CbY θ′′ΘcΦ′′ . By Lemma 3 and since C′′ is well-formed, we deduce that CbY θ′′ΘcΦ′′ =
CbY θ′′cΦ′′{X → CbξcΦ′′}.

Thanks to C being well formed (Definition 18, item 3), we deduce that paramC
′′

max(ξ) ≤ j.
Moreover, since Θ = mgu(X =? ξ), we deduce that X 6∈ vars2(ξ) and so (ξ, j B vΣ) ∈
Φ(C′). The deducible constraint (X, i`? u) being the only one removed from D(C′′), we
deduce that paramC

′′

max(ξ) = paramC
′

max(ξ). Hence paramC
′

max(X) = i ≥ j ≥ paramC
′′

max(ξ).
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Therefore we deduce paramC
′

max(Y θ
′′Θ) ≤ paramC

′′

max(Y θ
′′). Thus we deduce that paramC

′

max(Y θ
′) =

paramC
′

max(Y θ
′′Θ) ≤ paramC

′′

max(Y θ
′′) ≤ paramCmax(Y θ).

At last, since the constraint with the variable X was removed in D′ and C′ normalised,
we have:

• for all Z ∈ vars(D′′) r {X}, Z{X → CbξcΦ′′}δ1(C′) = Zδ1(C′) = Zδ1(C′′)Σ

• Xδ1(C′′)Σ = uΣ = vΣ = X{X → CbξcΦ′′}δ1(C′)

Thus, we deduce that δ1(C′′)Σ = {X → CbξcΦ′′}δ1(C′). Hence, thanks to our inductive
hypothesis (applied on C′′ and Y ), we have that CbY θcΦδ1(C)σ′′ = CbY θ′′cΦ′′δ1(C′′), and
we deduce that CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ = CbY θ′′cΦ′′δ1(C′′)Σ = CbY θ′′cΦ′′{X →
CbξcΦ′′}δ1(C′) = CbY θ′′ΘcΦ′′δ1(C′) = CbY θ′cΦ′δ1(C′).

Rule Dest(ξ, `→ r, i): Let Y ∈ vars2(C). The rule described in Figure 1 tells us
that:

• E′ = E′′ ∧ u=? u1.

• E′Π = E′′Π and so θ′ = θ′′.

Since C′ is normalised, it means that vars(u) ∩ dom(σ′′) = ∅. Furthermore, we know
that all variable in u1 are fresh variables, which means that mgu(E′′ ∧ u=? u1) =
σ′′mgu(u=? u1). Let Σ = mgu(u=? u1). We have that σ′ = σ′′Σ.

Since θ′ = θ′′ and no deducible constraint is removed fromD(C′′) toD(C′), we trivially
have that paramC

′′

max(Y θ
′′) = paramC

′

max(Y θ
′) and so paramC

′

max(Y θ
′) ≤ paramCmax(Y θ).

The frame element (f(ξ,X1, . . . , Xn), i B w) with f ∈ Fd was added in Φ′, but since
C′′ is well-formed, we know that CbY θ′′cΦ′′ ∈ T (Fc, (F∗d · AX ) ∪ X 2), thus we deduce
that CbY θ′′cΦ′′ = CbY θ′′cΦ′ = CbY θ′cΦ′ .

At last, since only constraints with fresh variable Xk were added in D′ and since
C′ is normalised, we have that δ1(C′)| dom(δ1(C′′)) = δ1(C′′)Σ. With this last property,
we can use the inductive hypothesis (on C′′ and Y ). We obtain that CbY θcΦδ1(C)σ′′ =
CbY θ′′cΦ′′δ1(C′′), and so CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ = CbY θ′′cΦ′′δ1(C′′)Σ =
CbY θ′cΦ′δ1(C′′)Σ = CbY θ′cΦ′δ1(C′)| dom(δ1(C′′)).

Since CbY θ′′cΦ′′ = CbY θ′cΦ′ , then for all Z ∈ vars2(CbY θ′cΦ′), Z ∈ dom(δ1(C′′)).
Moreover, it also implies that for all path ∈ st(CbY θ′cΦ′), path ∈ dom(δ1(C′′)). Hence,
we deduce that CbY θ′cΦ′δ1(C′)| dom(δ1(C′′)) = CbY θ′cΦ′δ1(C′) and so CbY θcΦδ1(C)σ′ =
CbY θ′cΦ′δ1(C′).

Rules Eq-frame-ded and Eq-frame-frame: Let Y ∈ vars2(C). The rule described
in Figure 1 tells us that E′ = E′′ ∧ u1 =? u2 and E′Π = E′′Π, hence θ′′ = θ′. Since
C′′ is normalised, we have that (vars(u1) ∪ vars(u2)) ∩ dom(σ′′) = ∅ which means that
mgu(E′′∧u1 =? u2) = σ′′mgu(u1 =? u2). Let Σ = mgu(u1 =? u2). We have that σ′ = σ′′Σ.

Neither the frame nor the constraints changed between C′′ and C′, which means
that CbY θ′cΦ′ = CbY θ′cΦ′′ . Since C′ is normalised, we also have δ1(C′) = δ1(C′′)Σ.
By the inductive hypothesis (applied on C′′ and Y ), we have that CbY θcΦδ1(C)σ′′ =
CbY θ′′cΦ′′δ1(C′′) and so CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ = CbY θ′′cΦ′′δ1(C′′)Σ =
CbY θ′cΦ′δ1(C′).

Furthermore, since θ′ = θ′′ and no deducible constraint is removed from D(C′′) to
D(C′), we trivially have that paramC

′′

max(Y θ
′′) = paramC

′

max(Y θ
′) and so paramC

′

max(Y θ
′) ≤

paramCmax(Y θ).
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Rule Eq-ded-ded(X, ξ): Let Y ∈ vars2(C). The rule described in Figure 1 tells us that:

• E′ = E′′ ∧ u=? v.

• E′Π = E′′Π ∧X =? ξ

• (X, i`? u) ∈ D(C′′)

where ξ ∈ T (Fc,dom(α)) and v = ξα with α = {Y → u | (Y, j `? u) ∈ D(C′′) ∧ j ≤
i ∧ Y ∈ S2}. But δ1(C′′)| dom(α) = α. Hence, we have that v = ξδ1(C′′).

Since C′′ is normalised, it means that (vars(u) ∪ vars(v)) ∩ dom(σ′′) = ∅ which
means that mgu(E′′ ∧ u=? v) = σ′′mgu(u=? v). Let Σ = mgu(u=? v). We have that
σ′ = σ′′Σ. For the same reason, we have that θ′ = θ′′Θ where Θ = {X → ξ}. No
element has been added into the frame C′ (w.r.t. C′′). Hence, we have that CbY θ′cΦ′ =
CbY θ′cΦ′′ = CbY θ′′ΘcΦ′′ . By Lemma 3, C′′ well formed and ξ ∈ T (Fc,X 2), we deduce
that CbY θ′′ΘcΦ′′ = CbY θ′′cΦ′′Θ.

Since for all Z ∈ vars2(ξ), paramC
′′

max(Z) ≤ i = paramC
′′

max(X) and Θ = {X → ξ}, we de-
duce that paramC

′

max(XΘ) ≤ paramC
′′

max(X). Therefore paramC
′

max(Y θ
′′Θ) ≤ paramC

′′

max(Y θ
′′).

Thus we deduce that paramC
′

max(Y θ
′) = paramC

′

max(Y θ
′′Θ) ≤ paramC

′′

max(Y θ
′′) ≤ paramCmax(Y θ).

At last, since the constraint with the variable X was removed in D′ and C′ normalised,
we have:

• for all Z ∈ vars(D′′) r {X}, ZΘδ1(C′) = Zδ1(C′) = Zδ1(C′′)Σ

• Xδ1(C′′)Σ = uΣ = vΣ = XΘδ1(C′′)Σ = XΘδ1(C′)

Thus, we deduce that δ1(C′′)Σ = Θδ1(C′). Hence, thanks to our inductive hypothesis (ap-
plied on C′′ and Y ), we have that CbY θcΦδ1(C)σ′′ = CbY θ′′cΦ′′δ1(C′′). From this, we de-
duce that CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ = CbY θ′′cΦ′′δ1(C′′)Σ = CbY θ′′cΦ′′Θδ1(C′) =
CbY θ′′ΘcΦ′′δ1(C′). Hence we conclude that CbY θcΦδ1(C)σ′ = CbY θ′cΦ′δ1(C′).

Rule Ded-st: Let Y ∈ vars2(C). The rule described in Figure 1 tells us that:

• E′ = E′′ ∧ u=? f(x1, . . . , xn).

• E′Π = E′′Π and so θ′ = θ′′.

Since C′′ is normalised, this means that vars(u) ∩ dom(σ′′) = ∅. Furthermore, we know
that the variables xi are fresh variables, which means that mgu(E′′∧u=? f(x1, . . . , xn)) =
σ′′mgu(u=? f(x1, . . . , xn)). Let Σ = mgu(u=? f(x1, . . . , xn)). We have that σ′ = σ′′Σ.

Since θ′ = θ′′ and no deducible constraint are removed from D(C′′) to D(C′), we triv-
ially have that paramC

′′

max(Y θ
′′) = paramC

′

max(Y θ
′) and so paramC

′

max(Y θ
′) ≤ paramCmax(Y θ).

No element has been added into the frame C′ (w.r.t. C′′). Hence, we have that
CbY θ′′cΦ′′ = CbY θ′′cΦ′ = CbY θ′cΦ′ .

At last, since only constraints with fresh variable Xi were added in D′ and since C′
normalised, we have that δ1(C′)| dom(δ1(C′′)) = δ1(C′′)Σ. With this last property, we can
use the inductive hypothesis (applied on C′′ and Y ). We obtain that CbY θcΦδ1(C)σ′′ =
CbY θ′′cΦ′′δ1(C′′), and so CbY θcΦδ1(C)σ′ = CbY θcΦδ1(C)σ′′Σ = CbY θ′′cΦ′′δ1(C′′)Σ =
CbY θ′cΦ′δ1(C′′)Σ = CbY θ′cΦ′δ1(C′)| dom(δ1(C′′)).

Since CbY θ′′cΦ′′ = CbY θ′cΦ′ , then for all Z ∈ vars2(CbY θ′cΦ′), Z ∈ dom(δ1(C′′)).
Moreover, it also implies that for all path ∈ st(CbY θ′cΦ′), path ∈ dom(δ1(C′′)). Hence,
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we deduce that CbY θ′cΦ′δ1(C′)| dom(δ1(C′′)) = CbY θ′cΦ′δ1(C′) and so CbY θcΦδ1(C)σ′ =
CbY θ′cΦ′δ1(C′).

Lemma 7. Let C and C′ be two normalised well-formed constraint systems such that
C →∗ C′. Let σ = mgu(E(C′)), and (ξ, i B u) ∈ Φ. There exist (ξ′, i B u′) ∈ Φ′ such that
path(ξ) = path(ξ′) and u′ = uσ.

Proof. According to the rules described in Figure 1 and 2 and the fact that C is well-
formed, the path path(ξ) of a frame element (ξ, i B u) is never modified. The only
operation that affects this frame element is the normalisation of a constraint system, i.e.
the most general unifier of E is applied on u (idem for EΠ). Thus, if σ = mgu(E(C′)),
we can conclude that u′ = uσ.

Lemma 8. Let C be a normalised well-formed constraint system. Let C1 and C2 be two
normalised well formed constraint systems such that C →∗ C1 and C →∗ C2. Let ax ∈ AX
such that {ax , i B u1} ∈ Φ1 and {ax , i B u2} ∈ Φ2. Let w ∈ F∗d , {ξ1, i1 B v1} ∈ Φ1

and {ξ2, i2 B v2} ∈ Φ2 such that path(ξ1) = path(ξ2) = w · ax , and u1ρ = u2 for some
variable renaming ρ from X 1 to X 1. We have that v1ρ = v2.

Proof. We prove the result by induction on |w|:

Base case |w| = 0: In such a case, we have that ξ1 = ξ2 = ax . Thus by item 1 of a
well-formed constraint system, we know that u1 = v1 and u2 = v2 and so the result
trivially holds.

Inductive step |w| > 0: Assume that w = f ·w′ and u1ρ = u2. By item 2 of a well-formed
constraint system, we know that there exists (ξ′1, i

′
1 B v′1) ∈ Φ1 and (ξ′2, i

′
2 B v′2) ∈ Φ2

such that path(ξ′1) = path(ξ′2) = w′ · ax . Thus by our inductive hypothesis, we know
that v′1ρ = v′2. Furthermore, by definition of the rule Dest (the only rule that can
add an element into the frame), we know that there exists a position p (actually for
our rewriting rules p = 1) such that v1 = v′1|p and v2 = v′2|p. Hence, we have that
v1ρ = (v′1|p)ρ = (v′1ρ)|p = v′2|p = v2.

Appendix C.3. Preservation of the invariants along the whole procedure

First, we consider the invariants that are satisfied at any step of the strategy. The
other ones are established in the next section.

Lemma 9. Let C be a well-formed constraint system satisfying InvVarConstraint(s). Let
Rule(p̃) be an instance of the rule Cons, or Axiom or Eq-ded-ded with support s′ ≤ s.
Let C1, C2 be the two constraint systems obtained by applying Rule(p̃) on C. We have
that for all i ∈ {1, 2}, Ci satisfies InvVarConstraint(s).

Proof. According to the definitions of the three rules, C2 only differs from C by an addi-
tional inequality on recipes. Thus, we trivially deduce that C2 satisfies InvVarConstraint(s).
We prove the result for C1 by case analysis on the rule applied:

Rule Cons(X, f): Since the support of the rule is s′, then there exists (X, s′ `? u) ∈
D(C). Moreover, C satisfies InvVarConstraint(s) hence u ∈ X 1. But D(C1) = D(C)σ \
{X, s′ `? uσ} ∪ {X1, s

′ `? x1σ; . . . ;Xn, s
′ `? xnσ} where σ = mgu(u=? f(x1, . . . , xn)) and
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x1, . . . , xn, X1, . . . , Xn are fresh variables. Since s′ ≤ s then C satisfies InvVarConstraint(s)
also implies that X ∈ S2. Thus, by definition of the rule Cons, X1, . . . , Xn ∈ S2.

Moreover, since u ∈ X 1, we deduce that σ = {u 7→ f(x1, . . . , xn)}. Hence for all
i ∈ {1, . . . , n}, xiσ = xi. Moreover, since C satisfies InvVarConstraint(s), we deduce that
for all (Y, j B y) ∈ D such that Y 6= X, yσ = y. Thus, thanks to x1, . . . , xn and
X1, . . . , Xn being fresh, the result holds.

Rule Axiom(X, path): Since the support of the rule is s′, then there exists (X, s′ `? u) ∈
D(C) and (ξ, j B v) ∈ Φ(C) with j ≤ s′. Moreover, C satisfies InvVarConstraint(s) hence,
we deduce u ∈ X 1. But D(C1) = D(C)σ \ {X, s′ `? uσ} where σ = mgu(u=? v). Thus
the first property is trivially satisfied.

Moreover, u ∈ X 1 implies that either (a) σ = {u 7→ v} or (b) v ∈ X 1 and σ = {v 7→
u}. In case (a), since C satisfies InvVarConstraint(s), we deduce that for all (Z, k `? z) ∈
D(C) and k ≤ s, if Z 6= X then (Z, k `? z) ∈ D(C1) hence the result holds. In case (b),
v ∈ X 1 implies, by the origination property, that there exists (Y, k `? v′) ∈ D(C) such
that k < j and v ∈ vars1(v′). But C satisfies InvVarConstraint(s) thus v = v′. Hence for
all (Z1, `1 `? z1) ∈ D(C1), if `1 ≤ s then either Z1 6= Y and so (Z1, `1 `? z1) ∈ D(C), or
Z1 = Y and v′ = u. By relying on C satisfying InvVarConstraint(s), the result holds.

Rule Eq-ded-ded(X, ξ): Proof similar to the rule Axiom.

Lemma 10. Let C be a well-formed constraint system satisfying InvUntouched(s). Let
Rule(p̃) be an instance of a rule with support s′ ≤ s. Let C1, C2 be the two constraint
systems obtained by applying Rule(p̃) on C. We have that for all i ∈ {1, 2}, Ci satisfies
InvUntouched(s).

Proof. The rule Dest is the only one that adds an element into the frame. But the
support of the rule being s′, Dest can only introduce frame element of the form (ζ, s′ B
w). Thus since s′ ≤ s, we deduce that for all (ξ, k B u) ∈ Φ(C1) (resp. Φ(C2)), if s < k
then ξ = axk. Similarly, the only rules that add elements in EΠ(C) are Cons, Axiom and
Eq-ded-ded. In case of Cons and Eq-ded-ded, the result trivially holds by definition
of the rules and the fact that s′ ≤ s. In case of application of the rule Axiom(X, path),
by definition, we know that there exists (X, s′ `? u) ∈ D(C) and (ξ, k B v) ∈ Φ(C) with
k ≤ s′. But since C is well-formed (Definition 18, item 3), we know that paramCmax(ξ) ≤ k
which implies that for all Y ∈ vars2(ξ), (Y, ``? w) ∈ D(C) implies that ` ≤ k. Hence
any new (in)equations in EΠ only contain variables Y such that paramC1max(Y ) ≤ s′ ≤ s.
Hence the result holds.

Lemma 11. Let C be a well-formed constraint system satisfying InvNoUse(s) (resp.
InvDest(s), InvVarFrame(s) and InvDedsub). Let Rule(p̃) be an instance of a rule differ-
ent from Dest, or the rule Dest with support s′ > s. Let C1, C2 be the two constraint
systems obtained by applying Rule(p̃) on C. We have that for all i ∈ {1, 2}, Ci satisfies
InvNoUse(s) (resp. InvDest(s), InvVarFrame(s) and InvDedsub).

Proof. We prove the different invariants by case analysis on the rule applied.

Rule Cons(X, f): The rule Cons only adds the inequation root(X) 6= f into EΠ(C2).
Thus, C2 trivially satisfies all the wanted invariants.

On the other hand, we have that Φ(C1) = Φ(C)θσ, NoUse(C1) = NoUse(C)θσ, ND(C1) =
ND(C)σ and D(C1) = D(C)σ\{X, i`? tσ} ∪ {X1, i`? x1σ; . . . ; Xn, i`? xnσ} where
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σ = mgu(t=? f(x1, . . . , xn)) and θ = mgu(X =? f(X1, . . . , Xn)). We now prove the differ-
ent invariants one by one.

Let (ξ, p B v) ∈ Φ(C1) such that p ≤ s. Since Φ(C1) = Φ(C)σ, there exists ξ′ and v′

such that (ξ′, p B v′) ∈ Φ(C), ξ′θ = ξ and v′σ = v:

• InvNoUse(s): Assume that v ∈ X 1. In such a case, v′σ = v implies v′ ∈ X 1. But C
satisfies InvNoUse(s) hence (ξ′, p B z) ∈ NoUse(C). With NoUse(C1) = NoUse(C)θσ,
we deduce that (ξ, p B v) ∈ NoUse(C1) thus the result holds.

• InvVarFrame(s): Let Y ∈ vars2(ξ). In such a case, ξ′θ = ξ implies that there exists
Y ′ ∈ vars2(ξ′) such that Y ∈ vars2(Y ′θ). But C satisfies InvVarFrame(s) implies
that there exists q < p and u ∈ T (Fc,N ∪ X 1) such that (Y ′, q `? u) ∈ D(C).
If Y ′ 6= X then Y ′ = Y and so (Y, q `? uσ) ∈ D(C1) thus the result holds. If
Y ′ = X then Y ∈ {X1, . . . , Xn} and s′ = q . But for all k ∈ {1, . . . , n}, we have
(Xk, s

′ `? xkσ) ∈ D(C1). With s′ = q < p then the result holds.

• InvDest(s): The result is direct from Φ(C1) = Φ(C)θσ, NoUse(C1) = NoUse(C)θσ,
ND(C1) = ND(C)σ and the fact that C satisfies the invariant InvDest(s).

• InvDedsub: Since C satisfies the invariant, then for all g ∈ Fc, (ξ′, p B v′) ∈
NoUse(C) implies that either (a) there exists Y1, . . . , Yk ∈ vars2(C) such that for all
i ∈ {1, . . . , k}, we have that paramCmax(Yimgu(EΠ(C))) ≤ smax and Cbg(Y1, . . . , Ym)
mgu(EΠ(C))cδ1(C) = v′, or else (b)

ND(C) � ∀x̃.v′ 6=? g(x1, . . . , xn) ∨ smax 6 `? x1 ∨ . . . ∨ smax 6 `? xk

where x1, . . . , xk are fresh variables.

In case (a), by Lemma 3 and since mgu(EΠ(C1)) = mgu(EΠ(C))θ, f(X1, . . . , Xn) =
Cbf(X1, . . . , Xn)c ∈ T (Fc,X 2), we deduce that Cbg(Y1, . . . , Yk)mgu(EΠ(C1))c =
Cbg(Y1, . . . , Yk)mgu(EΠ(C))cθ. But for all Z ∈ vars2(C), Zδ1(C)σ = Zθδ1(C1)
thus Cbg(Y1, . . . , Yk)mgu(EΠ(C1))cδ1(C1) = Cbg(Y1, . . . , Yk)mgu(EΠ(C))cδ1(C)σ =
v′σ = v. Hence the result holds.

In case (b), since ND(C1) = ND(C)σ then ND(C1) � ∀x̃.v 6=? g(x1, . . . , xn) ∨
smax 6 `?x1 ∨ . . . ∨ smax 6 `?xk. Hence the result holds.

Rule Dest(ξ, `→ r, s′) and s′ > s : Since the rule only adds a frame element (ζ, s′ B w)
for some ζ, w and applies a substitution on first order term, then the result holds by
relying on C verifying each invariant respectively.

All the other rules: The proofs of all the others rules are similar to the rule Cons. Note
that for the rule Ded-st(ξ, f), if C satisfies the invariant InvDedsub, then it implies
that the application of the rule Ded-st(ξ, f) was in fact useless hence according to the
strategy, such application could not have happen. Hence the result holds.

Lemma 12. LetM be a well-formed matrix of constraint systems satisfying InvMatrix(s).
Let Rule(p̃) be an instance of a rule different from Dest and Eq-frame-ded, or Dest
with support s′ > s, or Eq-frame-ded with support s′ > s. Let M1,M2 be the two
matrices of constraint systems obtained by applying Rule(p̃) on M (if Rule(p̃) is an
internal rule, only M1 exists). We have that for all i ∈ {1, 2}, Mi satisfies InvMatrix(s).
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Proof. Note that the invariant InvMatrix(s) mainly focuses on the path of the frames.
But thanks toM being well-formed we have that for all C ∈ T (Fc,N ), C is well-formed.
Hence by Definition 18, item 1, we know that the path of any frame element is closed.
Hence relying on Lemma 2, we trivially deduce that the result holds for the rule Cons,
Axiom, Eq-ded-ded, Eq-frame-frame and Ded-st. Hence it remains to prove that
the result holds for Eq-frame-ded with support s′ > s and Dest with support s′ > s.
But in both cases, the only possible modifications on the frames or on the sets NoUse only
occurs on frame elements with support stricly bigger than s. Hence the result holds.

Lemma 13. Let C be a well-formed constraint system. Let s ∈ N, if C satisfies InvDedsub
(resp. InvVarFrame(s), InvNoUse(s), InvDest(s) and InvVarConstraint(s)) then for all
s′ ≤ s, C satisfies InvDedsub (resp. InvVarFrame(s′), InvNoUse(s′), InvDest(s′) and
InvVarConstraint(s′)).

If C satisfies InvUntouched(s) then for all s′ ≥ s, C satisfies InvUntouched(s′).

Proof. Direct from the definition of the invariants.

Lemma 14. LetM be a well-formed constraint system satisfying InvGeneral. Let Rule(p̃)
be an instance of a rule different from Dest and Eq-frame-ded. Let M1,M2 be the
two matrices of constraint systems obtained by applying Rule(p̃) onM (if Rule(p̃) is an
internal rule, onlyM1 exists). We have that for all i ∈ {1, 2}, Mi satisfies the invariant
InvGeneral.

Let Rule(p̃) be an instance of the rule Dest or Eq-frame-ded. Let M′ be the
matrix of constraint systems obtained by applying Rule(p̃) on M. We have that M′
satisfies Properties 5, 6 and 7 of the invariant InvGeneral.

Proof. First of all, let us notice that when the rule Rule(p̃) is an internal rule then we
directly obtain from M satisfying InvGeneral that M1 satisfies Properties 5, 6 and 7.
Indeed, these invariants focuses on the variable from S2(C) for C a constraint system in
the matrix. But by definition of the internal rules, none of them involves variables from
S2(C). This allows us to prove the second part of the lemma. Hence, it remains to prove
the result for external rules and Properties 1, 2, 3 and 4 of InvGeneral for internal rules
other than Dest and Eq-frame-ded. Note that for rules that can be both external
and internal, it is sufficient to prove Properties 1, 2, 3 and 4 of InvGeneral in the external
case. Let us do a case analysis on the rule applied.

Rule Cons(X, f): Let us first start withM2. In such a case, we only added root(X) 6=? f
to all constraint systems of the matrix M to obtain M2. Hence, since M satisfies
InvGeneral then we directly obtain that Properties 5, 6 and 7 of InvGeneral are satisfied
by M2. Consider C2 be a constraint system of M2 and let C be the constraint system
from M from which C2 is obtained. Let (σ, θ) ∈ Sol(C2). Thanks to Lemma 5, we know
that (σ|vars1(C), θ|vars2(C)) ∈ Sol(C). Moreover, we know by the rule that Φ(C) = Φ(C2),
NoUse(C) = NoUse(C2), EΠ(C) = EΠ(C2) and vars2(C) = vars2(C2). Therefore, we
deduce that Properties 1,2,3 and 4 of InvGeneral are satisfied by M2 since InvGeneral is
satisfied by M.

Let us now focus on M1. Consider C1 a constraint system from M1 and let C be
the constraint system in M from which C1 is obtained. Let (σ, θ) ∈ Sol(C1). Thanks
to Lemma 5, we know that (σ|vars1(C), θ|vars2(C)) ∈ Sol(C). Moreover, we have Φ(C1)θ′σ′ =

76



Φ(C1), NoUse(C)θ′σ′ and mgu(EΠ(C1)) = mgu(EΠ(C))θ′ where θ′ = {X → f(X1, . . . , Xn)}
and σ′ = mgu(t, f(x1, . . . , xn)). Note that Φ(C1)θσ = Φ(C1)θ′σ′θσ = Φ(C)θσ.

Let (ξ, i B u) ∈ Φ(C1). We know that there exists ξ′, u′ such that (ξ′, i B u′) ∈ Φ(C)
and ξ = ξ′θ′, u = u′σ′, ξθ = ξ′θ and uσ = u′σ. Since M satisfies InvGeneral, we directly
then deduce that Properties 1 and 2 of Invariant InvGeneral. are satisfied by M1. Let
Y ∈ vars2(C1). We know that either Y ∈ {X1, . . . , Xn} or Y ∈ vars2(C). In the for-
mer case, we have that Ymgu(EΠ(C1)) = Y and so Property 3 of Invariant InvGeneral.
directly holds. In the latter case, we know that mgu(EΠ(C1)) = mgu(EΠ(C))θ′. More-
over, Cbf(X1, . . . , Xn)cΦ(C1) = f(X1, . . . , Xn). Therefore, thanks to C and C1 being well
formed (Property 1) and thanks to Lemma 3, we know that CbYmgu(EΠ(C1))cΦ(C1) =
CbYmgu(EΠ(C))cΦ(C)θ

′. Thus, since path(ξ) = path(ξ′), we have that if path(ξ) ∈
st(CbYmgu(EΠ(C1))cΦ(C1)), then path(ξ′) ∈ st(CbYmgu(EΠ(C))cΦ(C)) which would lead
to (ξ′, i B u′) 6∈ NoUse(C) which would allows us to deduce that (ξ, i B u) 6∈ NoUse(C1).

Assume now that (ξ, i B u) 6∈ NoUse(C1). Let ζ ∈ st(ξ). We know that ξ = ξ′θ′.
Hence either ζ ∈ {X1, . . . , Xn} or there exists ζ ′ ∈ st(ξ′) such that ζ ′θ′ = ζ. In the
former case, Property 4 directly holds since path(ζ) is not closed. In the latter case, if
there exists v, j such that (ζ, j B v) ∈ Φ(C1) then it implies that (ζ ′, j B v′) ∈ Φ(C) for
some v′ with v′σ′ = v. But M satisfies InvGeneral hence (ζ ′, j B v′) 6∈ NoUse(C) and so
(ζ, j B v) 6∈ NoUse(C1).

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C1, C′1 be
two constraint systems in the same column of M1. Let C, C′ the constraint systems
in M from which C1, C′1 are respectively obtained. In such a case, we already shown
above that mgu(EΠ(C1)) = mgu(EΠ(C))θ′ and mgu(EΠ(C′1)) = mgu(EΠ(C′))θ′ where
θ′ = {X → f(X1, . . . , Xn)}. Thanks to Lemma 3, we deduce that for all Y ∈ S2(C),
CbYmgu(EΠ(C1))cΦ(C1) = CbYmgu(EΠ(C))cΦ(C)θ

′ and CbYmgu(EΠ(C′1))cΦ(C′1) = CbY
mgu(EΠ(C′))cΦ(C′)θ

′. But since M satisfies Invariant InvGeneral, by Property 5, we
obtain CbYmgu(EΠ(C))cΦ(C) = CbYmgu(EΠ(C′))cΦ(C′) and so CbYmgu(EΠ(C1))cΦ(C1) =
CbYmgu(EΠ(C′1))cΦ(C′1). Lastly since S2(C1) = S2(C) ∪ {X1, . . . , Xn} and for all i ∈
{1, . . . , n}, CbXimgu(EΠ(C1))cΦ(C1) = Xi = CbXimgu(EΠ(C′1))cΦ(C′1), we deduce that
M1 satisfies Property 5 of Invariant InvGeneral. Properties 6 and 7 directly hold since
we do not add any disequalities in M1 compared to M. We conclude that M1 satisfies
Invariant InvGeneral.

Rule Axiom(X, path): Let us first start with M2. In such a case, for all C2 ∈ M2

different from ⊥, if C is the constraint systems in M from which C2 is obtain then the
rule added in C2 the disequality X 6=? ξ where (ξ, i B u) ∈ Φ(C) and path(ξ) = path.
In other words, for all C2, C′2, for all (ξ, i B u) ∈ Φ(C2), for all (ξ′, i′ B u′) ∈ Φ(C′2), if
path(ξ) = path(ξ′) = path then EΠ(C2) � X 6=? ξ and EΠ(C′2) � X 6=? ξ′. In combinaison
with the fact that M satisfies InvGeneral, we deduce that M2 satisfies Property 7 of
InvGeneral. Note that we also directly obtain from M satisfying InvGeneral that M2

satisfies Properties 5 and 6. Consider now C2 a constraint system in M2 and C a
constraint system in M from which C2 is obtained. Let (σ, θ) ∈ Sol(C2). Thanks to
Lemma 5, we know that (σ|vars1(C), θ|vars2(C)) ∈ Sol(C). Moreover, we know by the rule
that Φ(C) = Φ(C2), NoUse(C) = NoUse(C2), EΠ(C) = EΠ(C2) and vars2(C) = vars2(C2).
Therefore, we deduce that Properties 1,2,3 and 4 of InvGeneral are satisfied byM2 since
InvGeneral is satisfied by M.

Let us now focus on M1. Consider C1 a constraint system from M1 and let C be
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the constraint system in M from which C1 is obtained. Let (σ, θ) ∈ Sol(C1). Thanks to
Lemma 5, we know that (σ|vars1(C), θ|vars2(C)) ∈ Sol(C). Moreover, we have Φ(C1)θ′σ′ =
Φ(C1), NoUse(C)θ′σ′ and mgu(EΠ(C1)) = mgu(EΠ(C))θ′ where θ′ = {X → ξ}, (ξ, j B
v) ∈ Φ(C), path(ξ) = path, (X, i`? u) ∈ D(C) and σ′ = mgu(u, v). Note that X 6∈
vars2(ξ) and Φ(C1)θσ = Φ(C1)θ′σ′θσ = Φ(C)θσ.

Let (ζ, k B t) ∈ Φ(C1). We know that there exists ζ ′, t′ such that (ζ ′, k B t′) ∈
Φ(C) and ζ = ζ ′θ′, t = t′σ′, ζθ = ζ ′θ and tσ = t′σ. Since M satisfies InvGeneral,
we directly then deduce that Properties 1 and 2 of Invariant InvGeneral. are satis-
fied by M1. Let Y ∈ vars2(C1). We know that Y ∈ vars2(C) and mgu(EΠ(C1)) =
mgu(EΠ(C))θ′. Moreover, CbξcΦ(C1) = path. Therefore, thanks to C and C1 being well
formed (Property 1) and thanks to Lemma 3, we know that CbYmgu(EΠ(C1))cΦ(C1) =
CbYmgu(EΠ(C))cΦ(C){X → path}. Thus, since path(ζ) = path(ζ ′), we have that if
path(ζ) ∈ st(CbYmgu(EΠ(C1))cΦ(C1)), then either path(ζ ′) ∈ st(CbYmgu(EΠ(C))cΦ(C))
or path(ζ ′) = path(ξ). In the former case, we know by Property 3 of InvGeneral satisfied
by M that (ζ ′, k B t′) 6∈ NoUse(C) which would allows us to deduce that (ζ, k B t) 6∈
NoUse(C1). In the latter case, we know by the application conditions of the rule that
(ξ, i B v) 6∈ NoUse(C) and so (ξ, i B v) 6∈ NoUse(C1). This allows us to conclude thatM2

satisfies Property 3 of InvGeneral.
Assume now that (ζ, k B t) 6∈ NoUse(C1). Let β ∈ st(ζ) and `, w such that (β, ` B

w) ∈ Φ(C1). We know that ζ = ζ ′θ′. Hence either β ∈ st(ξ) or there exists β′ ∈ st(ζ ′)
such that β′θ′ = β. In the former case, since X 6∈ vars2(ξ), we deduce that there exists
w′ such that w′σ = w and (β, ` B w′) ∈ Φ(C). But we know that M satisfies InvGeneral.
Hence by Property 4, we obtain that (β, ` B w′) 6∈ NoUse(C) and so (β, ` B w) 6∈
NoUse(C1). In the latter case, if there exists w, ` such that (β, ` B w) ∈ Φ(C1) then it
implies that (β′, j B w′) ∈ Φ(C) for some w′ with w′σ′ = w. But M satisfies InvGeneral
hence (β′, j B w′) 6∈ NoUse(C) and so (β, j B w) 6∈ NoUse(C1). This allows us to conclude
that M2 satisfies Property 4.

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C1, C′1 be
two constraint systems in the same column of M1. Let C, C′ the constraint systems
in M from which C1, C′1 are respectively obtained. In such a case, we already shown
above that mgu(EΠ(C1)) = mgu(EΠ(C))θ1 and mgu(EΠ(C′1)) = mgu(EΠ(C′))θ2 where
θ1 = {X → ξ}, θ2 = {X → ξ′} and path(ξ) = path(ξ′) = path for some (ξ, i B v) ∈ Φ(C)
and (ξ′, i′ B v′) ∈ Φ(C′). Thanks to Lemma 3, we deduce that for all Y ∈ S2(C),
CbYmgu(EΠ(C1))cΦ(C1) = CbYmgu(EΠ(C))cΦ(C){X → path(ξ)} and CbYmgu(EΠ(C′1))cΦ(C′1) =
CbYmgu(EΠ(C′))cΦ(C′){X → path(ξ′)}. But since M satisfies Invariant InvGeneral,
by Property 5, we obtain that CbYmgu(EΠ(C))cΦ(C) = CbYmgu(EΠ(C′))cΦ(C′) and so
CbYmgu(EΠ(C1))cΦ(C1) = CbYmgu(EΠ(C′1))cΦ(C′1). This allows us to deduce that M1

satisfies Property 5 of Invariant InvGeneral. Properties 6 and 7 directly hold since we
do not add any disequalities in M1 compared to M. We conclude that M1 satisfies
Invariant InvGeneral.

Rule Eq-frame-frame(ξ1, ξ2): This rule only add an equality or disequality between
first-order terms. Hence the result directly hold since M satisfy InvGeneral and by ap-
plying Lemma 5.

Rule Eq-ded-ded(X, ξ): As before, we focus on the case where the rule is an external
rule. OnM2, we only added a disequality between first-order terms. Hence, by applying
Lemma 5 and sinceM satisfy InvGeneral, we directly obtain thatM2 satisfied InvGeneral.
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Let us now consider M1. Let C1 be a constraint system from M1 and let C be the
constraint system in M from which C1 is obtained. Let (σ, θ) ∈ Sol(C1). Thanks to
Lemma 5, we know that (σ|vars1(C), θ|vars2(C)) ∈ Sol(C). Moreover, we have Φ(C1)θ′σ′ =
Φ(C1), NoUse(C)θ′σ′ and mgu(EΠ(C1)) = mgu(EΠ(C))θ′ where θ′ = {X → ξ} and σ′ =
mgu(t, f(x1, . . . , xn)). Note that Φ(C1)θσ = Φ(C1)θ′σ′θσ = Φ(C)θσ and CbξcΦ(C) = ξ.

Let (ζ, k B t) ∈ Φ(C1). We know that there exists ζ ′, t′ such that (ζ ′, k B t′) ∈ Φ(C)
and ζ = ζ ′θ′, t = t′σ′, ζθ = ζ ′θ and uσ = u′σ. Since M satisfies InvGeneral, we
directly then deduce that Properties 1 and 2 of Invariant InvGeneral. are satisfied by
M1. Let Y ∈ vars2(C1). We know that Y ∈ vars2(C) and mgu(EΠ(C1)) = mgu(EΠ(C))θ′.
Moreover, CbξcΦ(C1) = ξ. Therefore, thanks to C and C1 being well formed (Property 1)
and thanks to Lemma 3, we know that CbYmgu(EΠ(C1))cΦ(C1) = CbYmgu(EΠ(C))cΦ(C)θ

′.
Thus, since path(ζ) = path(ζ ′), we have that if path(ζ) ∈ st(CbYmgu(EΠ(C1))cΦ(C1)),
then path(ζ ′) ∈ st(CbYmgu(EΠ(C))cΦ(C)) which would lead to (ζ ′, k B t′) 6∈ NoUse(C)
which would allows us to deduce that (ζ, k B t) 6∈ NoUse(C1).

Assume now that (ζ, k B t) 6∈ NoUse(C1). Let β ∈ st(ζ). We know that ζ = ζ ′θ′.
Hence either ζ ∈ st(ξ) or there exists β′ ∈ st(ζ ′) such that β′θ′ = β. In the former
case, Property 4 directly holds since ξ ∈ T (Fc,X 2). In the latter case, if there exists
w, ` such that (β, ` B w) ∈ Φ(C1) then it implies that (β′, ` B w′) ∈ Φ(C) for some
w′ with w′σ′ = w. But M satisfies InvGeneral hence (β′, ` B w′) 6∈ NoUse(C) and so
(β, ` B w) 6∈ NoUse(C1).

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C1, C′1 be two
constraint systems in the same column of M1. Let C, C′ the constraint systems in M
from which C1, C′1 are respectively obtained. In such a case, we already shown above that
mgu(EΠ(C1)) = mgu(EΠ(C))θ′ and mgu(EΠ(C′1)) = mgu(EΠ(C′))θ′ where θ′ = {X → ξ}.
Thanks to Lemma 3, we deduce that for all Y ∈ S2(C), CbYmgu(EΠ(C1))cΦ(C1) =
CbYmgu(EΠ(C))cΦ(C)θ

′ and CbYmgu(EΠ(C′1))cΦ(C′1) = CbYmgu(EΠ(C′))cΦ(C′)θ
′. But

sinceM satisfies Invariant InvGeneral, by Property 5, we obtain CbYmgu(EΠ(C))cΦ(C) =
CbYmgu(EΠ(C′))cΦ(C′) and so CbYmgu(EΠ(C1))cΦ(C1) = Cbmgu(EΠ(C′1))cΦ(C′1). Lastly
since S2(C1) = S2(C) we deduce that M1 satisfies Property 5 of Invariant InvGeneral.
Properties 6 and 7 directly hold since we do not add any disequalities in M1 compared
to M. We conclude that M1 satisfies Invariant InvGeneral.

Rule Ded-st(ξ, f): This rule preserves EΠ and only apply a first order substitution on Φ
and NoUse. Moreover, the recipe variables X1, . . . , Xn of the added constraints are fresh
and not external (i.e. not in S2(C1) for some C1 in M1). Hence, by applying Lemma 5,
we directly obtain from M satisfying InvGeneral that M1 satisfies InvGeneral.

Appendix C.4. Preservation of the invariants for Phase 1 (step by step)

In this subsection, we will establish invariants that are specific to Phase 1. Actually,
we have to define an invariant for each step and also an invariant for the link between
each step, i.e. we have to show that the invariant of the end of a step corresponds to the
invariant at the beginning of the next step.

Let (M0,M′0) be a pair of matrices of constraint systems. We say that a pair of
matrices of constraint systems (M1,M′1) is obtained from (M0,M′0) by applying Step i
of Phase j of the strategy with parameters s (and k), for some i ∈ {a, b, c, d, e}, j ∈ {1, 2}
if (M0,M′0) →∗ (M1,M′1) and the rules applied follow exactly the description of Step
i of Phase j with parameters s (and k) given in Section 4.
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Moreover, we will say that (M1,M′1) is obtained from (M0,M′0) at the end of Step
i of Phase j of the strategy with parameters s (and k) if (M0,M′0) →∗ (M1,M′1), the
rules applied follow exactly the description of Step i of Phase j with parameters s (and
k) given in Section 4 and no rule following the description of Step i of Phase j with
parameters s (and k) is applicable on (M1,M′1).

Invariant 9 (PP1(s)). We say that a pair of matrices of constraint systems (M,M′) sat-
isfies PP1(s) if M and M′ have the same structure, satisfy InvMatrix(s) and InvGeneral,
and for all constraint systems C inM orM′, C satisfies the invariants InvVarConstraint(s),
InvVarFrame(s), InvDest(s), InvNoUse(s) and InvUntouched(s).

Moreover, if s = smax then (M,M′) satisfies also InvDedsub.

Lemma 15. Let (M,M′) be a pair of row matrices of initial constraint systems having
the same structure. We have that (M,M′) satisfies PP1(0).

Proof. We start by proving thatM andM′ satisfy InvGeneral (Invariant 1). First of all,
item 5, 6 and 7 trivially hold since M and M′ are row matrices, i.e. there is only one
constraint system in each column ofM andM′. Furthermore, by definition of an initial
constraint system, we know that for all C different from ⊥, for all (ξ, i B u) ∈ Φ(C),
ξ = ax i. Hence item 1 is trivially true. Moreover, for all ξ′ ∈ Πr with root(ξ′) 6∈ Fc, if
path(ξ′) = path(ξθ) then path(ξθ) = path(ax iθ) = path(ax i) = ax i. Hence, path(ξ′) =
ax i implies ax i = ξ′ and so item 2 holds. Since ξ = ax i, then item 4 also holds. At last,
C is an initial constraint system also implies NoUse(C) = ∅. Hence item 3 holds.

The invariants InvMatrix(0), InvVarConstraint(0), InvVarFrame(0), InvDest(0), InvNoUse(0)
are trivially satisfied since their no deducible constraint (X, i`? u) or frame element
(ξ, i`? u) such that i ≤ 0.

It remains to prove that (M,M′) satisfies the invariant InvUntouched(0). We already
know that for all constraint systems C in M or M′. If C is different from ⊥ then for
all (ξ, i B u) ∈ Φ(C), ξ = ax i. Furthermore we know that EΠ(C) = >. At last, by
definition of an initial constraint system vars2(D(C)) ⊆ S2(C). Hence C satisfies the
invariant InvUntouched(0).

Appendix C.4.1. Invariants at Step a

We will show that the matrices satisfy the invariant PP1Sa(s). Moreover, at the end
of this step, the matrices satisfy additional properties useful for the next steps. These
properties are described in the invariant PP1SaE(s).

Invariant 10 (PP1Sa(s)). We say that a pair of matrices of constraint systems (M,M′)
satisfy PP1Sa(s) if M and M′ have the same structure, satisfy InvMatrix(s − 1) and
InvGeneral, and for all constraint system C in M or M′, if C 6=⊥ then

1. C satisfies invariants InvDest(s−1), InvVarFrame(s−1), InvNoUse(s−1), InvUntouched(s);
and

2. for all (ξ, s B u) ∈ Φ(C) with u ∈ X 1, there exists X ∈ S2(C) and ` < s such that
(X, ``? u) ∈ D(C); and

3. for all (ξ, s B u) ∈ Φ(C), either ξ ∈ AX or there exists X2, . . . , Xn ∈ X 2 r S2(C),
f ∈ Fd and (ξ′, p B v) ∈ Φ(C) such that ξ = f(ξ′, X2, . . . , Xn) and p ≤ s; and
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4. for all (X, i`? u) ∈ D(C), for all f ∈ Fc, for all (ξ, j B v) ∈ Φ(C), EΠ(C) 6� X 6=? ξ
and EΠ(C) 6� root(X) 6=? f; and

5. for all (X, i`? u) ∈ D(C), X ∈ S2(C) implies i = s and there exists a unique frame
element (g(ξ1, . . . , ξn), j B v) ∈ Φ(C) and k ∈ {2, . . . , n} such that j = s and
ξk = X

Lemma 16. Let (M,M′) be a pair of matrices of constraint systems that satisfies
PP1(s − 1). For all pair of matrices of constraint systems (M1,M′1) obtained during
Step a of the first phase on (M,M′) with support s, we have that (M1,M′1) satisfies
PP1Sa(s).

Proof. Let (M1,M′1) be a pair of matrices obtained during Step a of the first phase on
(M,M′). We show by induction on the size N of the branch yielding to (M1,M′1) that
(M1,M′1) satisfies the expected properties, and in addition we have that: for all C in
(M1,M′1),

6. for all x ∈ vars2({u | X, i`? u ∈ D(C) ∧ i < s}), if for all (X, i`? u) ∈ D(C), X ∈
S2(C) and i < s implies x 6= u, then for all u ∈ {v | (ξ, i B v) ∈ Φ(C) or (X, i`? v) ∈
D(C)}, for all position p, if u|p = x then there exists p′ such that p = p′ · 1 and
u|p′ = pk(x).

This property stated that when a variable is never a right hand term of a deducible
constraint, then this variable is always used under the constructor pk.

Base case N = 0: In such a case we have that (M1,M′1) = (M,M′). Hence, we
trivially have that M1 and M′1 satisfy InvMatrix(s − 1) and InvGeneral. Furthermore,
we also have that for all C in M1 and M′1, C satisfies the invariant InvVarFrame(s − 1)
and InvNoUse(s − 1). Furthermore, thanks to Lemma 13, we also have that C satisfies
InvUntouched(s). We now prove the other properties:

6. We know that C satisfies InvVarConstraint(s − 1) hence for all x ∈ vars2({u |
X, i`? u ∧ i < s}), there exists (X, i`? u) ∈ D(C) such that x = u and X ∈ S2(C).
Hence the property holds.

3. for all (ξ, s B x) ∈ Φ(C), thanks to the property of origination of a constraint
system, we know that there exists (X, ` B u) ∈ D(C) such that ` < s and x ∈
vars1(u). But C satisfies InvVarConstraint(s− 1) which means that u ∈ X 1 and so
x = u.

4. Since C satisfies InvUntouched(s − 1), we know that for all (ξ, s B u) ∈ Φ(C),
ξ = ax s ∈ AX .

5. Since C satisfies InvUntouched(s − 1), we know that for all (X, k `? u) ∈ D(C), if
k ≥ s then X 6∈ vars2(EΠ(C)). Hence for all f ∈ Fc, for all recipe ξ on a frame
element of Φ(C), we have that EΠ(C) 6� X 6=? ξ and EΠ(C) 6� root(X) 6=? f.

Inductive step N > 0: In such a case, there exists a pair (M2,M′2) such that (M2,M′2)
is the father of (M1,M′1). By our inductive hypothesis, we know that (M2,M′2) satisfies
the properties stated by the lemma. For all C in (M1,M′1), there exists a constraint
system C′ in (M2,M′2) such that C′ → C.
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1. We know thatM2 andM′2 satisfy InvMatrix(s−1),M2 →M1,M′2 →M1. Since
the rule applied are of support s, then thanks to Lemma 12 we have that M1 and
M′1 satisfy InvMatrix(s− 1).

Thanks to Lemma 14, we already know that Property 5 of InvGeneral is satisfied.
Thus, it remains to prove the others properties. Let (σ, θ) ∈ Sol(C) and let (ξ, i B
u) ∈ Φ(C). Thanks to Lemma 5, we know that there exists (σ′, θ′) ∈ Sol(C′) such
that θ′ = θ|vars2(C′) and σ′ = σ|vars1(C′) We do a case analysis on the rule applied

• Case Eq-frame-ded: In such a case, we have that EΠ(C′) = EΠ(C) and if Σ =
mgu(E(C)), we have that Φ(C) = Φ(C′)Σ and D(C) = D(C′)Σ. Hence we have
θ = θ′. Thus since, by hypothesis, C′ satisfies the Property 1 of InvGeneral, we
have param(ξθ′) ⊆ {ax 1, . . . , ax i} and so param(ξθ) ⊆ {ax 1, . . . , ax i}.
Let ξ′ ∈ Πr with root(ξ′) 6∈ Fc, path(ξ′) = path(ξθ) and ξ′(Φ(C)σ)↓ ∈
T (Fc,N ). Since θ = θ′, we have that path(ξ′) = path(ξθ′). Furthermore, σ′ =
σ|vars1(C′) implies that ξ′(Φ(C)σ)↓ = ξ′(Φ(C′)σ′)↓. Hence by hypothesis, since
C satisfies Property 2 of InvGeneral, we have param(ξ′) 6⊆ {ax 1, . . . , ax i−1}.

• Case Dest when the guess is negative: The proof is similar to the case
Eq-frame-ded.

• Case Dest: Otherwise, we have that EΠ(C′) = EΠ(C) and if Σ = mgu(E(C)),
we have that Φ(C) = Φ(C′)Σ∪{g(ζ,X2, . . . , Xn), s B w} and D(C) = D(C′)Σ∪
{Xi, s B vi}i=2..n where X2, . . . , X2 are fresh variables, (ζ, j B t) ∈ Φ(C) and
j ≤ s. Let’s denote ζ ′ = g(ζ,X2, . . . , Xn).

Since C′ satisfies InvGeneral, we already know that paramC
′

max(ζθ) ≤ j. Further-
more, by definition of (σ, θ) ∈ Sol(C), we have that paramCmax(Xkθ) ≤ s, for all
k = 2 . . . n. Hence we can conclude that param(ζ ′θ) ⊆ {ax 1, . . . , ax s}.
We now show that ax s ∈ st(ζ ′θ). If j = s, then we have that ax s ∈ st(ζθ)
since C′ satisfies InvGeneral. Thus we conclude that ax s ∈ st(ζ ′θ). Else
j < s. (σ′, θ′) ∈ Sol(C′) implies that σ′ � ND(C′). But we know that
C′ also satisfies InvDest(s − 1). Hence, j < s and σ′ � ND(C′) implies
that there exists no recipe (ξ2, . . . , ξn) ∈ Πr such that param(ξ2, . . . , ξn) ⊆
{ax 1, . . . , ax s−1} such that g(ζθ′, ξ2, . . . , ξn)(Φ(C′)σ′)↓ ∈ T (Fc,N ). But we
know that g(ζθ′, ξ2, . . . , ξn)(Φ(C′)σ′)↓ = g(ζθ, ξ2, . . . , ξn)(Φ(C)σ)↓. At last,
since (σ, θ) ∈ Sol(C) implies ζ ′θ(Φ(C)σ)↓ ∈ T (Fc,N ), we can conclude that
there exists k ∈ {2, . . . , n} such that ax s ∈ st(Xkθ) and so ax s ∈ st(ζ ′). Thus,
C satisfies Properties 1 and 2 of InvGeneral.

It remains to prove Property 3 and 4 of the invariant InvGeneral. Let X ∈ vars2(C)
such that path(ξ) ∈ st(CbXmgu(EΠ(C))cΦ). We know that the rule Eq-frame-ded
and Dest do not modify EΠ. Furthermore, all new recipe variables introduced
by the Dest are not instantiated during Step a. Hence if C′′ is the constraint
system in M or M′ such that C′′ →∗ C, then we have we have that path(ξ) ∈
st(CbXmgu(EΠ(C))cΦ) implies that X ∈ vars2(C′′) and path(ξ) ∈ st(CbXmgu(EΠ(
C′′))cΦ). Furthermore, since C′′ satisfies InvUntouched(s − 1), we can deduce that
i < s. Hence, by hypothesis on C′′, we have that (ξ, i B u′′) 6∈ NoUse(C′′) where
u′′mgu(E(C′′)) = u. At last, since during Step a with support s, Eq-frame-ded
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only add frame element of the form (ξ′, s B v) and i < s, we can conclude that
(ξ, i B u) 6∈ NoUse(C). Hence C satisfies Property 3 of InvGeneral.

Assume now that (ξ, i B u) 6∈ NoUse(C) and let ξ′ ∈ st(ξ) such that (ξ′, j B
v) ∈ Φ(C) ∩NoUse(C). Since Eq-frame-ded only add frame elements of the form
(ζ, s B w) and C′ satisfies Property 4 of InvGeneral, we can deduce that i = j = s.
Thus, the only way this case occur is if Dest was applied on a frame element which
belong to NoUse or if Eq-frame-ded was applied on (ξ′, j B v) after that Dest
was applied on it. But this case is impossible since it would imply that v ∈ X 1 and
we now by definition of Dest that u is a strict subterm of v. Hence we have that
(ξ′, j B v) 6∈ NoUse(C) and so C satisfies Property 4 of InvGeneral.

2. Since C′ is a constraint system in (M2,M′2), C′ satisfies InvVarFrame(s−1), InvNoUse(
s− 1) and InvUntouched(s). Thanks to Lemmas 10 and 11, we can deduce that C
satisfies InvVarFrame(s− 1), InvNoUse(s− 1) and InvUntouched(s).

6. Let x ∈ vars2({u | X, i`? u ∈ D(C) ∧ i < s}) such that for all (X, i`? u) ∈ D(C)
such that i < s and X ∈ S2(C), x 6= u. We know that C′ → C hence we do a case
analysis on the rule applied Dest or Eq-frame-ded:

Case Eq-frame-ded(X, ξ): We focus on the son which modifies the terms in the
constraint systems, i.e. when the equality guess is true. Since Eq-frame-ded(X, ξ)
is applicable then there exist i, u0, v0 such that (X, i`? u0) ∈ D(C′), X ∈ S2(C′)
and (ξ, s B v0) ∈ Φ(C′). Let σ = mgu(u, v). We know that Φ(C) = Φ(C′)σ and
D(C) = D(C′)σ. But x ∈ vars2({(u | X, i`? u) ∈ D(C) ∧ i < s}), thus it implies
that x 6∈ dom(σ) and so x′ ∈ vars2({(u | X, i`? u) ∈ D(C′)∧ i < s}). Furthermore,
it also implies that for all (X, i`? u) ∈ D(C′) such that i < s and X ∈ S2(C′),
x 6= u. Indeed, if there exists (X, i`? x) ∈ D(C′) then (X, i`? x) ∈ D(C) which is
a contradiction with our hypothesis.

Let t ∈ {v | (ξ, i B v) ∈ Φ(C) or (X, i B v) ∈ D(C)}, thus there exists t′ ∈ {v |
(ξ, i B v) ∈ Φ(C′) or (X, i B v) ∈ D(C′)} such that t′σ = t. Let p a position such
that t|p = x.

If x 6∈ img(σ), then we can deduce that t′|p = x. Hence, by our inductive hy-
pothesis, we have that there exists p′ such that p = p′ · 1 and t′|p′ = pk(x) and so
t′σ|p′ = pk(x).

If x ∈ img(σ), then x ∈ u0 or x ∈ v0. But by our inductive hypothesis we have
that for all p, if u0|p = x then there exists p′ such that p = p′ · 1 and u0|p′ = pk(x).
Hence by definition of the mgu, for all y ∈ dom(σ), x ∈ vars(yσ) implies that either
(a) x = yσ or (b) there for all p, if yσ|p = x then there exists p′ such that p = p′ · 1
and yσ|p′ = pk(x).

Case (a): In such a case, we have that for all (X, i`? u) ∈ D(C′) such that i < s
and X ∈ S2(C′), y 6= u. Indeed, if there exists (X, i`? y) ∈ D(C′) then (X, i`? x) ∈
D(C) which is a contradiction with our hypothesis. Hence, t|p = x implies that
t′|p = y or t′|p = x. If t′|p = x then the result holds similarly to the case x 6∈ img(σ).
If t′|p = y, we know by our inductive hypothesis that t′|p′ = pk(y) with p = p′ · 1
and so t′σ|p′ = pk(x). Hence the result holds.

Case (b): Otherwise, t|p = x implies that t′|p = x or there exists p′, p′′ such that
p = p′ · p′′ and t′|p′ = y and yσ|p′′ = x. But by hypothesis on y, there exists p′′′
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such that p′′ = p′′′ · 1 and yσ|p′′′ = pk(x), hence we have that t′σ|p′·p′′′ = pk(x).
Hence the result holds.

Case Dest(ξ, ` → r, s): Once again, we focus on the son which may instanti-
ate the terms in the constraint system, i.e. when the guess is positive. Since
Dest(ξ, ` → r, s) is applicable then there exists i ≤ s, u0 such that (ξ, i B u0) ∈
Φ(C′). First of all, we deduce u0 6∈ X 1. Indeed, if u0 ∈ X 1, then since C′ sat-
isfies the properties the lemma, we have that either (ξ, i B u0) ∈ NoUse(C′) if
i < s, or else there exists (X, j `? u0) ∈ D(C′). Thus we would have that the
rule Eq-frame-ded(X, ξ) would be applicable which contradict the strategy that
imposes that the rule Eq-frame-ded are prioritised over the rule Dest.

By definition of the rule Dest, we know that Φ(C′)σ ∪ {ξ′, s B wσ} = Φ(C)
and {(X, i`? u) ∈ D(C′) | X ∈ S2}σ = {(X, i`? u) ∈ D(C) | X ∈ S2} where
σ = mgu(u0, v1) and g(v1, . . . , vn)→ x1 is a fresh instance of `→ r.

But the definition of ` → r implies that v1 = f(x1, x2), for f ∈ {senc, 〈〉, sign}; or
v1 = aenc(x1, pk(x2)). Thus, since u0 6∈ X 1, then we have vars2(D(C′))∩dom(σ) =
∅ when f ∈ {senc, 〈〉, sign}. Hence the result holds. When v1 = aenc(x1, pk(x2)),
the only way to have vars2(D(C′)) ∩ dom(σ) 6= ∅ is if u0 = aenc(u1, y) with y ∈
vars2(D(C′)). But in such a case, it implies that we have that yσ = pk(x2). Thus
if x = x2 then x satisfies the properties since x2 6∈ vars1(C′) and yσ = pk(x2).

3. Let (ξ, s B x) ∈ Φ(C) with x ∈ X 1. Thanks to the additional property (item 6), we
know that if for all (X, i B v) ∈ D(C), X ∈ S2(C) and i < s implies v 6= x, then all
term in the frame, x are always used under the constructor pk. But it is not the
case for (ξ, s B x). Hence, we deduce that there exists (X, i`? v) ∈ D(C) such that
X ∈ S2(C),i < s and v = x.

4. The rule Eq-frame-ded and Dest do not modify EΠ(C′). Hence, we only have
to look at the new frame element that are added on the frame. But by definition
of Dest, the application of Dest(ξ, `→ r, s) implies the addition of a new element
(g(ξ,X2, . . . , Xn), s B w) where g ∈ Fd, X2, . . . Xn are fresh, and there exists i, u
such that (ξ, i B u) ∈ Φ(C). Hence the result holds.

5. Once again, the rule Eq-frame-ded and Dest no not modify EΠ(C′) hence
EΠ(C′) = EΠ(C). Hence, C′ satisfies item 4 of Invariant 10 implies that C sat-
isfies item 4 of Invariant 10.

Lemma 17. Let (M1,M′1) be a pair of matrices satisfying PP1(s− 1). We consider a
pair (M2,M′2) of matrices obtained from (M1,M′1) by applying Step a of Phase 1 of the
strategy with parameters s. Moreover, we assume that Dest and Eq-frame-ded have
been applied on each row as indicated in the strategy, and we consider a pair (M2,M′2)
obtained at the end of such a sequence. For all constraint system C, C′ in (M2,M′2),

1. for all (ξ, s B u) ∈ NoUse(C), there exists X ∈ S2(C) such that for all C′′ in M
or M′, if there exists (ξ′, s B u′) ∈ NoUse(C′′) such that path(ξ′) = path(ξ) then
CbXmgu(EΠ(C′′))cΦ(C′′)δ

1(C′′) = u′. Else, by denoting v′ = CbXmgu(EΠ(C′′))cΦ(C′′)

δ1(C′′), we have that E(C′′) � v′ 6=? u′.
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2. for all (ξ, i B u) ∈ Φ(C) r NoUse(C), for all (ξ′, i′ B u′) ∈ Φ(C′) r NoUse(C′),
if path(ξ) = path(ξ′) then Dest(ξ, ` → r, s) is applicable on C is equivalent to
Dest(ξ′, `→ r, s) is applicable on C′

Proof. The proof of this lemma follows the application of Dest and Eq-frame-ded in
sequence.

Invariant 11 (PP1SaE(s)). We say that a pair of matrices (M,M′) satisfies PP1SaE(s)
if M and M′ have the same structure, satisfy InvMatrix(s − 1) and InvGeneral, and
for each constraint system C in M or M′, if C 6=⊥ then C satisfies the invariants
InvVarFrame(s − 1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all
(X, i`? u) ∈ D(C),

• X 6∈ S2(C) implies that i = s.

• for all f ∈ Fc, for all ξ ∈ Πr, EΠ(C) 6� X 6=? ξ and EΠ(C) 6� root(X) 6=? f.

Lemma 18. Let (M,M′) be a pair of matrices satisfying PP1(s − 1). For any pair
of matrices (M1,M′1) obtained from (M,M′) at the end of Step a of Phase 1 of the
strategy with parameter s, we have that (M1,M′1) satisfies PP1SaE(s).

Proof. We know that each constraint system inM andM′ satisfies InvVarConstraint(s− 1).
Hence, for all C ∈ M (resp. M′), for all (X, i`? u) ∈ D(C), i ≤ s − 1 implies that
X ∈ S2(C). Moreover, C satisfies InvUntouched(s−1) which implies that if i > s−1 then
X ∈ S2(C). Thus we deduce that X ∈ S2(C). But during the step a of Phase 1, only the
rule Dest add new deducible constraint. Furthermore, Dest is applied with support s.
Hence, Dest can only add deducible constraint of the form Y, s`? v. Thus for all C, for
all (X, i`? u) ∈ D(C), if X 6∈ S2(C) then i = s.

Since (M,M′) satisfies PP1(s − 1), we already know that M and M′ satisfy the
invariant InvMatrix(s− 1). Furthermore, Lemma 16 also indicates that for all constraint
system C inM orM′, C satisfies the invariants InvGeneral, InvVarFrame(s−1), InvDest(s−
1), InvNoUse(s − 1) and InvUntouched(s). Hence it remains to prove that C satisfies
InvDest(s) and InvNoUse(s).

At the end of Step a, we know that the rules Dest and Eq-frame-ded are not
applicable on a constraint system in M or M′ for any parameter with support less or
equal to s.
Invariant InvNoUse(s): Let (ξ, p B v) ∈ Φ(C). If p < s then, thanks to InvNoUse(s− 1),
the result holds. Else assume that p = s and v ∈ X 1. But, thanks to Lemma 16,
we have that there exists (X, i`? u) ∈ D(C) such that u = v and i < s. Thus, since
Eq-frame-ded is not applicable on C, we have that either (ξ, p B v) ∈ NoUse(C) or
E(C) � u 6=? v. But u = v implies E(C) � u 6=? u which implies that C↓ = ⊥ by
normalisation, which is a contradiction with a fact that Φ(C). Thus we have that (ξ, p B
v) ∈ NoUse(C) and so C satisfies InvNoUse(s).

Invariant InvDest(s): Let (ξ, p B v) ∈ Φ(C), f ∈ Fd and (ξ, p B v) 6∈ NoUse(C) and p ≤ s.
We do a case analysis on p:

• Case p = s: In such a case, we only have to show that either (ξ′, s B v′) ∈ Φ(C)
for some ξ′ such that path(ξ′) = f · path(ξ); or else ND � ∀x̃, v 6= u1 ∨ s 6 `? u2 ∨
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. . . ∨ s6 `?un where f(u1, . . . , un) → w is a fresh renaming of a rewriting rule with
vars1(u1, . . . , un, w) = x̃.

But we know that Dest is not applicable on C for any parameter with support s.
Hence Dest(ξ, f(u1, . . . , un)→ w, s) is not applicable. But since ξ, f(u1, . . . , un)→
w and s are valid parameter for C, it implies that Dest(ξ, f(u1, . . . , un) → w, s)
was already applied and so the definition of the rule Dest in Figure 1 allows us to
conclude.

• Case p < s: We know that C satisfies InvDest(s− 1). Hence, we have to show that
if for every p ≤ k ≤ s − 1, ND � ∀x̃, v 6= u1 ∨ s − 1 6 `? u2 ∨ . . . ∨ s − 1 6 `? un
where f(u1, . . . , un) → w is a fresh rewriting rule with vars1(u1, . . . , un, w) = x̃,
then either (ξ′, s B v′) ∈ Φ(C) for some ξ′ such that path(ξ′) = f · path(ξ); or else
ND � ∀x̃, v 6= u1 ∨ s 6 `? u2 ∨ . . . ∨ s 6 `? un.

But once again, we know that Dest is not applicable on C for any parameter with
support s. Hence Dest(ξ, f(u1, . . . , un) → w, s) is not applicable. But since ξ,
f(u1, . . . , un)→ w and s are valid parameter for C, it implies that Dest(ξ, f(u1, . . . ,
un)→ w, s) was already applied and so the definition of the rule Dest in Figure 1
allows us to conclude.

Appendix C.4.2. Invariants at Step b

Given a pair of matrices (M,M′) such thatM (resp. M′) has n columns (resp. n′),
we say that the kth column of (M,M′) is either the kth column of M if k ≤ n; or else
the (k−n)th column ofM′ if k > n. If n+n′ < k then the kth column of (M,M′) is not
defined. Moreover, will assume from now on that m is the size of a frame of a constraint
system in M or M′.

Invariant 12 (PP1Sb(s, k)). We say that a pair of matrices of constraint systems
(M,M′) satisfy PP1Sb(s, k) if (M,M′) satisfies PP1SaE(s) and for all i ≤ k, for all
constraint systems C in the ith column of (M1,M′1), C also satisfies InvVarConstraint(s)
and InvVarFrame(s) (and InvDedsub when s = smax)

First, we trivially have the following result.

Lemma 19. Let (M,M′) be a pair of matrices satisfying PP1SaE(s). We have that
(M,M′) satisfies PP1Sb(s, 0).

Invariant 13 (PP1SbE(s, k)). A pair of matrices (M,M′) satisfies PP1SbE(s, k) if M
and M′ have the same structure, satisfy InvMatrix(s − 1) and InvGeneral, and for all
constraint systems C inM orM′, if C 6=⊥ then C satisfies the invariants InvVarFrame(s−
1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C
in the kth column of (M1,M′1), for all (X, i`? u) ∈ D(C),

• X 6∈ S2(C) implies u ∈ X 1 and i = s.

• for all f ∈ Fc, for all ξ ∈ Πr, EΠ(C) 6� X 6=? ξ and EΠ(C) 6� root(X) 6=? f.

• if s = smax then C satisfies InvDedsub.

At last, for all i ≤ k, for all constraint systems C in the ith column of (M1,M′1), C also
satisfies InvVarConstraint(s) and InvVarFrame(s) (and InvDedsub when s = smax).
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Lemma 20. Let (M,M′) be a pair of matrices satisfying PP1Sb(s, k). For all pair
(M1,M′1) obtained at the end of Step b of the first phase with support s and column k
on (M,M′), we have that (M1,M′1) satisfies PP1SbE(s, k).

Proof. During Step b of the first phase, the rule Dest and Eq-frame-ded are not
applied. Furthermore, the rules that are applied have a support less or equal to s.
Hence, thanks to Lemmas 14, 10, 11 and 12, we can deduce that M1 and M′1 satisfy
InvMatrix(s− 1), and for all C in M1 or M′1, C satisfies InvGeneral, InvVarFrame(s− 1),
InvNoUse(s), InvDest(s), InvDedsub (when s = smax) and InvUntouched(s).

At the end of Step b, we cannot applied the rule Ded-st. Hence for all (ξ, p B v) ∈
Φ(C), we know that Ded-st(ξ, f) is useless for any f ∈ Fc. However, the definition of
Ded-st(ξ, f) being useless for all ξ and path implies the invariant InvDedsub. Thus we
deduce that C satisfies the invariant InvDedsub.

Let (X, i`? u) ∈ D(C). Since (M1,M′1) is obtained at the end of step b, we know
that Cons(X, f) is not strongly applicable on C, for all f ∈ Fc. Hence it implies that
u ∈ X 1 and either (a) for all f ∈ Fc, EΠ(C) � root(X) 6=? f; or (b) for all f ∈ Fc,
EΠ(C) 6� root(X) 6=? f.

In case (a), since Axiom(X, ξ) is not strongly applicable on C, for all ξ, we deduce
that for all (ξ, j B v) ∈ Φ(C), if j ≤ i then EΠ(C) � X 6=? ξ. But C satisfies InvNoUse(s),
InvDest(s), i.e. the rule Dest(ξ, ` → r, s) is useless for all ξ and ` → r. Thus, by
Definition 11 of the normalisation, we would have that C↓ = ⊥ which is a contradiction
with the fact that D(C) 6= ∅. Hence this case is impossible.

In Case (b), the rule Axiom can only be applied during Step b if the strong application
conditions of the rule are satisfied. But since u ∈ X 1 and for all f ∈ Fc, EΠ(C) 6�
root(X) 6=? f, we deduce that the rule Axiom(X, path) was never applied during step b
for any path. Hence, we deduce that for all ξ, EΠ 6� X 6=? ξ. Hence the result holds.

At last, we know that the only rules that add deducible constraints during step b are
Cons and Ded-st. But Ded-st is only applied when i = s and it creates deducible
constraints of the form X, s`? u. On the other hand, thanks to Lemma 18, we know that
for all C in M or M′, for all (X, i`? u) ∈ D(C), if X 6∈ S2 then i = s. But, according to
Figure 1, by applying Cons(Y, f) for some f ∈ Fc and Y, i`? v, if Y ∈ S2 (resp. 6∈ S2)
then the rule Cons creates new deducible constraint of the form (Z, i`? w) where Z is
in S2 (resp. not in S2). Since for all C in M or M′, for all (X, i`? u) ∈ D(C), if X 6∈ S2

then i = s, we deduce that the index of any new deducible constraints created by Cons
whose recipe variables are not in S2 is necessary s. Thus the result holds.

Appendix C.4.3. Invariants at Step c

Before focusing on the invariants satisfied during the step c of Phase 1 of the strategy,
we need to prove the following lemma.

Lemma 21. Let C be a well-formed constraint system. For all (Y, p`? u) ∈ D, for all
x ∈ vars1(u), we have that there exists (X, q `? v) ∈ D such that x ∈ vars1(v), q ≤ p and
X ∈ S2.

Proof. Let C be a well-formed constraint system and C1, C2 the two constraint systems
obtained by application of the rule on C.
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For any rule, only disequations and non-deducibility constraint are added on C2. Thus,
we trivially have that D(C) = D(C2), Φ(C) = Φ(C2) and S2(C) = S2(C2). Therefore, we
can conclude that C2 satisfies the property.

We focus now C1. First of all, we prove that the application of a substitution preserves
the property. Let σ be a substitution such that dom(σ)∩ img(σ) = ∅. Let (Y, p`? uσ) ∈
D(Cσ), let x ∈ vars1(uσ).

• if x ∈ vars1(u), then by hypothesis, there exists (X, q `? v) ∈ D(C) such that
x ∈ vars1(v), q ≤ p and X ∈ S2(C). But dom(σ) ∩ img(σ) = ∅, which means that
x ∈ vars1(vσ). Since S2(C) = S2(Cσ), the result holds.

• if x 6∈ vars1(u), it means that x ∈ img(σ) and that there exists y ∈ vars1(u) such
that x ∈ vars1(yσ). Thus by hypothesis, we have that there exists (X, q `? v) ∈
D(C) such that y ∈ vars1(v), q ≤ p and X ∈ S2(C). Therefore, we have x ∈
vars1(vσ) which prove the result.

We prove the result by case analysis on the rule applied on a constraint system :

Rule Cons: The substitution σ = mgu(t=? f(x1, . . . , xn)) was applied on C, with x1, . . . , xn
fresh variables. Hence we know that Cσ satisfies the property. Let first assume that the
rule Cons was applied on (X, i`? t) such that X 6∈ S2(C). In such a case, we have
that S2(C) = S2(C1). On C1, the deducible constraints (Xk, i`? xkσ) are added, for all
j ∈ {1, . . . , n}. Since σ = mgu(t=? f(x1, . . . , xn)), we know that vars1(x1σ, . . . , xnσ) =
vars1(tσ). Thus for all x ∈ vars1(xkσ), there exists (Y, q `? vσ) ∈ D(C) such that
x ∈ vars1(v), q ≤ i and Y ∈ S2(Cσ) = S2(C1), which proves the result.

If we assume now that X ∈ S2(C), by application of the rule, we have S2(C1) = S2(C)∪
{X1, . . . Xn}. Thus for all (Y, p`? uσ) ∈ D(C1), for all x ∈ uσ, we know by hypothesis
that there exists (Z, q `? vσ) ∈ D(Cσ) such that x ∈ vars1(vσ), q ≤ p and Z ∈ S2(Cσ).
If Z 6= X then the result holds, else we know that σ = mgu(t=? f(x1, . . . , xn)) and
so vars1(x1σ, . . . , xnσ) = vars1(tσ). Therefore, there exists k ∈ {1 . . . n} such that
x ∈ vars1(xkσ), which also proves the result.

Rule Axiom(X, path): Assume that the rule is applied on (X, i`? u) ∈ D and (ξ, j B

v) ∈ Φ with path(ξ) = path. The substitution σ = mgu(u=? v) was applied on C thus
we know that Cσ satisfies the property. Furthermore, the deducible constraint X, i`? u
was removed from D(C) in C1. If X 6∈ S2(C1) then the result trivially holds. Else,
let (Y, p`? wσ) ∈ D(C1) such that Y 6∈ S2(C1). By hypothesis, we know that for all
x ∈ vars1(wσ), there exists (Z, q `? tσ) ∈ D(Cσ) such that x ∈ vars1(tσ), Z ∈ S2(Cσ)
and q ≤ p. If Z 6= X then the result holds, else x ∈ vars1(uσ) implies that x ∈ vars1(vσ)
since σ = mgu(u=? v). But the rule tells us that j ≤ i and so j ≤ p. Furthermore,
by Definition of a constraint system, we know that there exists (Z ′, k `? u′) ∈ D(C1)
such that x ∈ vars1(u′) and k < j. But (Z ′, k `? u′) ∈ D(Cσ) and so by hypothesis,
there exists (Y ′, k′ `? v′) ∈ D(Cσ) such that x ∈ vars1(v′), k′ ≤ k and Y ′ ∈ S2(Cσ).
Since k′ ≤ k < i then we have Y ′ 6= X which implies that (Y ′, k′ `? v′) ∈ D(C1) and
Y ′ ∈ S2(C1). Hence the result holds.

Rule Dest(ξ, `→ r, i): Assume that the rule is applied on (ξ, j B v) ∈ Φ(C) with

f(u1, . . . , un) → w a fresh variant of ` → r. The substitution σ = mgu(v=? u1) was
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applied on C thus we know that Cσ satisfies the property. Furthermore, only deducible
constraints (Xi, j `? uiσ) were added on C1 such that Xi 6∈ S2(C1), for all i ∈ {2, . . . , n}.
Since by definition of our rewriting rules, vars1(u2, . . . , un) ⊆ vars1(u1), we have for
all i ∈ {2 . . . n}, for all x ∈ vars1(uiσ), x ∈ vars1(vσ). Thus by Definition of a con-
straint system, we have that there exists (Z, k `? t) ∈ D(C1) such that x ∈ vars1(t),
k < jand so k < i. But k < i implies that (Z, k `? t) ∈ D(Cσ). Hence there exists
(Z ′, k′ `? t′) ∈ D(Cσ) such that Z ′ ∈ S2(Cσ), k′ ≤ k′ and x ∈ vars1(Cσ). But, it implies
that (Z, k′ `? t′) ∈ D(C1) and Z ′ ∈ S2(C1). Hence the result holds.

Rule Eq-frame-frame, Eq-frame-ded and Eq-ded-ded: For those rules, D(Cσ) =
D(C1) and S2(Cσ) = S2(C1) hence the result trivially holds.

Rule Ded-st(ξ, f): Assume that the rule is applied on (ξ, i B u). The substitution σ =

mgu(u=? f(x1, . . . , xn)) was applied on C with x1, . . . , xn fresh variables. Thus we know
that Cσ satisfies the property. Furthermore, only deducible constraints (Xi, smax `? xiσ)
were added on C1 such that Xi 6∈ S2(C1), for all i ∈ {1, . . . , n}. Since σ = mgu(u=? f(x1,
. . . , xn)), we have for all i ∈ {1 . . . n}, for all x ∈ vars1(xiσ), x ∈ vars1(uσ). Thus
by definition of a constraint system, we have that there exists (X, k `? t) ∈ D(C1) with
x ∈ vars1(t), t < i and so t < smax. But t < smax implies that (X, k `? t) ∈ D(Cσ) which
means that there exists (X ′, k′ `? t′) ∈ D(Cσ) with x ∈ vars1(t), X ′ ∈ S2(Cσ) and k′ ≤ k
and so k′ < smax. It implies that (X ′, k′,`? t′) ∈ D(C1) and X ′ ∈ S2(C1). Hence the
result holds.

Invariant 14 (PP1ScE(s, k)). We say that a pair of matrices (M,M′) satisfy PP1ScE(s, k)
ifM andM′ have the same structure, satisfy InvMatrix(s−1) and InvGeneral, and for all
constraint system C inM orM′, if C 6=⊥ then C satisfies the invariants InvVarFrame(s−
1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C
in the kth column of (M1,M′1), for all (X, i`? u) ∈ D(C), we have that:

• X 6∈ S2(C) implies u 6∈ X 1.

• for all f ∈ Fc, for all ξ ∈ Πr, EΠ 6� root(X) 6=? f and EΠ 6� X 6=? ξ

• if s = smax then C satisfies InvDedsub.

At last, for all i ≤ k, for all constraint systems C in the ith column of (M1,M′1), C also
satisfies InvVarConstraint(s), InvVarFrame(s) (and InvDedsub when s = smax).

Lemma 22. Let (M,M′) be a pair of matrices of constraint systems satisfying PP1SbE(s, k).
For all pair of matrices of constraint systems (M1,M′1) obtained at the end of Step c
of the first phase with support s and column k on (M,M′), we have that (M1,M′1)
satisfies PP1ScE(s, k).

Proof. Let (M0,M′0) be the pair of matrices of constraint systems, ancestor of (M,M′),
obtained at the end of step b. Thanks to Lemma 20, we know that (M0,M′0) satisfies
InvMatrix(s − 1). Furthermore, we know that for all constraint systems C in the kth

column of (M0,M′0), C satisfies InvGeneral, InvVarFrame(s− 1), InvNoUse(s), InvDest(s)
and InvUntouched(s). Hence thanks to Lemmas 10, 11, 12 and 14, we deduce, by a simple
induction on the size of the branch between (M0,M′0) and (M,M′), that (M,M′)
satisfes InvMatrix(s− 1) and for all constraint systems C in the kth column of (M,M′),
C satisfies InvGeneral, InvVarFrame(s− 1), InvNoUse(s), InvDest(s) and InvUntouched(s).
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It remains to prove that for all i ∈ {1, . . . , n}, for all (X, j `? u) ∈ D(Mi,k), if X 6∈
S2(C) then u 6∈ X 1. Let us denote C = Mi,k. Let (X, j `? u) ∈ D(C) such that X 6∈ S2(C)
and u ∈ X 1. Thus we have that X1(C) 6= ∅. Thanks to C being well-formed (Definition 18,
item 10) and Lemma 21, we know that there exists (Y, ``? v) ∈ D(C) such that Y ∈ S2(C),
` < j and u ∈ vars1(v).

Assume first that v ∈ X 1 and so u = v. Thanks to Lemma 20 and the fact that the
rules applied in step c do not add second order inequation in EΠ with a variable not in
S2, we deduce that for all f ∈ Fc, EΠ(C) 6� root(X) 6=? f. But if there exists f ∈ Fc such
that EΠ(C) � root(Y ) 6=? f, then it would implies that either a rule Axiom or Cons would
be applicable on (Y, ``? v); or else C = ⊥ by normalisation. Hence, we have that for all
f ∈ Fc, EΠ(C) 6� root(Y ) 6=? f. Therefore we have that Eq-ded-ded(X,Y ) is applicable
which contradicts the fact that (M,M′) was obtained at the end of step c.

Similarly, if v 6∈ X 1, it implies that either C = ⊥ by normalisation or that a rule
Axiom or Cons would be applicable on (Y, ``? v), which contradicts our hypothesis.

Thus we deduce that for all i ∈ {1, . . . , n}, for all (X, j `? u) ∈ D(Mi,k), if X 6∈ S2

then u 6∈ X 1.

Appendix C.4.4. Invariants at Steps b/c (end of a cycle)

In the previous two subsections, we have shown some properties satisfied by the pairs
of matrices at the end of Step b (resp. Step c). However, at the end of a cycle Steps b/c,
we can prove additional properties.

Invariant 15 (PP1SbcE(s, k)). A pair of matrices (M,M′) satisfies PP1SbcE(s, k) if
M and M′ have the same structure, satisfy InvMatrix(s− 1) and InvGeneral, and for all
constraint systems C inM orM′, if C 6=⊥ then C satisfies the invariants InvVarFrame(s−
1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C
in the kth column of (M1,M′1), for all (X, i`? u) ∈ D(C), we have that:

• X ∈ S2(C)

• for all f ∈ Fc, for all ξ ∈ Πr, EΠ 6� root(X) 6=? f and EΠ 6� X 6=? ξ

• if s = smax then C satisfies InvDedsub.

At last, for all i ≤ k, for all constraint systems C in the ith column of (M1,M1), C also
satisfies InvVarConstraint(s) and InvVarFrame(s) (and InvDedsub when smax = s).

Lemma 23. Let (M,M′) be a pair of matricessatisfying PP1Sb(s, k). For all pair of
matrices of constraint systems (M1,M′1) obtained at the end of a cycle Steps b/c with
support s and column k on (M,M′), we have that (M1,M′1) satisfies PP1SbcE(s, k).

Proof. (M,M′) being obtained at the end of a cycle Steps b/c, we know that (M,M′)
is also obtained at the end of step c. Hence thanks to Lemma 22, we know that (M,M′)
satisfies InvMatrix(s− 1) and for all constraint system C in the kth of (M,M′), we have
that C satisfies the invariants InvGeneral, InvVarFrame(s−1), InvNoUse(s), InvDest(s) and
InvUntouched(s). Hence it remains to prove that for all (X, i`? u) ∈ D(C), X ∈ S2(C).

Assume that there exists (X, i`? u) ∈ D(C) such that X 6∈ S2(C). Thus, thanks to
Lemma 22, we have that u 6∈ X 1. But thanks to Lemma 20, we know that if no rule of
step b is applicable than it would imply that u ∈ X 1 which is a contradiction. Hence
a rule of step b is applicable on (M,M′) which contradicts the fact that (M,M′) is
obtained at the end of a cycle of Steps b/c. Hence we have that X ∈ S2(C).
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Appendix C.4.5. Invariants at Step d

Lemma 24. Let (M,M′) be a pair of matrices satisfying PP1SbcE(s, k). For all pair
of matrices (M1,M′1) obtained at the end of the Step d of the first phase with support s
and column k on (M,M′), we have that (M1,M′1) satisfies PP1Sb(s, k + 1).

Proof. Let (M1,M′1) be the pair of matrices, ancestor of (M,M′), obtained at the
end of the cycle b/c. Thanks to Lemma 22, we already know that (M1,M′1) satis-
fies InvMatrix(s − 1) and InvGeneral. Furthermore, for all constraint systems C in the
kth column on (M1,M′1), we have that C satisfies the invariants InvVarFrame(s − 1),
InvNoUse(s), InvDest(s) and InvUntouched(s). But thanks to Lemmas 14, 12, 11, 10
and 9, we have that (M,M′) satisfies InvMatrix(s − 1) and InvGeneral. Furthermore,
for all constraint systems C in the kth column on (M,M′), we have that C satisfies the
invariants InvVarFrame(s− 1), InvNoUse(s), InvDest(s) and InvUntouched(s).

Using a similar proof as in Lemma 20, we also show that C satisfies InvVarConstraint(s)
and for all (X, i B x) ∈ D(C), for all (ξ, j B u) ∈ Φ(C), for all f ∈ Fc, EΠ 6� root(X) 6=? f
and EΠ 6� X 6=? ξ.

Hence it remains to prove that C satisfies the invariant InvVarFrame(s). Let (ξ, s B
v) ∈ Φ(C) and Z ∈ vars2(ξ). Thanks to C being well-formed, we know that there exists
j ≤ s and a term u such that (Z, j `? u) ∈ D(C). Furthermore, for all x ∈ vars1(u),
there exists (ζ, k B w) ∈ Φ such that k ≤ s and x ∈ vars1(w). But since C satisfies
InvVarConstraint(s), we know that u ∈ X 1 and so x = u. But by the property of
origination of a constraint system, we deduce that there exists (X, q `? t) ∈ D with
q < k ≤ s and u ∈ vars1(t). Once again since C satisfies InvVarConstraint(s), we deduce
that t = u. Moreover, the invariant InvVarConstraint(s) stipulates that all right hand
term of the deducible constraints with index inferior to s are distinct. Hence, we deduce
that (X, q `? t) and (Z, j `? u) are the same constraint and so q = j. But we proved that
q < k and k ≤ s which means that j < s and so the result holds.

Appendix C.4.6. Invariant at Step e

Lemma 25. Let (M,M′) be a pair of matrices obtained by following the strategy. As-
sume that M and M′ satisfy the invariant InvGeneral. Let C and C′ be two constraint
systems occurring in the same column ofM. Assume that C and C′ satisfy the invariants
InvVarConstraint(s) and InvUntouched(s) for some s. We have that there exists a variable
renaming ρ : X 1 r S1(C)→ X 1 r S1(C′) such that:

1. mgu(E(C))|S1(C)ρ = mgu(E(C′))|S1(C′), and D(C)ρ = D(C′);

2. {(uρ, u′) | (ξ, i B u) ∈ Φ ∧ (ξ′, i′ B u′) ∈ Φ′ ∧ path(ξ) = path(ξ′)} ⊆ {(u, u) | u ∈
T (Fc,N ∪ X 1)}.

Proof. First, we define the renaming ρ, and then we show that the two properties are
satisfied.

Definition of the renaming ρ. By Lemma 1, we know that the matricesM andM′ have
the same structure, and so the systems C and C′ have the same shape. Hence, we have:

• S2(C) = S2(C′), and

• {(X, i) | X, i`? u ∈ D(C) and X ∈ S2(C)} = {(X, i) | X, i`? u ∈ D(C′) and X ∈
S2(C′)}.
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Since the system C satisfies the invariants InvVarConstraint(s) and InvUntouched(s), we
have that X ∈ S2(C) for each (X, i`? u) ∈ D(C), and similarly, we have that X ∈ S2(C′)
for each (X, i`? u) ∈ D(C′). This allows us to conclude that {(X, i) | X, i`? u ∈ D(C)} =
{(X, i) | X, i`? u ∈ D(C′)}.
Actually, the invariant InvVarConstraint(s) also tells us that:

• for all (X, i`? u) ∈ D(C) such that i ≤ s, we have that u is a variable (distinct of
the ones introduced by the other constraints); and

• for all (X, i`? u) ∈ D(C′) such that i ≤ s, we have that u is a variable (distinct of
the ones introduced by the other constraints).

Hence, this allows us to define a renaming ρ such that dom(ρ) = {x | (X, i`? x) ∈
D(C) ∧ i ≤ s}, and ρ(x) = Xδ1(C′) where (X, i`? x) ∈ D(C).

Property 1. With such renaming, we trivially have that D(C)ρ = D(C′) but only for the
deducibility constraints (X, i B u) with i ≤ s. Hence, we still have to prove this result
for i > s. Since the systems C and C′ occur on the same column of the matrix M, there
exists an initial constraint system C0 that is an ancestor of C and C′. Moreover, we know
that C and C′ satisfy the invariant InvUntouched(s). Hence, we deduce that:

• for all (X, i`? u) ∈ D(C) such that i > s, we have that X ∈ vars2(D(C0)); and

• for all (X, i`? u′) ∈ D(C′) such that i > s, we have that X ∈ vars2(D(C0)).

Let σ = mgu(E(C)) and σ′ = mgu(E(C′)). Since C and C′ are normalised, for i > s, we
deduce that (X, i`? u) ∈ D(C), (X, i`? u′) ∈ D(C′), and (X, i`? u0) ∈ D(C0) imply that

u = u0σ and u′ = u0σ
′. Let S1

def
= S1(C) = S1(C′) = S1(C0). Hence, to conclude the

proof of D(C)ρ = D(C′), it remains to show that σ|S1
ρ = σ′|S1

.
By definition of an initial constraint system, we know that for all x ∈ S1, there

exists (X, k `? u) ∈ D(C0) such that x ∈ vars1(u) and X ∈ S2(C0). Since C and C′
satisfy the invariant InvUntouched(s), we have that no rule was applied with support
strictly superior to s, and we deduce that for all (Y, j `? v) ∈ D(C0), for all y ∈ vars1(v),
L1
C0(y) > s implies that y 6∈ dom(σ) and y 6∈ dom(σ′). Hence, we only focus on variable

x ∈ S1 such that there exists (X, k `? u) ∈ D(C0, x ∈ vars1(u) and k ≤ s. We prove by
induction on k ≤ s that Xδ1(C0)σρ = Xδ1(C0)σ′.

Base case k = 0. There is no constraint X, k `? u with k = 0. Hence, the result trivially
holds.

Inductive step k > 0. Let (X, k `? u) ∈ D(C0). By Lemma 6, we know that:{
uσ = CbXcΦ0δ

1(C0)σ = CbXΘcΦδ1(C) and paramCmax(XΘ) ≤ k
uσ′ = CbXcΦ0δ

1(C0)σ′ = CbXΘ′cΦ′δ1(C′) and paramC
′

max(XΘ′) ≤ k

where Θ = mgu(EΠ(C)) and Θ′ = mgu(EΠ(C′)).
However, X ∈ S2(C0) implies that X ∈ S2(C) = S2(C′) and so thanks toM satisfying

the invariant InvGeneral (item 5), we deduce that CbXΘcΦ = CbXΘ′cΦ′ . Furthermore,
for all i ≤ k, for all w · ax i ∈ st(CbXΘcΦ), we know that there exists u0 such that
(ax i, i B u0) ∈ Φ(C0). Thus by Lemma 7, (ax i, i B u0σ) ∈ Φ and (ax i, i B u0σ

′) ∈ Φ′.
But by definition of a constraint system, for all y ∈ vars1(u0), there exists (Y, ``? v) ∈
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D(C0) such that ` < k and y ∈ vars1(v). By our inductive hypothesis, we know that
vσρ = vσ′ which implies that yσρ = yσ′ and so we can deduce that u0σρ = u0σ

′.
But thanks to the definition of a context, for all w, w · ax i ∈ st(CbXΘcΦ) =

st(CbXΘcΦ′) implies that there exists (ξ, j B v) ∈ Φ and (ξ′, j′ B v′) ∈ Φ′ such that
path(ξ) = path(ξ′) = w · ax i. Since ax iδ

1(C)ρ = u0σρ = u0σ
′ = ax iδ

1(C′), then thanks
to Lemma 8, we can deduce that vρ = v′ and so (w · ax i)δ

1(C)ρ = (w · ax i)δ
1(C′).

At last, since paramCmax(XΘ) ≤ k and paramC
′

max(XΘ′) ≤ k, then for all (w · ax i) ∈
st(CbXΘcΦ), we have i ≤ k. The same holds for (w · ax i) ∈ st(CbXΘ′cΦ′). Hence,
since we proved that for all w, for all i ≤ k, (w · ax i)δ

1(C)ρ = (w · ax i)δ
1(C′), since

CbXΘcΦ = CbXΘ′cΦ′ , and since for all (X, i`? x) ∈ D(C), for all (X, i`? x′) ∈ D(C′),
i ≤ s implies xρ = x′, then we can deduce that CbXΘcΦδ1(C)ρ = CbXΘ′cΦδ1(C′). Thus
we conclude that Xδ1(C0)σρ = uσρ = uσ′ = Xδ1(C0)σ′.

Property 2. Let (ξ, i B u) ∈ Φ and (ξ′, i′ B u′) ∈ Φ′ such that path(ξ) = path(ξ′) = w·axk.
Since the constraint systems C and C′ are well-formed, there exist (axk, k B v) ∈ Φ
and (axk, k B v′) ∈ Φ′. Thanks to Lemma 7, we know that there exits v0 such that
(axk, k B v0) ∈ Φ0 with v0σ = v and v0σ

′ = v′. Since σ|S1
ρ = σ′|S1

, we deduce that

v0σρ = v0σ
′ and so vρ = v′.

Lemma 26. Let (M,M′) be a pair of matrices satisfying PP1(s). For all pair of matrices
of constraint systems (M1,M′1) obtained by applying all the steps of Phase 1 of the
strategy with support s, we have that (M1,M′1) satisfies PP1(s+ 1).

Proof. The step e of the strategy consists of transforming some of the constraint sys-
tems into ⊥. Moreover, Step e is applied only once step d was applied on all columns
of (M,M′). Thus, thanks to Lemma 24, we can already deduce that M and M′ sat-
isfy InvGeneral and for all constraint systems C in (M,M′), C satisfies the invariants
InvVarConstraint(s), InvVarFrame(s), InvNoUse(s), InvDest(s), InvUntouched(s), and for
all (X, i B x) ∈ D(C), for all (ξ, j B u) ∈ Φ(C), for all f ∈ Fc, EΠ 6� root(X) 6=? f and
EΠ 6� X 6=? ξ.

Similarly, we have that (M,M′) satisfies the invariant InvGeneral and InvMatrix(s−1).
Thus it remains to prove that (M,M′) satisfies the invariant InvMatrix(s). But by the
definition of the transformation in Step e, we can deduce that for all C, for all C′ in the
same column of (M,M′), we have that:

{path(ξ), i | (ξ, i B u) ∈ Φ(C) ∧ i ≤ s} = {path(ξ), i | (ξ, i B u) ∈ Φ(C′) ∧ i ≤ s}.

At last, let (M1,M′1) be the matrices that are ancestors of (M,M′) obtained at the
end of Step a of Phase 1 with support s. Let C be a constraint system in (M,M′) such
that (ξ, s B u) ∈ NoUse(C). Let C′ be a constraint system in (M,M′) in the column on
C. We proved that there exists (ξ′, s B u′) ∈ Φ(C′) such that path(ξ′) = path(ξ). Assume
that (ξ′, s B u′) 6∈ Φ(C′). Since the frame is not modify during step b− c− d, other than
applying substitution, we can deduce that there exists C1, C′1 in (M1,M′1), ξ1, ξ

′
1 ∈ Πr,

u1, u
′
1 ∈ T (Fc,N ∪ X 1) such that C1 →∗ C, C′1 →∗ C′, (ξ1, s B u1) ∈ NoUse(C1),

(ξ′1, s B u
′
1) ∈ Φ(C′1) r NoUse(C′1) and path(ξ1) = path(ξ′1)

Thanks to Lemma 17, there existsX ∈ S2(C1) such that CbXmgu(EΠ(C1))cΦ(C1)δ
1(C1)

= u1 and either (a) (ξ′1, s B u
′
1) ∈ NoUse(C′′) and CbXmgu(EΠ(C′1))cΦ(C′1)δ

1(C′1) = u′1. Or

else, (b) by denoting v′1 = CbXmgu(EΠ(C′1))cΦ(C′1)δ
1(C′1), we have that E(C′1) � v′1 6=

? u′1.
We show that case (b) can not happen.
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Let’s denote σ = mgu(E(C)), σ′ = mgu(E(C′)), θ = mgu(EΠ(C)) and θ′ = mgu(EΠ(C′)).
Thanks to Lemma 6, we deduce that v′1σ

′ = CbXθ′cΦ(C′)δ
1(C′) and u1σ = CbXθ′cΦ(C)δ

1(C).
However, since X ∈ S2(C1) and (M,M′) have the same structure, we deduce that
X ∈ S2(C) and X ∈ S2(C′). But (M,M′) satisfies the invariant InvGeneral, hence
thanks to item 5 of invariant InvGeneral, we have that CbXθ′cΦ(C′) = CbXθcΦ(C).

On the other hand, since C and C′ satisfies InvVarConstraint(s) and InvUntouched(s),
then by Lemma 25, we have that there exists a variable renaming ρ : X 1 r S1(C) →
X 1 r S1(C′) such that:

1. mgu(E(C))|S1(C)ρ = mgu(E(C′))|S1(C′), and D(C)ρ = D(C′);

2. {(uρ, u′) | (ξ, i B u) ∈ Φ ∧ (ξ′, i′ B u′) ∈ Φ′ ∧ path(ξ) = path(ξ′)} is include in
{(u, u) | u ∈ T (Fc,N ∪ X 1)};

Thus we have that δ1(C)ρ = δ1(C′) and so v′1σ
′ = CbXθ′cΦ(C′)δ

1(C′) = CbXθcΦ(C)δ
1(C)ρ =

u1σρ = uρ = u′ = u′1σ
′. Hence, we have that v′1σ

′ = u′1σ
′. However, we assume that

E(C′1) � v′1 6=
? u′1 which implies that E(C′) � v′1σ′ 6=

? u′1σ
′. But v′1σ

′ = u′1σ
′ and by the

normalisation, we would have that C′ = ⊥ which is a contradiction with our hypothesis.
Hence, we proved that only case (a) can happen which implies that (ξ, s B u) ∈ NoUse(C)
implies (ξ′, s B u′) ∈ NoUse(C′). It allows us to conclude that {path(ξ), i | (ξ, i B u) ∈
NoUse(C) ∧ i ≤ s} = {path(ξ), i | (ξ, i B u) ∈ NoUse(C′) ∧ i ≤ s}.

Appendix C.4.7. Invariant at the end of Phase 1

In this subsection, we describe the properties satisfied at the end of Phase 1.

Invariant 16 (PP1E). A pair of matrices (M,M′) satisfies PP1E if (M,M′) satisfies
PP1(smax) and for all constraint system C in M or M′, C also satisfies InvDedsub.

Lemma 27. Let (M,M′) be a pair of row matrices of initial constraint systems having
the same structure. For all (M′1,M′1) obtained at the end of Phase 1 from (M,M′), we
have that (M,M′) satisfies PP1E. Moreover, for all (M2,M′2) such that (M,M′) →∗
(M2,M′2)→∗ (M′1,M′1),

• if (M2,M′2) is obtained from Step a with support s then (M2,M′2) satisfies PP1Sa(s);

• if (M2,M′2) is obtained at the end of Step a with support s then (M2,M′2) satisfies
PP1SaE(s);

• if (M2,M′2) is obtained at the end Step b with support s and column k then
(M2,M′2) satisfies PP1SbE(s, k);

• if (M2,M′2) is obtained at the end Step c with support s and column k then
(M2,M′2) satisfies PP1ScE(s, k);

• if (M2,M′2) is obtained at the end of the cycle of steps b + c with support s and
column k then (M2,M′2) satisfies PP1SbcE(s, k);

• if (M2,M′2) is obtained at the end of Step d with support s and column k then
(M2,M′2) satisfies PP1Sb(s, k + 1) and PP1SbE(s, j) for all j ≤ k.

Proof. This proof relies on all the previous lemmas and can be etablished by induction
on the parameters s and k.
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Lemma 28. Let (M,M′) be a pair of row matrices of initial constraint systems having
the same structure. Let (M1,M′1) be a pair of matrices of constraint systems obtained
by following the strategy on (M,M′). We have that (M1,M′1) satisfies InvGeneral.

Proof. We rely on Lemma 27 to prove that if (M1,M′1) is obtained from Step a with
support s, s ∈ N, then (M1,M′1) satisfies PP1Sa(s) and so InvGeneral. For any other
step and phase, we rely on Lemma 14 to conclude.

Appendix C.5. Preservation of the invariants for Phase 2 (step by step)

This phase is made of 2 steps that we consider separately.

Appendix C.5.1. Invariant at Step a

Lemma 29. Let (M,M′) be a pair of matrices obtained at the end of Step a. For all
constraint systems C in (M,M′), we have that vars1(E(C)) does not contain variable
that are universally quantified.

Proof. Thanks to the normalisation, we know that for all constraint systems C in M,
the disjunctions of inequations in E(C) are of the form ∀ỹ.

∨
i xi 6=

? ui where ỹ is a set
of universal variable and xi are not universal for any i. Furthermore, thanks to the
normalisation, xi 6∈ ỹ, for all i and for all y ∈ ỹ, there exists i such that y ∈ vars1(ui)
. Let xi 6=? ui and y ∈ vars1(ui) ∩ ỹ. Since xi is not a universal variable, there exists
(X, j `? xi) ∈ D(C). But we assumed that the rules Cons and Axiom are no longer
applicable. Thus, we deduce that for all f ∈ Fc, EΠ(C) � root(X) 6=? f and for all
(ξ, k `? u) ∈ Φ(C), EΠ(C) � X 6=? ξ. Moreover, we know that C satisfies the invariant
InvDest(∞) hence by the definition of the normalisation, we should have C = ⊥ which is
a contradiction with our hypothesis on C. Hence vars1(ui)∩ ỹ = ∅ for all xi 6=? ui. Hence
by normalisation, we deduce that E(C) do not contain universal variable.

Appendix C.5.2. Invariant at Step b

Remember that the measure L1
C(u) is defined as follows:

L1
C(u) = max

(
{i | (X, i`? x) ∈ D(C) ∧ x ∈ vars(u)} ∪ {0}

)
.

Lemma 30. Let (M,M′) be a pair of matrices obtained at the end of Step b. For
any constraint system C in M (resp. M′), for any disjunction

∨n
i=1 ui 6=

? vi occurring

in E(C), i.e. such that E(C) = E ∧
∨n
i=1 ui 6=

? vi for some E, we have that either n = 1,
u1 ∈ X 1, v1 does not contain any name and L1

C(v1) ≤ L1
C(u1); or for all i ∈ {1, . . . , n},

we have that ui 6=? vi satisfies one of the following properties:

1. ui ∈ X 1 and vi ∈ N .

2. ui, vi ∈ X 1, and EΠ(C) 6� root(X) 6=? f, EΠ(C) � root(Y ) 6=? g, for all f, g ∈ Fc,
where (X, p`? ui), (Y, q `? vi) ∈ D(C).

3. ui ∈ X 1, root(vi) ∈ Fc and for all f ∈ Fc, EΠ(C) � root(X) 6=? f, where (X, p`? ui) ∈
D(C).
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Proof. By definition of Step b of Phase 2 of the strategy, for any constraint system C,
we know that Cons(X, f) and Eq-ded-ded(X, ξ) are not applicable (for any f ∈ Fc
and any ξ). Consider a disjunction

∨n
i ui 6=

? vi such that E(C) = E ∧
∨n
i ui 6=

? vi, and
i ∈ {1, . . . , n}. We do a case analysis on ui and vi.

• Case ui 6∈ X 1 and vi 6∈ X 1. In such a case, since C is normalized, we know that
this equality is necessarily reduced, and therefore this case is impossible.

• Case ui ∈ X 1 and vi ∈ N (or the reverse). In such a case, the results holds trivially.

• Case ui, vi ∈ X 1. In such a case, we know that there exist (X, k `? ui) ∈ D(C)
and (Y, ``? vi) ∈ D(C). We assume w.l.o.g. that ` ≤ k. Since Eq-ded-ded is
not applicable for Step b, we deduce that the conditions of application of the rule
Eq-ded-ded(X,Y ) in Figure 2 are not satisfied or that Eq-ded-ded is useless
on C. In the latter case, we deduce that n = 1 and so the result directly holds. In the
former case, we deduce that there exists f ∈ Fc such that EΠ(C) � root(X) 6=? f and
EΠ(C) 6� root(Y ) 6=? f (or the reverse). Assume w.l.o.g. that EΠ(C) � root(X) 6=? f
and EΠ(C) 6� root(Y ) 6=? f.

Since Cons(X, g) is not applicable for Step b, we have that EΠ(C) � root(X) 6=? f
for some f ∈ Fc implies that EΠ(C) � root(X) 6=? g for all g ∈ Fc. Similarly,
EΠ(C) 6� root(Y ) 6=? f for some f ∈ Fc implies that EΠ(C) 6� root(Y ) 6=? g for all
g ∈ Fc (otherwise Cons(Y, g) would be applicable). Hence we deduce that for all
f, g ∈ Fc, EΠ(C) 6� root(X) 6=? f and EΠ(C) � root(Y ) 6=? g. Thus, the result holds.

• Case ui ∈ X 1 and root(vi) = f ∈ Fc (or the reverse). In such a case, we know that
there exists (X, k `? ui) ∈ D(C). Since Cons(X, g) is not applicable for Step b,
for all g ∈ Fc, we deduce that either st(vi) ∩ N = ∅ and L1

C(vi) ≤ k or for all

g ∈ Fc, EΠ(C) � root(X) 6=? g. In the latter case, the result holds. In the former
case, st(vi)∩N = ∅ implies that there exists ξ ∈ T (Fc,X 2) such that ξδ1(C) = vi.
But Eq-ded-ded(X, ξ) is not applicable for Step b. Thus either (a) the conditions
of application of the rule Eq-ded-ded(X, ξ) in Figure 2 are not satisfied or (b)
Eq-ded-ded(X, ξ) is useless on C. In Case (b), we deduce that n = 1 and since
we assume that st(vi) ∩ N = ∅ and L1

C(vi) ≤ k, the result holds. In Case (a), we

deduce that EΠ(C) � root(X) 6=? root(ξ). Hence using what we proved thanks to
Cons not being applicable, we deduce that for all g ∈ Fc, EΠ(C) � root(X) 6=? g.
Hence, the result holds.

Appendix D. Proof of soundness

This section is dedicated to the proof of soundness of the algorithm. However, unlike
the proof of completeness, this proof depends heavily on the strategy that has been
described in Section 4, and on the invariants described in Appendix C.
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Appendix D.1. Preliminaries

For a recipe ξ and a frame Φ, we say that root(ξ) is not reduced if f(ξ1, . . . , ξn)Φ↓ =
f(ξ1Φ↓, . . . , ξnΦ↓) and root(ξ) ∈ Fd with ξ = f(ξ1, . . . , ξn) for some ξ1, . . . , ξn. We estab-
lish three properties on the recipes in Πr:

Lemma 31. Let Φ be a ground frame. Let ξ be a recipe such that param(ξ) ⊆ dom(Φ),
ξΦ↓ 6∈ T (Fc,N ). If for every ξ′ ∈ st(ξ),

ξ′ = f(g(ξ1, . . . , ξn), . . . , βm), f ∈ Fd and g ∈ Fc implies f is not reduced,

then, either root(ξ) ∈ Fc or root(ξ) is not reduced.

Proof. We prove this result by induction on the size of ξ.

Base case: |ξ| = 1. In such a case, ξ ∈ dom(Φ) and so ξΦ↓ ∈ T (Fc,N ) by hypothesis on
the frame. Hence the result trivially holds.

Induction step: |ξ| > 1. If root(ξ) ∈ Fc or root(ξ) is not reduced then the property
trivially holds. Else we have that ξ = f(ξ1, . . . , ξm) with f ∈ Fd and f is reduced. We
show that this case is impossible.

f is reduced implies that there is a rewrite rule f(u1, . . . , un)→ u such that f(u1, . . . , un)
and f(ξ1Φ↓, . . . , ξnΦ↓) are unifiable. Since ξΦ↓ 6∈ T (Fc,N ) and ξΦ↓ ∈ st(ξ1Φ↓) (since
u ∈ st(u1)), we have that ξ1Φ↓ 6∈ T (Fc,N ). By applying our induction hypothesis on ξ1,
we deduce that either root(ξ1) ∈ Fc or root(ξ1) is not reduced.

• If root(ξ1) ∈ Fc then by hypothesis on the subterms of ξ, we deduce that f is not
reduced which is in contradiction with the hypothesis.

• If root(ξ1) is not reduced, then root(ξ1Φ↓) ∈ Fd. This contradicts the fact that
f(u1, . . . , un) and f(ξ1Φ↓, . . . , ξnΦ↓) are unifiable since we have that root(u1) ∈ Fc.

This allows us to conclude that either root(ξ) ∈ Fc or root(ξ) is not reduced.

The following corollary is a direct consequence of Lemma 31 since by definition of
ξ ∈ Πr, there is no ξ′ ∈ st(ξ) of form f(ξ1, . . . , ξn) with f ∈ Fd and root(ξ1) ∈ Fc.

Corollary 2. Let Φ be a ground frame. Let ξ ∈ Πr such that param(ξ) ⊆ dom(Φ) and
ξΦ↓ 6∈ T (Fc,N ). We have that either root(ξ) ∈ Fc or root(ξ) is not reduced.

Lemma 32. Let Φ be a ground frame. Let ξ ∈ Πr a ground recipe such that param(ξ) ∈
dom(Φ). ξΦ↓ ∈ T (Fc,N ) if, and only if, Message(ξΦ) holds.

Proof. We prove this result by induction on the size of ξ.

Base case: |ξ| = 1. In such a case, ξ ∈ dom(Φ) thus there exists (ax i B ui) ∈ Φ such
ax i = ξ and ξΦ↓ = ui↓. But ui ∈ T (Fc,N ). Hence, the result holds.

Induction case: |ξ| > 1. In such a case, we have that ξ = f(ξ1, . . . , ξn) with f ∈ Fc ∪ Fd.
Assume first that f ∈ Fc. In such a case, ξiΦ↓ ∈ T (Fc,N ) for every i ∈ {1 . . . n}. Hence,
we can apply our induction hypothesis on each ξi. This allows us to conclude.

Assume now that f ∈ Fd. By hypothesis, we have that ξΦ↓ ∈ T (Fc,N ) and so f is
reduced by the rewriting system. Let f(u1, . . . , un) → u be the rewrite rule involved in
f(ξ1Φ↓, . . . , ξnΦ↓)→ ξΦ↓. We distinguish two cases:
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• Case 1: ξ1Φ↓ ∈ T (Fc,N ). Since vars({u2, . . . , un}) ⊆ vars(u1), we deduce that
for every i ∈ {1, . . . , n}, ξiΦ↓ ∈ T (Fc,N ). Hence, we easily conclude by applying
our induction hypothesis.

• Case 2: ξ1Φ↓ 6∈ T (Fc,N ). Thanks to Corollary 2, we deduce that either root(ξ1) ∈
Fc or root(ξ1) is not reduced. Since ξ ∈ Πr, we have that root(ξ1) 6∈ Fc, hence
root(ξ1) is not reduced. It implies that root(ξ1Φ↓) ∈ Fd. By definition of a rewriting
rule, we know that root(u1) ∈ Fc. This contradicts the fact that f(u1, . . . , un) and
f(ξ1Φ↓, . . . , ξnΦ↓) are unifiable. Hence, this case is impossible.

Lemma 33. Let Φ be a closed frame and ξ, ξ′ be two ground recipes in Πr with root(ξ),
root(ξ′) 6∈ Fc and such that path(ξ) = path(ξ′). If ξΦ↓, ξ′Φ↓ ∈ T (Fc,N ), then we have
that ξΦ↓ = ξ′Φ↓.

Proof. We prove this result by induction of the length n of path(ξ):

Base case n = 1: In such a case, we have that path(ξ) = path(ξ′) ∈ AX . Hence, we have
that ξ = ξ′, and so ξΦ↓ = ξ′Φ↓.

Inductive step n > 1: Since path(ξ) = path(ξ′), we know that there exists f ∈ Fd and
there exist ξ1, . . . , ξn, ξ

′
1, . . . , ξ

′
n ∈ Πr such that ξ = f(ξ1, . . . , ξn) and ξ′ = f(ξ′1, . . . , ξ

′
n).

By Lemma 32, for all ζ ∈ st(ξ) ∪ st(ξ′), we have that ζΦ↓ ∈ T (Fc,N ). Hence, for all
i = 1, . . . , n, for all ζ ∈ st(ξi) ∪ st(ξ′i), we have that ζΦ↓ ∈ T (Fc,N ). By definition of
path, we have that path(ξ1) = path(ξ′1) (since path(ξ) = path(ξ′)).

Applying our induction hypothesis on (ξ1, ξ
′
1), we obtain that ξ1Φ↓ = ξ′1Φ↓. We have

that ξΦ↓, ξ′Φ↓ ∈ T (Fc,N ). Hence, we have that

f(ξ1Φ↓, . . . , ξnΦ↓)→ ξΦ↓ and f(ξ′1Φ↓, . . . , ξ′nΦ↓)→ ξ′Φ↓

using the rewriting rule associated to f. This rule is of the form f(u1, . . . , un) → u with
u ∈ st(u1). Since ξ1Φ↓ = ξ′1Φ↓, we easily conclude that ξΦ↓ = ξ′Φ↓.

Lemma 34. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint system
obtained by following the strategy and (σ, θ) ∈ Sol(C). Let ξ ∈ Πr be a ground recipe
conforms to Φθ w.r.t. NoUseθ. For all ξ′ ∈ st(ξ), ξ′ conforms to Φθ w.r.t. NoUseθ.

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. We prove the result by induction on |ξ|.

Base case |ξ| = 1: In such a case, ξ ∈ AX . Hence for all ξ′ ∈ st(ξ), ξ′ = ξ and so the
result trivially holds.

Inductive step |ξ| > 1: Otherwise, ξ = f(ξ1, . . . , ξn). We do a case analysis on CbξcΦ.

• Case |CbξcΦ| > 1: In such a case, we have that CbξcΦ = f(Cbξ1cΦ, . . . ,CbξncΦ).
Moreover, ξ conforms to Φθ w.r.t. NoUseθ implies that for all i ∈ {1, . . . , n},
ξi conforms to Φθ w.r.t. NoUseθ. Hence by inductive hypothesis on ξi, for all
i ∈ {1, . . . , n}, the result holds.

• Case |CbξcΦ| = 1: Otherwise, since ξ conforms to Φθ, we deduce that there exists
(ζ, i B u) ∈ Φ such that (ζ, i B u) 6∈ NoUseθ and ζθ = ξ. Thanks to C being
well-formed, (Definition 18, item 9), we deduce that path(ζ) is closed. Hence there
exists ζ1, . . . , ζn such that ζ = f(ζ1, . . . , ζn) and ζiθ = ξi for all i ∈ {1, . . . , n}.
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But thanks to C being well-formed (Definition 18, item 9), we deduce that for all
ζ ′ ∈ st(ζ), Cbζ ′cΦ ∈ T (Fc,F∗d ·AX ∪X 2) and if path(ζ ′) ∈ F∗d ·AX then there exists
j and v such that (ζ ′, j B v) ∈ Φ. Hence for all i ∈ {1, . . . , n}, ζiθ conforms to Φθ
w.r.t. NoUseθ if for all X ∈ vars2(Cbζ ′cΦ), Xθ conforms to Φθ w.r.t. NoUseθ; and
for all ζ ′′ ∈ st(ζi), if (ζ ′′, j′ B v′) ∈ Φ for some j′, v′ then (ζ ′′, j′ B v′) 6∈ NoUseθ.

Since (ζ, i B u) 6∈ NoUse, and relying on the fact that C satisfies InvGeneral (item 4),
we deduce that for all ζ ′′ ∈ st(ζi), if path(ζ ′′) ∈ F∗d · AX then there exists j and v
such that (ζ ′′, j B v) ∈ Φ and (ζ ′′, j B v) 6∈ NoUse. At last, (σ, θ) ∈ Sol(C) implies
that for all X ∈ vars2(C), Xθ conforms to Φθ w.r.t. NoUseθ. Hence we deduce that
for all i ∈ {1, . . . , n}, ζiθ conforms to Φθ w.r.t. NoUseθ. We conclude by applying
our inductive hypothesis on ζiθ, for all i ∈ {1, . . . , n}.

Lemma 35. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint system
obtained by following the strategy and (σ, θ) ∈ Sol(C). Let ξ be a ground recipe in Πr

such that ξ(Φσ)↓ ∈ T (Fc,N ). We have that there exists ξ′ a recipe in Πr such that:

• ξ′ conforms with Φθ w.r.t NoUseθ;

• ξ(Φσ)↓ = ξ′(Φσ)↓; and

• paramCmax(ξ
′) ≤ paramCmax(ξ).

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. We prove this lemma by induction on |ξ|.

Base case |ξ| = 0: In such a case, the result trivially holds.

Inductive step |ξ| > 0: We do a case analysis on CbξcΦ:

• Case 1: CbξcΦ ∈ (F∗d · AX ). By definition of CbξcΦ, we know that there exists
(ζ, i B u) ∈ Φ such that path(ζ) = path(ξ). Since (σ, θ) ∈ Sol(C) and we know
that C satisfies item 2 of InvGeneral, we deduce that i ≤ paramCmax(ξ). Note that
C is a well-formed constraint system and (σ, θ) ∈ Sol(C), thus by Definition 18
(item 5), we have that (ζθ)(Φσ)↓ = uσ. Moreover, relying on Lemma 33, we can
deduce that ξ(Φσ)↓ = (ζθ)(Φσ)↓.

Case 1.a : (ζ, i B u) ∈ NoUse. Let Θ = mgu(EΠ). In such a case, since C is a
well-formed constraint system (Definition 18, item 8), we know that there exists
X ∈ vars2(C) such that CbXΘcΦδ1(C) = u and paramCmax(XΘ) < i. Since we
proved that i ≤ paramCmax(ξ), we can deduce that paramCmax(XΘ) < paramCmax(ξ).

But since (σ, θ) ∈ Sol(C), we know that θ � EΠ, Xθ ∈ Πr, Xθ conforms with Φθ
w.r.t. NoUseθ and (Xθ)Φσ↓ = (ζθ)Φσ↓. Note that ξ(Φσ)↓ = (ζθ)(Φσ)↓ and so
ξΦσ↓ = (Xθ)Φσ↓.
Furthermore, (σ, θ) ∈ Sol(C) also implies that for all Z ∈ vars2(XΘ), paramCmax(Zθ) ≤
paramCmax(Z). With θ � EΠ and paramCmax(XΘ) < i, we deduce that paramCmax(Xθ) <
i. This allows us to conclude for ξ′ = Xθ.

Case 1.b: (ζ, i B u) 6∈ NoUse. In such a case, let ξ′ = ζθ. Since C is a well formed
constraint system (Definition 18, item 3), we know that paramCmax(ζ) ≤ i. Since
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(σ, θ) ∈ Sol(C) implies that for all Z ∈ vars2(ζ), paramCmax(Zθ) ≤ paramCmax(Z), we
deduce that paramCmax(ζθ) ≤ i. Since we proved that i ≤ paramCmax(ξ), we deduce
that paramCmax(ζθ) ≤ paramCmax(ξ).

At last, since we assumed that (ζ, i B u) 6∈ NoUse then (ζθ, i B u) 6∈ NoUseθ.
Hence ξ′ = ζθ conforms to Φθ w.r.t. NoUseθ. Hence, we conclude.

• Case 2: root(CbξcΦ) ∈ Fc. By definition of CbξcΦ, there exists ξ1, . . . , ξn ∈ Πr such
that ξ = f(ξ1, . . . , ξn) and f ∈ Fc. But for any i = 1 . . . n, we have paramCmax(ξi) ≤
paramCmax(ξ) and |ξi| < |ξ|. Thus, by our inductive hypothesis, we can deduce that
there exists ξ′1, . . . , ξ

′
n ∈ Πr such that for all i = 1 . . . n,

– ξ′i conforms with Φθ w.r.t NoUseθ;

– ξi(Φσ)↓ = ξ′i(Φσ)↓; and

– param(ξi) ⊆ {ax 1, . . . , ax j} implies param(ξ′i) ⊆ {ax 1, . . . , ax j}, for any j.

Let ξ′ = f(ξ′1, . . . , ξ
′
n). Since f ∈ Fc, we can deduce that:

– f(ξ′1, . . . , ξ
′
n) conforms with Φθ w.r.t. NoUseθ;

– ξΦσ↓ = f(ξ1, . . . , ξn)Φσ↓ = f(ξ′1, . . . , ξ
′
n)Φσ↓ = ξ′Φσ↓; and

– paramCmax(ξ
′) = max{paramCmax(ξ

′
i) | i ∈ {1, . . . , n}} and so paramCmax(ξ

′) ≤
paramCmax(ξ).

• root(CbξcΦ) ∈ Fd. By definition of CbξcΦ, there exists ξ1, . . . , ξn ∈ Πr such that
ξ = g(ξ1, . . . , ξn) and g ∈ Fd. As in Case 2, we can apply our inductive hypothesis
on each ξi. Thus, we will also have that there exists ξ′1, . . . , ξ

′
n such that:

– ξ′i conforms with Φθ w.r.t NoUseθ;

– ξi(Φσ)↓ = ξ′i(Φσ)↓; and

– paramCmax(ξ
′
i) ≤ paramCmax(ξi).

Let ξ′ = g(ξ′1, . . . , ξ
′
n). In order to conclude, we have to show that ξ′ = g(ξ′1, . . . , ξ

′
n)

conforms with Φθ w.r.t. NoUseθ. We do a case analysis:

Case 3.a: if root(ξ′1) ∈ Fc, then we have that g(ξ′1, . . . , ξ
′
n) 6∈ Πr. But we know

that g(ξ′1, . . . , ξ
′
n)Φσ↓ ∈ T (Fc,N ) which means that g is reduced by a rewriting rule

`→ r. But all the rewriting rules we consider are defined such that if g is reduced
then it implies there exists a substerm ζ of ξ′1 such that ζΦσ↓ = g(ξ′1, . . . , ξ

′
n)Φσ↓ =

g(ξ1, . . . , ξn)Φσ↓. Since ξ′1 conforms with Φθ w.r.t. NoUseθ, then so does ξ′, which
allow us to conclude.

Case 3.b: Otherwise, we deduce that ξ′ ∈ Πr. Moreover, if there exists (ζ, i B u) ∈
Φ such that path(ζ) = g · path(ξ′1), then we apply the same reasoning as the one
done in Case 1. Else it implies that Cbξ′cΦ = g(Cbξ′1cΦ, . . . ,Cbξ′ncΦ) and since ξ′i,
i = 1 . . . n are all conforms to Φθ w.r.t. NoUseθ, we conclude that ξ′ conforms to
Φθ w.r.t. NoUseθ.
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Lemma 36. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint sys-
tem obtained by following the strategy and (σ, θ) ∈ Sol(C). Let s ∈ N. Assume that
Dest(ζ, ` → r, s) is useless C for any ζ, ` → r. For all ground recipe ξ ∈ Πr, if ξ
conforms to Φθ w.r.t. NoUseθ, ξΦσ↓ ∈ T (Fc,N ) and param(ξ) ⊆ {ax 1, . . . ax s} then
CbξcΦ ∈ T (Fc,F∗d · AX ).

Proof. Let p the position of the smallest subterm of CbξcΦ such that root(CbξcΦ|p) ∈ Fd.
Hence, we deduce that ξ|p = g(ξ1, . . . , ξn) and g ∈ Fd. Moreover, since ξ conforms
to Φθ w.r.t. NoUseθ, ξ ∈ Πr and by the minimality of CbξcΦ|p, we deduce that there
exists (ζ, i B u) ∈ Φ such that ξ1 = ζθ and (ζ, i B u) 6∈ NoUse. Since C is well-
formed, we know that paramCmax(ζ) ≤ i. Furthermore, since (σ, θ) ∈ Sol(C), we deduce
that paramCmax(ζθ) ≤ i. Moreover, since C is obtained by following the strategy then
thanks to Lemma 28, C satisfies InvGeneral. Thus we deduce that ax i ∈ st(ζθ) and so
paramCmax(ζθ) = i. But ζθ ∈ st(ξ) and param(ξ) ⊆ {ax 1, . . . ax s} hence i ≤ s.

Thus thanks Dest(ζ, `→ r, s) being useless on C with `→ r the rewrite rule associ-
ated to g, we deduce that :

• either there exists (ζ ′, p′ B v′) ∈ Φ for some ξ′ such that path(ζ ′) = g · path(ζ) and
some p′ such that p′ ≤ s. But path(ξ|p) = g · path(ξ1) = g · path(ζθ). Thanks to
C being well-formed (Definition 18, item 1), we know that path(ζ) is closed hence
path(ξ|p) = path(ζ ′). This is a contradiction with the fact that root(CbξcΦ|p) ∈ Fd.

• else ND � ∀x̃.u 6=? u1 ∨ s 6 `? u2 ∨ . . . ∨ s 6 `? un where g(u1, . . . , un) → w is a
renaming of ` → r. But (σ, θ) ∈ Sol(C) implies σ � ND . Moreover, ξ ∈ Πr and
ξ(Φσ)↓ implies, thanks to Lemma 32, that ξ|p = g(ξ1, . . . , ξn)(Φσ)↓. Hence along
with the hypothesis param(ξ) ⊆ {ax 1, . . . ax s}, this is a contradiction with σ � ND .

We conclude that such position p does not exist and so CbξcΦ ∈ T (Fc,F∗d · AX ).

Appendix D.2. Relations on recipes variables

In our main proof of soundness, we usually assume an existing solution in a well-
formed constraint system and then we transform this solution such that it becomes a
solution of an another constraint system. In most cases, the transformation consists of
replacing a recipe by another one which deduces the same message. The main issue of
this replacement is that the new recipe has to satisfy several properties such that the
conformity to the frame, its belonging to Πr, etc

Example 49. Let C be a constraint system with the following frame :

{ax 1, 1 B senc(a, b); ax 2, 2 B senc(b, a); ax 3, 3 B a}

A possible and natural execution of the rules would be to guess that the messages senc(a, b)
and senc(b, a) can be decrypted, and so by application of the rule Dest, we would have
a constraint system such that:

• Φ = {ax 1, 1 B senc(a, b); ax 2, 2 B senc(b, a); ax 3, 3 B a; sdec(ax 1, X), 3 B a;
sdec(ax 2, Y ), 3 B b}

• D = {X, 3`? b ;Y, 3`? a}
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Thus one possible solution for this constraint system would be θ with Xθ = sdec(ax 2, ax 3)
and Y θ = ax 3. We can see that θ belongs to Πr and also conforms to the frame Φ.

Since the two recipes ax 3 and sdec(ax 1, X) both deduce the same message, we could
replace any instance of ax 3 by sdec(ax 1, X) and then forbid the use of the recipe ax 3

(equivalent to adding the frame element (ax 3, 3 B a) into the set NoUse).
Thus to ensure the soundness of this transformation, we need to ensure that we can

transform θ in θ′ such that θ′ is a solution of the constraint system and such that it
satisfies the belonging to Πr and the conformity to the frame. But on this example,
the only way to deduce a (for the constraint Y, 3`? a) without using ax 3 is to use the
recipe sdec(ax 1, X) and the only way to deduce b (for the constraint X, 3`? b) is to use
sdec(ax 2, Y ) which produces a loop. Therefore, on this example, the replacement of the
recipe ax 3 by sdec(ax 1, X), that deduces the same message, does not lead to a solution.

To formalise this, we introduce the following order.

Definition 19 (relation <θ). Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed
constraint system, and θ be a mapping from vars2(C) to ground recipes such that for all
(X, i B u) ∈ D, we have that param(Xθ) ⊆ {ax 1, . . . , ax i}.

We define a relation on vars2(D), denoted <θ, as the smallest relation that is closed
by transitivity and such that: X <θ Y if X ∈ vars2(CbY θcδ2(C)) and X 6= Y .

Intuitively, X <θ Y represents the fact that in the solution θ, Xθ is used in Y θ.
Thus, if you replace Xθ by another recipe, the recipe Y θ will also need to be changed
accordingly in order to conform to the frame.

Example 50. Going back to our previous example, we have that Y <θ X since we have
CbXθcδ2(C) = sdec(ax 2, Y ).

We stated at the beginning of this subsection that the replacement has to preserve the
belonging to Πr. But a simple example with the application of the rule Eq-frame-ded
shows that it is generally not true.

Example 51. Let C be a constraint system with the following frame:

Φ = {ax 1, 1 B a ; ax 2, 2 B senc(a, a) ; ax 3, 3 B a}

and the following set of deducibility constraints:

D = {X, 1`? senc(a, a) ;Y, 3`? a}

One possible solution for this constraint system would be θ with Xθ = senc(ax 1, ax 1) and
Y θ = sdec(ax 2, ax 3). We can see that θ belongs to Πr and also conforms to the frame Φ.
By applying the rule Eq-frame-ded on (ax 2, 2 B senc(a, a)) and (X, 1`? senc(a, a)), the
frame element (ax 2, 2 B senc(a, a)) will be added in the set NoUse and thus, we now have
to replace each instance of ax 2 with Xθ. But in such a case, Y θ will become the recipe
sdec(senc(ax 1, ax 1), ax 3) which does not belong to Πr. Thus, instead of just replacing
ax 2 by senc(ax 1, ax 2), we will replace Y θ with ax 1.

Lemma 37. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint sys-
tem. Let (σ, θ) be a pre-solution of C. Let X,Y ∈ vars2(D) such that X <θ Y . We have
that Xθ is a strict subterm of Y θ.
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Proof. X <θ Y implies that there exist X1, . . . , Xn ∈ vars2(D) such that X <θ X1 <θ
. . . <θ Xn <θ Y , and if we rename X,Y into X0, Xn+1 then we have that for all i ∈
{0, . . . , n}, Xi ∈ vars2(CbXi+1θcδ2(C)) and Xi 6= Xi+1.

Since (σ, θ) is a pre-solution of C, we know that for all X ∈ vars2(C), Xθ conforms to
the Φθ w.r.t. NoUseθ. Moreover, for all i ∈ {0, . . . , n}, Xi ∈ vars2(CbXi+1θcΦδ2(C))
implies that there exists (ξ, k B u) ∈ Φ such that Xi ∈ vars2(ξ) and path(ξ) ∈
st(CbXi+1θcΦ). Thanks to C being well-formed, we know that path(ξ) ∈ F∗d · AX and
exists hence Xi is a strict subterm of ξ which implies that Xiθ is a strict subterm of
ξθ. But Xi+1θ is conformed to Φθ w.r.t. NoUse, and thus we have that ξθ ∈ st(Xi+1θ).
Thus, we can deduce that Xiθ is a strict subterm of Xi+1θ.

A simple induction on n allows us to conclude that X0θ is a strict subterm of Xn+1θ
and so Xθ is a strict subterm of Y θ.

Lemma 38. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint sys-
tem. Let (σ, θ) be a pre-solution of C. We have that <θ is a strict partial order.

Proof. Since (σ, θ) is a pre-solution of C, we have that for all X ∈ vars2(D), Xθ conforms
to Φθ w.r.t. NoUse. By definition, <θ is a strict partial order if, and only if:

• ¬(X <θ X) (irreflexivity)

• if X <θ Y then ¬(Y <θ X) (asymmetry)

• if X <θ Y and Y <θ Z then X <θ Z (transitivity)

By Definition 19, we already know that <θ is closed by transitivity. Assume first that
X <θ X. Thanks to Lemma 37, we know that Xθ is a strict subterm of Xθ which is
impossible. For the same reason, X <θ Y and Y <θ X would imply that Xθ is a strict
subterm of Xθ, hence the contradiction.

Lemma 39. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint system
obtained by following the strategy. Let (σ, θ) ∈ Sol(C). Let X,Y ∈ vars2(D), we have
that X <θ Y implies that paramCmax(X) ≤ paramCmax(Y ).

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral (in particular
item 1). Therefore, we know that for all (ξ, i B u) ∈ Φ, ax i ∈ st(ξθ). Furthermore, since
C is well formed (Definition 18, item 3), we deduce that paramCmax(ξ) ≤ i. Moreover,
(σ, θ) ∈ Sol(C) implies that for all Y ∈ vars2(ξ), paramCmax(Y θ) ≤ paramCmax(Y ). Thus
with ax i ∈ st(ξθ), we deduce that paramCmax(ξθ) = i.

We have that X <θ Y , and thus there exist X1, . . . , Xn ∈ vars2(D) such that X <θ
X1 <θ . . . <θ Xn <θ Y and if we rename X,Y into X0, Xn+1 then for all i ∈ {0, . . . , n},
Xi ∈ vars2(CbXi+1θcδ2(C)) and Xi 6= Xi+1.

Let i ∈ {0, . . . , n, n+1}. We know that there exist ui and ki such that (Xi, ki `? ui) ∈
D. Since (σ, θ) ∈ Sol(C), we have that param(Xiθ) ⊆ {ax 1, . . . , axki}.

But Xi ∈ vars2(CbXi+1θcδ2(C)) implies that there exists (ξ, j B v) ∈ Φ such that
path(ξ) ∈ st(CbXi+1θc) and Xi ∈ vars2(ξ). Furthermore, since Xi+1θ conforms with Φθ
w.r.t. NoUse, we can deduce that ξθ ∈ st(Xi+1θ). We have seen that ax j ∈ st(ξθ), we
can deduce that j ≤ ki+1. At last, since Xiθ ∈ st(ξθ), param(Xiθ) ⊆ {ax 1, . . . , axki}
and param(ξθ) ⊆ {ax 1, . . . , ax j}, we can deduce that ki ≤ j which implies ki ≤ ki+1

and so paramCmax(Xi) ≤ paramCmax(Xi+1). Altogether, this allows us to conclude that
paramCmax(X0) ≤ . . . ≤ paramCmax(Xn+1) and so paramCmax(X) ≤ paramCmax(Y ).
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Lemma 40. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a well-formed constraint system
obtained by following the strategy. Let (σ, θ) ∈ Sol(C). Let ξ be a ground recipe in Πr

and (X, i`? u) ∈ D such that:

• ξ conforms to Φθ w.r.t. NoUseθ and param(ξ) ⊆ {ax 1, . . . , ax i}.

• there exists a position p, such that ξ′ = Xθ|p, ξ′Φσ↓ = ξΦσ↓, and C0 = C1[C2]p
where C0 = CbXθ[ξ]pc, C1 = CbXθc and C2 = Cbξc.

• for all Y ∈ vars2(Cbξcδ2(C)), ¬(X <θ Y ).

Then there exists θ′ such that (σ, θ′) is a pre-solution of C with θ′ � mgu(EΠ), Xθ′ =
Xθ[ξ]p and for all Y ∈ vars2(D) r {X}, CbY θcΦθ = CbY θ′cΦθ′ .

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. Since we assume that C is well-formed (Definition 18, item 2), the path
of any recipe of a frame element of Φ is closed hence for all ξ, for all θ, CbξcΦ = CbξcΦθ.
Hence we omit the substitution in the context. Let θ′ be a substitution defined as follows:

• for all Y ∈ vars2(D) such that ¬(X <θ Y ), Y θ′
def
= Y θ

• Xθ′ def= Xθ[ξ]p

• Otherwise, Y θ′
def
= CbY θcΦδ2(C)θ′, where Y ∈ vars2(D)

• for all Y ∈ vars2(C) r vars2(D), Y θ′ = Ymgu(EΠ)θ′

First, we need to justify that the substitution θ′ is well-defined. By Lemma 38, we
know that the relation <θ is a strict partial order. Let Y ∈ vars2(D) such that X <θ Y
and so Y θ′ = CbY θcΦδ2(C)θ′. But for all Z ∈ vars2(CbY θcΦδ2(C)), we have Z <θ Y .
Since the relation <θ is a strict partial order on vars2(D), we conclude that Y θ′ is
well-defined. At last, for all Y ∈ vars2(C) r vars2(D), for all X ∈ vars2(Ymgu(EΠ)),
X ∈ vars2(D). Since θ′ is well defined on any variables in vars2(D), we conclude that θ′

is well-defined on all variable of C.

Now, it remains to prove the four expected properties.

Property 1. Xθ′ = Xθ[ξ]p: By definition of θ′, we know that Xθ′ = Xθ[ξ]p hence the
result trivially holds.

Property 2. θ′ � mgu(EΠ): By definition, for all Y ∈ vars2(C) r vars2(D), Y θ′ =
Ymgu(EΠ)θ′. Hence, we trivially deduce that θ′ � mgu(EΠ).

Property 3. for all Y ∈ vars2(D) r {X}, CbY θcΦθ = CbY θ′cΦθ′ : For any variable
Y ∈ vars2(D) such that ¬(X <θ Y ), we have that Y θ′ = Y θ which means that CbY θcΦ =
CbY θ′cΦ. Moreover, for all Y ∈ vars2(C) r {X}, if X <θ Y then Y θ′ = CbY θcΦδ2(C)θ′.
But since Y θ is a ground recipe, then st(CbY θcΦ) ∩ dom(δ2(C)) ⊆ (F∗d · AX ) and for
all w ∈ dom(δ2(C)) ∩ (F∗d · AX ), we have that Cbwδ2(C)θcΦ = Cbwδ2(C)θ′cΦ (= w).
Therefore, we have that CbY θ′cΦ = CbY θcΦ.

Property 4. (σ, θ′) is a pre-solution of C, i.e.
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• for every Y ∈ vars2(C), we have that Y θ′ conforms to the frame Φθ′ w.r.t. NoUseθ,
and

• for every (Y, j `? v) in D, we have that (Y θ′)(Φσ)↓ = vσ↓ and param(Y θ′) ⊆
{ax 1, . . . , ax j}.

Thanks to C being well-formed (Definition 18, item 7), we know that for all Y ∈
vars2(C), CbYmgu(EΠ)c ∈ T (Fc,F∗d ·AX ∪X 2) and for all ζ ∈ st(Ymgu(EΠ)), path(ζ) ∈
F∗d · AX implies that there exists j and v such that (ζ, j B v) ∈ Φ. Since θ � EΠ, we
deduce that CbY θc = CbYmgu(EΠ)c{Z 7→ CbZθc | Z ∈ vars2(CbYmgu(EΠ)c)}. But
by definition, for all Y ∈ vars2(C) r vars2(D), Y θ′ = mgu(EΠ)θ′. Hence, along with C
satisfying InvGeneral (item 3), we deduce that Y θ′ conforms to Φθ′ w.r.t. NoUseθ′ if and
only if for all Z ∈ vars2(CbYmgu(EΠ)c), Zθ′ conforms to Φθ′ w.r.t. NoUseθ′. Thus it
remains to prove that for all Y ∈ vars2(D), Y θ′ conforms to Φθ′ w.r.t. NoUseθ′

Let Y, j `? v be a deducibility constraint in D. We prove the results by induction on <θ.

Base case 1: ¬(X <θ Y ). In such a case, we have that Y θ′ = Y θ. Thus, we have
(Y θ′)Φσ↓ = (Y θ)Φσ↓ and param(Y θ′) = param(Y θ) ⊆ {ax 1, . . . , ax j}. Furthermore,
by definition of <θ, we have that for all Z ∈ vars2(CbY θcΦδ2(C)), Z <θ Y and so
¬(X <θ Z). Thus, Zθ = Zθ′. With Y θ′ = Y θ and Y θ conforms with Φθ w.r.t. NoUseθ,
we can deduce that Y θ′ also conforms with Φθ′ w.r.t. NoUseθ′.

Base case 2: Y = X. In such a case, we have that Xθ = Xθ[ξ]p. By hypothesis, we
know that ξ(Φσ)↓ = Xθ|pΦσ↓. Thus, we have that Xθ[ξ]pΦσ↓ = XθΦσ↓. Furthermore,
we also know that param(ξ) ⊆ {ax 1, . . . , ax i} and param(Xθ) ⊆ {ax 1, . . . , ax i}. Thus
we can conclude that param(Xθ[ξ]p) ⊆ {ax 1, . . . , ax i}.

By hypothesis, we know that for all Z ∈ vars2(CbξcΦδ2(C)), ¬(X <θ Z) which means
that Zθ′ = Zθ and so ξ conforms with Φθ′ w.r.t. NoUseθ. By definition of <θ, we
have that for all Z ∈ vars2(CbXθcΦδ2(C)), Z <θ X which means that Zθ′ = Zθ and
so Xθ conforms with Φθ′ w.r.t. NoUseθ′. Therefore, since by hypothesis we have that
CbXθ′c = CbXθc[Cbξc]p, we can conclude that Xθ′ = Xθ[ξ]p conforms with Φθ′ w.r.t.
NoUseθ′.

Inductive case X <θ Y : In such a case, Y θ′ = CbY θcΦδ2(C)θ′. We know by definition of
<θ that if Z ∈ vars2(CbY θcΦδ2(C)) then Z <θ Y . Hence by Lemma 39, paramCmax(Z) ≤
paramCmax(Y ) which implies that there exists a constraint (Z, ``? r) ∈ D with ` ≤ j.
Therefore, thanks to our induction hypothesis, we deduce that (Zθ′)(φσ)↓ = rσ↓ and
param(Zθ′) ⊆ {ax 1, . . . , ax `}.

Let w ∈ st(CbY θcΦ) ∩ (F∗d · AX ). Hence there exists (ζ, ` B r) ∈ Φ such that
ζ = wδ2(C)θ′. We already show that for all Z ∈ vars2(ζ) with (Z, `′ `? r′) ∈ D,
Zθ′(Φσ)↓ = r′σ↓ and param(Zθ′) ⊆ {ax 1, . . . , ax ′`}. Hence, thanks to C being well-
formed (Definition 18, item 5), we deduce that ζθ′(Φσ)↓ = r↓ = ζθ(Φσ)↓. Moreover, once
again thanks to C being well-formed (Definition 18, item 3), param(ζθ′) ⊆ {ax 1, . . . , ax `}
and so param(wδ2(C)θ′) ⊆ {ax 1, . . . , ax `}. At last, since (σ, θ) ∈ Sol(C) and thanks
to C satisfying InvGeneral (item 1), we deduce that ax ` ∈ st(ζθ) which implies that
ax ` ∈ st(Y θ) and so ` ≤ j. Hence, we can conclude that Y θ′(Φσ)↓ = Y θ(Φσ)↓ = vσ↓
and param(Y θ′) ⊆ {ax 1, . . . , ax j}.

Lastly, by definition of θ′, we have that Y θ′ = CbY θcδ2(C)θ′ thus, since Y θ conforms
with Φθ w.r.t. NoUseθ, we deduce that Y θ′ conforms with the frame Φθ′ w.r.t. NoUseθ′.
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Appendix D.3. Preliminaries for soundness of Phase 1 Step a

In this subsection, we are only showing some properties to help proving the soundness
for the first step of Phase . The only rules that can be applied during this phase are
Dest and Eq-frame-ded. Therefore, thanks to Lemma 27, the constraint systems or
matrices of constraint systems satisfy the invariants PP1Sa(s) for some s that depends
on the parameter of the rules Dest and Eq-frame-ded.

Let T be a set of terms, and u be a term, we denote by nbocc(u, T ) the number of
occurrences of u in T .

Lemma 41. Let M be a matrix of constraint systems obtained during phase 1.a with
support s by following the strategy. Let C be a constraint system in M with Φ its associated
frame, and (σ, θ) ∈ Sol(C). Moreover, let (ξ, s B u) ∈ Φ and let ζ ∈ Πr such that:

• param(ζ) ⊆ {ax 1, . . . , ax s−1},

• ζΦσ↓ = uσ,

• for all Y ∈ vars2(C), ξ 6∈ st(Ymgu(EΠ)), and

• for all g ∈ Fd, for all (ξ′, i B v) ∈ Φ, path(ξ′) 6= g · path(ξ).

Either nbocc(ξθ, {Xθ | X ∈ vars2(C)}) = 0 or else there exists θ′ such that (σ, θ′) ∈ Sol(C)
and:

nbocc(ξθ
′, {Xθ′ | X ∈ vars2(C)}) < nbocc(ξθ, {Xθ | X ∈ vars2(C)}).

Proof. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse), (σ, θ) ∈ Sol(C). Let (X, k `? v) ∈ D
such that k ≥ s and Cbξc ∈ st(CbXθc). We first show that if such (X, k `? v) does
not exist, then nbocc(ξθ, {Xθ | X ∈ vars2(C)}) = 0. By hypothesis, we know that for all
g ∈ Fd, for all (ξ′, i B v) ∈ Φ, path(ξ′) 6= g ·path(ξ). Moreover, since C satisfies PP1Sa(s),
we know that for all (β, s B v) ∈ Φ(C), either β ∈ AX or there exist X2, . . . , Xn ∈ X 2,
f ∈ Fd and (β′, p B v) ∈ Φ(C) such that β = f(β′, X2, . . . , Xn) and p ≤ s. Hence we
deduce that for all (β, s B v) ∈ Φ(C), if ξ ∈ st(β) then ξ = β. Furthermore, since for all
Y ∈ vars2(C), ξ 6∈ st(Ymgu(EΠ)), then for all Y ∈ vars2(C), ξθ ∈ st(Y θ) implies that
there exists Z ∈ vars2(D) such that ξθ ∈ st(Zθ). We select X ∈ vars2(D) such that
Xθ is the smallest recipe that contains ξθ. If X does not exist then nbocc(ξθ, {Xθ | X ∈
vars2(C)}) = 0 else since Xθ conforms with Φθ w.r.t. NoUseθ and for all (β, s B v) ∈
Φ(C), if ξ ∈ st(β) then ξ = β, we conclude that Cbξc ∈ st(CbXθc).

Property 1. We first show for all ζ ∈ Πr, for all position p in Xθ, if ζΦσ↓ = (Xθ)|pΦσ↓,
then there exist ζ ′ ∈ st(ζ) and a position p′ such that p′ is a prefix of p and Xθ[ζ]p(Φσ)↓ =
Xθ[ζ ′]p′(Φσ)↓ and Xθ[ζ ′]p′ ∈ Πr. We prove this result by induction on the length |p|
of p.

Base case |p| = 0. In such a case we have that p = ε. Let ζ ′ = ζ and p′ = p. We have
that Xθ[ζ ′]p′ = ζ ′ = ζ. Since by hypothesis, we have that ζ ∈ Πr, the result trivially
holds.

Inductive step |p| > 0. In such a case, we have that p = p1 · r for some r ∈ N and some
p1 such that |p1| < |p|. Assume that Xθ|p1 = f(ξ1, . . . , ξn). We have to distinguish two
cases:
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1. r = 1, f ∈ Fd and root(ζ) ∈ Fc: We know that Xθ(Φσ)↓ ∈ T (Fc,N ) and Xθ ∈ Πr.
Thus, by Lemma 32, we can deduce that f(ξ1, . . . , ξn)Φσ↓ ∈ T (Fc,N ), and thus
f has been reduced. But by hypothesis, we also know that ζΦσ↓ = ξ1Φσ↓. If
we denote ζ = g(ζ1, . . . , ζm), then by definition of our rewrite rule, we have that
ζ1Φσ↓ = f(ξ1, . . . , ξn)Φσ↓. Since ζ ∈ Πr, we have also that ζ1 ∈ Πr. Furthermore,
we have ζ1Φσ↓ = Xθ|p1Φσ↓. Thanks to our induction hypothesis, we deduce that
there exist ζ ′1 ∈ stζ1 and p′1 a prefix of p1 such Xθ[ζ1]p1(Φσ)↓ = Xθ[ζ ′1]p′1(Φσ)↓
and Xθ[ζ ′1]p′1 ∈ Rr. Let ζ ′ = ζ ′1 and p′ = p′1. This allows us to conclude.

2. Otherwise: By definition of Πr, we have that Xθ[ζ]p ∈ Πr, and thus the result
holds with ζ ′ = ζ and p′ = p.

Property 2. We show that for all ζ ∈ Πr such that param(ζ) ⊆ {ax 1, . . . , axk}, for all
(σ, θ) ∈ Sol(C), for all position p ∈ Pos(CbXθc), if ζ(Φσ)↓ = (Xθ)|p(Φσ)↓, ζ conforms to
Φθ w.r.t. NoUseθ, for all Y ∈ vars2(Cbζcδ2(C)), ¬(X <θ Y ) and nbocc(Cbξc,CbXθ[ζ]pc) <
nbocc(Cbξc,CbXθc) then there exists θ′ such that (σ, θ′) ∈ Sol(C) and nbocc(Cbξc, {CbY θ′c |
Y ∈ vars2(C)}) < nbocc(Cbξc, {CbY θc | Y ∈ vars2(C)}).

We prove this property by induction on the length |p| of p.

Base case |p| = 0. In such a case, we can apply Lemma 40. Indeed, ζ conforms to Φθ w.r.t.
NoUseθ and param(ζ) ⊆ {ax 1, . . . , axk}. Furthermore we have ζ(Φσ)↓ = Xθ(Φσ)↓ and
for all Y ∈ vars2(Cbζcδ2(C)), ¬(X <θ Y ). Hence, we deduce that there exists θ′ such that
(σ, θ′) is a pre-solution of C with Xθ′ = ζ and for all Y ∈ vars2(D)\{X}, we have that
CbY θc = CbY θ′c, θ′ � mgu(EΠ). By hypothesis, we know that nbocc(Cbξc, {Cbζc}) <
nbocc(Cbξc, {CbXθc}) and since CbY θc = CbY θ′c, for all Y ∈ vars2(D)\{X}, we can
deduce that

nbocc(Cbξc, {CbY θ′c | Y ∈ vars2(D)}) < nbocc(Cbξc, {CbY θc | Y ∈ vars2(D)}).

Moreover, by hypothesis on ξ, we know that for all Y ∈ vars2(C), ξ 6∈ st(Ymgu(EΠ)).
Hence, since θ � mgu(EΠ) and θ′ � mgu(EΠ), we deduce that:

nbocc(Cbξc, {CbY θ′c | Y ∈ vars2(C)}) < nbocc(Cbξc, {CbY θc | Y ∈ vars2(C)}).

Furthermore, (σ, θ) ∈ Sol(C) implies σ � E ∧ ND . At last, C satisfies PP1Sa(s) (item 4)
thus along with θ′ � mgu(EΠ), we deduce that θ′ � EΠ and so the result holds. Hence
the result holds.

Inductive step |p| > 0. In such a case, we have that p = p′ · r with r ∈ N and
|p′| < |p|. Assume that Xθ|p′ = f(ξ1, . . . , ξn). Since ζ(Φσ)↓ = Xθ|p(Φσ)↓, we have
that (Xθ|p′)[ζ]r(Φσ)↓ = Xθ|p′(Φσ)↓. By definition of (σ, θ) ∈ Sol(C), we know that
f(ξ1, . . . , ξn) conforms to Φθ. Now, we distinguish several cases:

Case (a): f ∈ Fc. In such a case, let ζ ′ = (Xθ|p′)[ζ]r. Hence we have that Xθ[ζ ′]p′ =
Xθ[ζ]p which implies that Xθ[ζ ′]p′(Φσ)↓ = Xθ(Φσ)↓ and Xθ[ζ ′]p′ ∈ Πr. Moreover,
since f ∈ Fc, we have that Cbζ ′c = f(Cbξ1c, . . . ,Cbξr−1c,Cbζc,Cbξr+1c, . . . ,Cbξnc). But
by hypothesis, ζ and Xθ|p′ are conform to Φθ w.r.t. NoUse. Hence, ξ1, . . . , ξn also
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conforms to Φθ w.r.t. NoUse which implies that ζ ′ conforms to Φθ w.r.t. NoUseθ.
Furthermore, we know that Xθ conforms to Φθ w.r.t. NoUseθ and p ∈ Pos(CbXθc)
hence Cbξ1c, . . . ,Cbξnc ∈ st(CbXθc). Moreover, by definition of <θ, we have for all
i ∈ {1, . . . , n}, for all Y ∈ vars2(Cbξicδ2(C)), Y <θ X. But by Lemma 38, <θ is a strict
partial order which means that Y <θ X implies ¬(X <θ Y ). Since by hypothesis, we
have that for all Y ∈ vars2(Cbζcδ2(C)), ¬(X <θ Y ), then we can deduce that for all
Y ∈ vars2(Cbζ ′cδ2(C)), ¬(X <θ Y ).

At last, Xθ[ζ ′]p′ = Xθ[ζ]p and #{Cbξc ∈ st(CbXθ[ζ]pc)} < #{Cbξc ∈ st(CbXθc)}
trivially implies that #{Cbξc ∈ st(CbXθ[ζ ′]p′c)} < #{Cbξc ∈ st(CbXθc)}.

Hence we conclude by applying our inductive hypothesis on θ, ζ ′ and p′.

Case (b): f ∈ Fd, r 6= 1. This case is similar to Case (a). Indeed, let ζ ′ =
(Xθ|p′)[ζ]r. We have p ∈ Pos(CbXθc). Hence CbXθ|p′c = f(Cbξ1c, . . . ,Cbξnc) and
Cbζ ′c = f(Cbξ1c, . . . ,Cbξr−1c,Cbζc,Cbξr+1c, . . . ,Cbξnc). Thus we can apply the same
reasoning as Case (a).

Case (c): f ∈ Fd, r = 1 and |CbXθ|p′ [ζ]rc| > 1. In such a case, we know that
CbXθ|p′ [ζ]rc = f(Cbζc,Cbξ2c, . . . ,Cbξnc) since |CbXθ|p′ [ζ]rc| > 1. Thus, similarly to
Case (a), we can apply our inductive hypothesis.

Case (d): f ∈ Fd, r = 1 and |CbXθ|p′ [ζ]rc| = 1. In such a case, we have that there
exists (γ, ` B w) ∈ Φ such that path(γ) = f · path(ζ). Since ζ conforms to Φθ w.r.t.
NoUse, we can denote γθ = f(ζ, γ2θ, . . . , γnθ). Since C is well-formed and (σ, θ) ∈ Sol(C),
we also know that γθ(Φσ)↓ = wσ and Xθ(Φσ↓) ∈ T (Fc,N ). Thus by Lemma 32, we can
deduce that Xθ|p′(Φσ)↓ ∈ T (Fc,N ). Therefore, since we have seen that ζΦσ↓ = ξ1Φσ↓,
we can deduce that for all i ∈ {2, . . . , n}, ξi(Φσ)↓ = γiθ(Φσ)↓. We now distinguish three
cases:

• ` < s: In such a case, let ζ ′ = γθ. Since (X, k `? v) ∈ D(Mi,j), k ≥ s > ` and C is
well formed, we know that for all Y ∈ vars2(γ), paramCmax(Y ) < k = paramCmax(X).
Hence by Lemma 39, ¬(X <θ Y ).

At last, we know that nbocc(Cbξc,CbXθ[ζ]pc) < nbocc(Cbξc,CbXθc) hence we de-
duce that Cbξc ∈ st(CbXθ|p′c). Thus along with |Cbζ ′c| = 1, Cbζ ′c 6= Cbξc (since
s 6= `), we can deduce that #{Cbξc ∈ st(CbXθ[ζ ′]p′c)} < #{Cbξc ∈ st(CbXθc)}.
Hence, we can apply our inductive hypothesis on ζ ′, θ and p′.

• ` > s: Such a case is impossible. Indeed, by Property PP1Sa(s), ` > s implies that
γ ∈ AX which is in contradiction with path(γ) = f · path(ζ).

• ` = s: Thanks to C satisfying Property PP1Sa(s), we know that γ2, . . . , γn ∈ X 2.
We prove our result now by induction on N = #{γi | X <θ γi, i ∈ {2, . . . , n}}.
Base case N = 0: Such a case is similar to the case ` < s. Indeed, by hypothesis,
we know that for all Y ∈ vars2(γ), ¬(X <θ Y ) (note that the first argument of γ
can not be a variable). We can apply our inductive hypothesis on ζ ′, θ and p′.

Inductive case N > 0. We know that there exists i0 ∈ {2, . . . , n} such that
X <θ γi0 . Since C is well-formed, we know that paramCmax(γi0) ≤ ` = s. More-
over, by Lemma 39, X <θ γi0 implies that paramCmax(X) ≤ paramCmax(γi0). Since
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paramCmax(X) = k and k ≥ s, we can deduce that k = s = ` and so there ex-
ists v such that (γi0 , s`? v) ∈ D. Furthermore, we already know that ξi0(Φσ)↓ =
γi0θ(Φσ)↓ and Cbξi0c ∈ st(CbXθc) thanks p ∈ Pos(CbXθc). Hence, for all Y ∈
vars2(Cbξi0cδ2(C)) we have that Y <θ X, and thus Y <θ γi0 (and so ¬(γi0 <θ Y )).
Thus, thanks to Lemma 40, we know that there exists θ′ such that (σ, θ′) is a
pre-solution of C, γi0θ′ = ξi0 , θ′ � mgu(EΠ) and for all Y ∈ vars2(D)\{γi0},
CbY θ′c = CbY θc.
Let j ∈ {2, . . . , n} such that i0 6= j. We show that if X <θ′ γj then X <θ γj : X <θ′

γj implies that there exists Y1, . . . , Ym such that X <θ′ Y1 <θ′ . . . <θ′ Ym <θ′ γj .
But we know that for all Y ∈ vars2(C)\{γi0}, CbY θ′c = CbY θc. Hence, if for
all q ∈ {1, . . . ,m}, Yq 6= γi0 , we trivially have that X <θ γj . If there exists q ∈
{1, . . . ,m} such that Yq = γi0 , it would imply that X <θ′ γi0 . However X <θ′ γi0
is impossible. Indeed, assume that X <θ′ γi0 . We have that CbXθc = CbXθ′c and
we have seen that Cbζi0c ∈ st(CbXθc). Hence, we have that Cbζi0c ∈ st(CbXθ′c),
and thus for all Y ∈ vars2(Cbξi0cδ2(C)) we have that Y <θ′ X. Since we have
assumed that X <θ′ γi0 , we have that either (a) X ∈ vars2(Cbγi0θ′cδ2(C)), or (b)
there exists Z such that X <θ′ Z and Z ∈ vars2(Cbγi0θ′cδ2(C)). The case (a) is
impossible since this would imply that X <θ′ X. The case (b) is impossible too
since it would imply that Z <θ′ X, and thus X <θ′ X. Hence we have that:

{γi | X <θ′ γi, i ∈ {2, . . . , n}} ⊂ {γi | X <θ γi, i ∈ {2, . . . , n}}.

Note that X <θ γi0 by hypothesis whereas we have seen that ¬(X <θ′ γi0).

At last, we know that (σ, θ) ∈ Sol(C) and (σ, θ′) is a pre-solution of C. But thanks
to C satisfying Property PP1Sa(s), we know that for all Y, q `? v, if q ≥ s then
Y 6∈ vars2(EΠ). Hence, since (γi, s`? v) ∈ D, θ′ � mgu(EΠ) and for all Y ∈
vars2(D)\{γi}, CbY θ′c = CbY θc, we can conclude that θ′ � EΠ (we rely on the
form of the inequations to conclude on this point). Moreover, since ND only depend
on σ, we can conclude that (σ, θ′) ∈ Sol(C) which allows us to apply our inductive
hypothesis on ζ ′ = γθ′, θ′ and p.

Proof of the lemma. Relying on Property 1 and Property 2, we are now able to conclude.
We have ζ ∈ Πr, param(ζ) ⊆ {ax 1, . . . , ax s−1}, ζΦσ↓ = uσ where (ξ, s B u) ∈ Φ and

Xθ|p = ξθ where p ∈ Pos(CbXθc). But since C is well formed and (σ, θ) ∈ Sol(C), we
know that ξθ(Φσ)↓ = uσ = ζ(Φσ)↓.

Hence by the first property, we can deduce that there exists ζ ′ ∈ st(ζ), a position
p′ prefix of p such that Xθ[ζ]p(Φσ)↓ = Xθ[ζ ′]p′(Φσ)↓ and Xθ[ζ ′]p′ ∈ Πr. But we
already know that Xθ[ζ]p(Φσ)↓ = Xθ(Φσ)↓ so Xθ[ζ ′]p′(Φσ)↓ = Xθ(Φσ)↓. Furthermore
ζ ′ ∈ st(ζ), ζ conforms to Φθ w.r.t. NoUse thus we have that ζ ′ also conforms to Φθ w.r.t.
NoUse. At last, param(ζ) ⊆ {ax 1, . . . , ax s−1} and ζ ′ ∈ st(ζ) implies that param(ζ ′) ⊆
{ax 1, . . . , ax s−1}.

Let Y ∈ vars2(Cbζ ′cδ2(C)) and assume that X <θ Y . Thanks to Lemma 39, it
implies that paramCmax(X) ≤ paramCmax(Y ) and so s ≤ k ≤ paramCmax(Y ). Furthermore
Y ∈ vars2(Cbζ ′cδ2(C)) also implies that there exists (γ, i B u) ∈ Φ such that γθ ∈ st(ζ ′)
and Y ∈ vars2(γ). But thanks to C satisfying InvGeneral, ax i ∈ st(γθ). Thus with
param(ζ ′) ⊆ {ax 1, . . . , ax s−1}, we deduce that i ≤ s−1. On the other hand, Y ∈ vars2(γ)

109



implies that paramCmax(Y ) ≤ i. Hence we deduce that s ≤ paramCmax(Y ) ≤ i ≤ s− 1 which
is a contradiction. Therefore, for all Y ∈ vars2(Cbζ ′cδ2(C)), ¬(X <θ Y ).

At last, since param(ζ ′) ⊆ {ax 1, . . . , ax s−1} and ax s ∈ st(ξθ) by the invariant
InvGeneral, we can deduce ξθ 6∈ st(ζ ′), and thus Cbξc 6∈ st(Cbζ ′c). Furthermore, by
hypothesis, for all (ξ′, i B v) ∈ Φ, for all g ∈ Fd, we have that path(ξ′) 6= g · path(ξ).
Since ξθ = Xθ|p and p′ is a prefix of p, then Cbξθc = (CbXθc)|p and we can conclude

that nbocc(Cbξc, {CbXθ[ζ]pc}) < nbocc(Cbξc, {CbXθc}).
We can now apply the second property which means that there exists θ′ such that

(σ, θ′) ∈ Sol(C) and

nbocc(Cbξc, {CbY θ′c | Y ∈ vars2(C)}) < nbocc(Cbξc, {CbY θc | Y ∈ vars2(C)})

Once again, since for all (ξ′, i B v) ∈ Φ, for all g ∈ Fd, we have that path(ξ′) 6= g ·path(ξ)
and for all Y ∈ vars2(C), Y θ′ conforms to Φθ′ w.r.t. NoUse, then we can deduce that:

nbocc(ξθ
′, {Y θ′ | Y ∈ vars2(C)}) < nbocc(ξθ, {Y θ | Y ∈ vars2(C)}).

Appendix D.4. Soundness

The purpose of this section is to prove the soundness of our procedure, included Step e
of Phase 1. We also establish the soundness of our normalisation step.

Lemma 42 (soundness). Let C be a normalised constraint system obtained by following
the strategy and Rule(p̃) be a transformation rule applicable on C. Let C1 and C2 be the
two resulting constraint systems obtained by applying Rule(p̃) on C. We denote by Φ,
Φ1 and Φ2 the respective frames of C, C1 and C2 and we denote by S1 the set of free
variables of C.

Let (σ, θ) ∈ Sol(C). There exist σ′, θ′, and i0 ∈ {1, 2} such that (σ′, θ′) ∈ Sol(Ci0),
σ = σ′|vars1(C) and Init(Φ)σ = Init(Φi0)σ′.

Proof. We distinguish two cases:

• An application of a rule during Phase 1, Step a. Note that in such a case, only the
rules Dest and Eq-frame-ded are applicable.

• An application of a rule during 1.b, 1.c, 1.d or Phase 2. Note that in such a case,
only the rules Cons, Axiom, Eq-frame-frame, Eq-ded-ded and Ded-st are
applicable.

An application during Phase 1.a. In such a phase, only the rules Dest and Eq-frame-ded
are applicable. Assume that we are on the cycle with parameter for support equal to s.
We prove the result by case analysis on the rules.

Rule Dest(ξ, l→ r, s) : Let g(u1, . . . , un) → u be a fresh variant of l → r and x̃ be the
variables that occur in this variant. Note that g ∈ Fd. Let (σ, θ) ∈ Sol(C). We distinguish
two cases.

Case 1: there exist ground recipes ξ2, . . . , ξn in Πr such that g(ξθ, ξ2, . . . , ξn)Φσ↓ ∈
T (Fc,N ) and param({ξ2, . . . , ξn}) ⊆ {ax 1, . . . , ax s}. To be more specific, since the
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rule Dest(ξ, `→ r, s) is applicable and the constraint system was obtained by following
the strategy, we deduce that ax s ∈ param({ξ2, . . . , ξn}) (else σ would not satisfy ND).

First, w.l.o.g., we can assume that for any strict subterm ξ′k of ξk with k ∈ {2, . . . , n},
we have that ξ′k(Φσ) 6= ξk(Φσ) (otherwise, we can simply choose ξ′k instead of ξk).
Moreover, by Lemma 35, we can also assume that ξ2, . . . , ξn conform to the frame Φθ.
Let τ = mgu({(ξθ)φσ↓ = u1, ξ2(φσ)↓ = u2, . . . , ξn(φσ)↓ = un}), and σ1 = σ ∪ τ .

Our goal is to build a substitution θ′ such that for all X ∈ vars2(C1), Xθ′ conforms
to the frame Φ1θ

′ (where Φ1 is the frame associated to C1). In particular, we have to
ensure that there is a unique “key” that is used to decrypt ξθ′. Actually, we show how to
build θ′ in order to ensure that Xθ′ conforms to Φ1θ

′ for every X ∈ {Y | Y, j `? r in C1},
we conclude for the remaining variables.

Let S = {Y | {Y, j `? r} ∈ C and g(ξθ, ζ2, . . . , ζn) ∈ st(Y θ) for some ζ2, . . . , ζn}.
Notice that for all Y ∈ S, s ≤ paramCmax(Y ) else σ would not satisfy ND . We distinguish
two cases:

Case a: S = ∅. Let θ′ be a substitution defined as follows:

• Xiθ
′ = ξi for i = 2 . . . n, and

• Xθ′ = Xθ otherwise.

In such a case, it is relatively easy to conclude that (σ1, θ
′) ∈ Sol(C1). In particular, we

have that Xθ′ conforms to Φ1θ
′ for all variable X. First Φ1 = Φ∪{g(ξ,X2, . . . , Xn), i B

w}. For every variable X 6∈ {X2, . . . , Xn}, we have Xθ′ = Xθ, which means that
Φθ = Φθ′. Since S = ∅, we easily conclude that Y θ′ conforms to Φ1θ

′ for all variables in
{Y | Y, j `? r ∈ D(C1)} r {X2, . . . , Xn}. Furthermore, since ξi conforms to Φθ′ and by
the choice of ξi, we deduce that ξi conforms to Φ1θ

′. At last, also by the choice of ξi, we
also deduce that (Xiθ

′)Φ1σ1↓ = uiσ1 which allows us to conclude.

Case b: S 6= ∅. Otherwise, we chose Y0 a minimal variable w.r.t. the relation <θ and
the maximal parameter. Such minimal exists since by Lemma 38, the relation <θ is a
strict partial order. We have that g(ξ, ζ2, . . . , ζn) ∈ st(Y0θ) for some recipe ζ2, . . . , ζn.

If param({ζ2, . . . , ζn}) 6⊆ {ax 1, . . . , ax s} then for each i ∈ {2, . . . , n}, we denote by
ζ0
i = ξi, else for each i ∈ {2, . . . , n}, we denote by ζ0

i a minimal (for the size) subterm of
ζi such that ζi(Φσ)↓ = ζ0

i (Φσ)↓.
Note that in both cases, for all i ∈ {2, . . . , n}, ζi(Φσ)↓ = ζ0

i (Φσ)↓. Indeed, we
know that g(ξθ, ζ2, . . . , ζn) ∈ st(Y θ), g(ξθ, ζ2, . . . , ζn) ∈ Πr and Y θ(Φσ)↓ ∈ T (Fc,N ).
Hence by Lemma 32, g(ξ, ζ2, . . . , ζn)(Φσ)↓ ∈ T (Fc,N ). Furthermore, we know that
g(ξθ, ξ2, . . . , ξn)Φσ↓ ∈ T (Fc,N ). Hence since path(g(ξθ, ζ2, . . . , ζn)) = path(g(ξθ, ξ2, . . . ,
ξn)), then by Lemma 33, ζi(Φσ)↓ = ξi(Φσ)↓, for all i ∈ {2, . . . , n}.

We rely on Lemma 40 to build a substitution θ′ that will be conformed to the frame
Φ1θ

′. To achieve this, the idea is to replace any occurrence of g(ξ, . . .) that occur in Y θ
with Y ∈ S by g(ξ, ζ0

2 , . . . , ζ
0
n). We prove our result by induction on:

m = nbocc(g(ξθ, 2, . . . , n), {Y θ | Y ∈ S})− nbocc(g(ξθ, ζ0
2 , . . . , ζ

0
n), {Y θ | Y ∈ S})

where i is used to represent any value.
Base case m = 0: Let θ′ be the substitution defined as follows:

• Xiθ
′ = ζ0

i for i = 2, . . . , n, and
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• Xθ′ = Xθ otherwise.

We conclude as in the previous case (S = ∅).

Inductive case m > 0: Let Y ∈ S such that there exists p ∈ Pos(CbY θc) such that
path(Y θ|p) = g · path(ξ) and Y θ|p 6= g(ξθ, ζ0

2 , . . . , ζ
0
n). We first show that such Y and

p exists. We know that there is no frame element in Φ whose recipe has a path equal
to g · path(ξ). Furthermore, thanks to C being well-formed (Definition 18, item 9),
we deduce that no subterm of a recipe of a frame element in Φ has a path equal to
g · path(ξ). Hence, we choosing Y minimal w.r.t. <θ such that g(ξθ, γ2, . . . , γn) ∈ st(Y θ)
for some γ2 . . . , γn and g(ξθ, γ2, . . . , γn) 6= g(ξθ, ζ0

2 , . . . , ζ
0
n), we can conclude that there

exists p ∈ Pos(CbY θc) such that path(Y θ|p) = g · path(ξ) and Y θ|p 6= g(ξθ, ζ0
2 , . . . , ζ

0
n)

(otherwise Y would not be minimal w.r.t. <θ).

Let ζ0 def
= g(ξθ, ζ0

2 , . . . , ζ
0
n).

• Since ζ0 is a subterm of Y0θ, we know that ζ0 conforms to Φθ. Furthermore, by
definition of each ζ0

i , i ∈ {1, . . . , n}, we know that param(ζ0) ⊆ {ax 1, . . . , ax s}.
Moreover, (σ, θ) ∈ Sol(C) implies param(Y0θ) ⊆ {ax 1, . . . , ax j} hence ζ0 subterm
of Y0θ implies that param(ζ0){ax 1, . . . , ax s} ⊆ {ax 1, . . . , ax j}.

• Since Y θ|p conforms with Φθ and path(Y θ|p) = g · path(ξ), there exists ξ2, . . . , ξn
such that Y θ = g(ξθ, ξ2, . . . , ξn). Furthermore ξ is a recipe of a frame element in Φ,
and there is no frame element in Φ having g ·path(ξ) as a path. Hence, we have that
CbY θ|pcΦθ = g(path(ξ),Cbξ2cΦθ, . . . ,CbξncΦθ) and Cbζ0cΦθ = g(path(ξ),Cbζ0

2cΦθ,
. . . ,Cbζ0

ncΦθ). Thus, we deduce that CbY θ[ζ0]pc = CbY θc[Cbζ0c]p. We have
that (σ, θ) ∈ Sol(C), thus (Y θ)(Φσ)↓ ∈ T (Fc,N ) and (Y0θ)(Φσ)↓ ∈ T (Fc,N ).
Thanks to Lemma 32, (Y θ|p)(Φσ)↓ ∈ T (Fc,N ) and ζ0(Φσ)↓ ∈ T (Fc,N ). Since
path(Y θ|p) = path(ζ0), by Lemma 33, we conclude that(Y θ|p)(Φσ)↓ = ζ0(Φσ)↓.

• Lastly, by definition of ζ0
2 , . . . , ζ

0
n, either (a) ζ0

i = ζi, for i ∈ {2, . . . , n} and ζ0
i are

subterms of Y0θ; or (b) param(g(ξθ, ζ2, . . . , ζn)) 6⊆ {ax 1, . . . , ax s} and ζ0
i = ξi, for

i ∈ {2, . . . , n}.
In case (a), since Y, Y0 ∈ S and Y0 is a minimal variable w.r.t. <θ then we deduce
that for all Z ∈ vars2(Cbζ0cΦδ2(C)), ¬(Y <θ Z). In case (b), we know that Y0 is
also minimal w.r.t. the maximal parameter. Hence paramCmax(Y0) ≤ paramCmax(Y ).
But param(g(ξθ, ζ2, . . . , ζn)) 6⊆ {ax 1, . . . , ax s} and (σ, θ) ∈ Sol(C) implies that
paramCmax(Y0) > s and so paramCmax(Y ) > s. Since param(g(ξθ, ξ2, . . . , ξn)) ⊆
{ax 1, . . . , ax s}, C satisfies InvUntouched(s), C is a well-formed constraint system
(item 3) and by Lemma 39, then we deduce that for all Z ∈ vars2(Cbζ0cΦδ2(C)),
¬(Y <θ Z).

We satisfy all the conditions required to apply Lemma 40, Hence, there exists θ′ such
that (σ, θ′) is a pre-solution of C with Y θ′ = Y θ[ζ0]p and for all Z ∈ vars2(C) r {Y }, we
have that CbZθcΦθ = CbZθ′cΦθ′ ,

Hence, we have that the measure m strictly decreases. Furthermore, since (σ, θ) ∈
Sol(C) and using the fact that (σ, θ′) is a pre-solution of C, it only remains to prove that
θ′ |= EΠ in order to conclude that (σ, θ′) ∈ Sol(C). Actually, we know that θ′ � mgu(EΠ)
and thanks to C satisfying PP1Sa(s) (item 4), we have trivially have that θ′ � EΠ and
so (σ, θ′) ∈ Sol(C). Then, we conclude by relying on our induction hypothesis.
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Case 2: for all ground recipes ξ2, . . . , ξn in Πr, either param({ξ2, . . . , ξn}) 6⊆ {ax 1, . . . , ax s}
or we have that g(ξθ, ξ2 . . . , ξn)Φσ↓ 6∈ T (Fc,N ). Since g ∈ Fd, g(ξθ, ξ2 . . . , ξn)Φσ↓ ∈
T (Fc,N ) means that there exists a substitution τ which maps variable in x̃ to ground
constructor terms such that

g(u1τ, . . . , unτ) = g(ξθ(Φσ)↓, ξ2(Φσ)↓, . . . , ξn(Φσ)↓).

This means that u1τ = ξθ(Φσ)↓, u2τ = ξ2(Φσ)↓, . . . , and unτ = ξn(Φσ)↓. Moreover,
since (σ, θ) ∈ Sol(C), we have that (ξθ)(Φσ)↓ = vσ. Therefore, we have that:

σ |= ∀x̃ · [v 6= u1 ∨ s 6 `? u2 ∨ . . . ∨ s 6 `? un]

This allows us to conclude that (σ, θ) ∈ Sol(C2).

Rule Eq-frame-ded(X, ξ): By hypothesis we know that there exists u, v and k such that

(X, k `? u) ∈ D(C), (ξ, s B v) ∈ Φ(C) and k < s. Furthermore, according to the strategy,
we know that the rule Eq-frame-ded is prioritised over the rule Dest, and that the rule
Eq-frame-ded is strongly applicable on at least on constraint system on the row of the
matrix of constraint system. Assume that C′ is such constraint system. By hypothesis,
C′ is normalised. It would imply that there exists x ∈ X 1 such that (X, k `? x) ∈ D(C′)
and (ξ, s B x) ∈ Φ(C′). Assume now that there exists (ξ′, ` B w) ∈ Φ(C′) and g ∈ Fd
such that path(ξ′) = g · path(ξ), hence it means that an instance of the rule Dest was
previously applied on (ξ, s B x). But according to the definition of our rewrite rules and
since C′ is normalised, it would imply that x is instantiated by a term different from
a variable and so x 6∈ X 1 which is a contraction. Hence, for all (ξ′, ` B w) ∈ Φ(C′),
for all g ∈ Fd, path(ξ′) 6= g · path(ξ). But by Lemma 1 and since C and C′ are on the
same row of M, we can deduce that C′ and C have the same structure and so for all
(ξ′, ` B w) ∈ Φ(C), for all g ∈ Fd, path(ξ′) 6= g · path(ξ).

Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. uσ↓ = vσ↓. In such a case, we need to transform θ such that the frame element
(ξ, s B v) will not be used anymore. Let denote Nb(θ) = nbocc(ξθ, {Y θ | Y ∈
vars2(C)}). We show that there exists θ′ such that (σ, θ′) ∈ Sol(C1). We prove this
result by induction on Nb(θ).

Base case Nb(θ) = 0: We know that C1 is C where NoUse(C1) = NoUse(C)∪ (ξ, s B
v) and E(C1) = E(C) ∧ u=? v. By hypothesis, we already know that uσ↓ = vσ↓,
hence σ � E(C1). Hence it remains to prove that for all Y ∈ vars2(C), Y θ conforms
to Φθ w.r.t. NoUse(C1). But we already know thanks to (σ, θ) ∈ Sol(C) that Y θ
conforms to Φθ w.r.t. NoUse(C). And since Nb(θ) = 0, we can conclude that Y θ
conforms to Φθ w.r.t. NoUse(C1) and so (σ, θ) ∈ Sol(C1).

Inductive step Nb(θ) > 0: Since (σ, θ) ∈ Sol(C) and uσ↓ = vσ↓, we have that
Xθ(Φσ)↓ = ξθ(Φσ)↓ and param(Xθ) ⊆ {ax 1, . . . , axk} with k < s. Moreover, we
proved that for all (ξ′, ` B w) ∈ Φ(C), for all g ∈ Fd, path(ξ′) 6= g · path(ξ). At
last, since the rule Dest and Eq-frame-ded does not add equations in EΠ and
Step a is the first step applied during Phase 1 with parameter s, we deduce that
ξ 6∈ st(mgu(EΠ)). Hence by Lemma 41, we can deduce that there exists θ′ such
that (σ, θ′) ∈ Sol(C) and Nb(θ′) < Nb(θ). Since (σ, θ′) ∈ Sol(C) and uσ↓ = vσ↓, we
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have still have that Xθ′(Φσ)↓) = ξθ′(Φσ)↓. Hence, by our inductive hypothesis on
θ′, we can deduce that there exists θ′′ such that (σ, θ′′) ∈ Sol(C1).

2. uσ↓ 6= vσ↓. In such a case, it is easy to see that (σ, θ) ∈ Sol(C2).

An application during Phase 1.b, 1.c, 1.d or 2. We do a case analysis on the rule applied.
Rule Cons(X, f) : Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. root(Xθ) = f. In such a case, there exists ξ1, . . . , ξn ∈ Πr such that Xθ =
f(ξ1, . . . , ξn). Since (σ, θ) ∈ Sol(C) and f ∈ Fc, we deduce that param(Xθ) ⊆
{ax 1, . . . , ax i}, and

(Xθ)(Φσ)↓ = f(ξ1(Φσ)↓, . . . , ξn(Φσ)↓) = f(t1, . . . , tn) = tσ↓

for some terms t1, . . . , tn.

Let θ′ = θ ∪ {X1 7→ ξ1, . . . , Xn 7→ ξn} and σ′ = σ ∪ {x1 7→ t1, . . . , xn 7→ tn}. Since
Φ(C1) = Φ(C), we trivially have that Φσ = Φσ′ and thus for every i ∈ {1, . . . , n},
we have that (Xiθ

′)(Φσ′)↓ = ti↓ and param(Xiθ
′) ⊆ param(Xθ) ⊆ {ax 1, . . . , ax i}.

Furthermore, tσ′ = f(t1, . . . , tn) and xiσ
′ = ti, for all i ∈ {1, . . . , n} implies that

tσ′↓ = f(x1, . . . , xn)σ′↓. At last, by definition of θ′, we also have that Xθ′ =
f(X1, . . . , Xn)θ′. This allows us to conclude that (σ′, θ′) ∈ Sol(C1).

2. root(Xθ) 6= f. In such a case, we have that θ |= EΠ ∧ root(X) 6= f and so we can
conclude that (σ, θ) ∈ Sol(C2).

Rule Axiom(X, path). Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. path(Xθ) = path. In such a case, by definition of (σ, θ) ∈ Sol(C), we have that Xθ
conforms to Φθ w.r.t. NoUse, and thus Xθ = ξθ. We have also that (Xθ)(Φσ)↓ =
uσ↓. Lastly, since C is well-formed, we know that (ξθ)(Φσ)↓ = vσ↓. Altogether,
this allows us to deduce that uσ↓ = vσ↓. We conclude that (σ, θ) ∈ Sol(C1).

2. path(Xθ) 6= path. Since path(ξ) = path, path(Xθ) 6= path implies that Xθ 6= ξ.
Thus, θ � EΠ ∧X 6= ξ. We can conclude that (σ, θ) ∈ Sol(C2).

Rule Eq-frame-frame(ξ1, ξ2). Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. u1σ↓ = u2σ↓. In such a case, it is easy to see that (σ, θ) ∈ Sol(C1).

2. u1σ↓ 6= u2σ↓. In such a case, it is easy to see that (σ, θ) ∈ Sol(C2).

Thus, in both cases, we easily conclude.

Rule Eq-ded-ded(X, ξ). Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. uσ↓ = vσ↓. In such a case, since (σ, θ) ∈ Sol(C), then for all Y ∈ vars2(ξ), we have
that Y θ conforms to the frame Φθ w.r.t. NoUse. But the conditions of the rule
Eq-ded-ded tell us that ξ ∈ T (Fc, vars2(α)) where α = {Y → w | (Y, j `? w) ∈
D(C) ∧ j ≤ i ∧ Y ∈ S2(C)} which means that CbξθcΦθ = ξ{Y → CbY θcΦθ | Y ∈
vars2(ξ)}. Thus, we deduce that ξθ conforms to Φθ too.
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Moreover, the conditions of the rule Eq-ded-ded also tell us that v = ξα. By
(σ, θ) ∈ Sol(C), we deduce that for all Y ∈ vars2(ξ), (Y θ)Φσ↓ = (Y α)σ↓. Once
again, since ξ ∈ T (Fc,dom(α)), we have that (ξθ)Φσ↓ = vσ = uσ = (Xθ)Φσ↓.

We want to conclude the result by applying Lemma 40. But in order to do that,
we need to prove that for all Y ∈ vars2(CbξθcΦδ2(C)), ¬(X <θ Y ). We prove this
property by case analysis on ξ:

Case ξ ∈ vars2(D): In such a case, we denote ξ by Z and so there exists (Z, j `? v) ∈
D. For all Y ∈ vars2(CbξθcΦδ2(C)), we have that Y <θ Z by definition of <θ.
Hence, if ¬(X <θ Z) then for all Y ∈ vars2(CbξθcΦδ2(C)), ¬(X <θ Y . We apply
Lemma 40 on the deducibility constraint X, i`? u with the recipe Zθ; otherwise
we have X <θ Z and so since <θ is a strict partial order by Lemma 38, we deduce
that ¬(Z <θ X). Thus, we apply Lemma 40 on the deducible constraint Z, j `? v
with the recipe Xθ. Therefore, in both case, we know that there exists θ′ such
that (σ, θ′) is a pre-solution of C with Xθ′ = Zθ′, θ′ � mgu(EΠ) and for all Y ∈
vars2(D)\{X,Z}, we have CbY θcΦθ = CbY θ′cΦθ′ . At last, by the condition of
Eq-ded-ded, we know that root(X) 6=? f ∈ EΠ is equivalent to root(Z) 6=? f ∈ EΠ,
thus (relying on the form of the inequations in EΠ) we can deduce that θ′ � EΠ

and so (σ, θ′) ∈ Sol(C1).

Case ξ 6∈ vars2(D): As explained in the strategy (Section 4), the rule Eq-ded-ded
with such parameter is only applied when the strategy is on the second phase. But,
in such a case, since C satisfies the invariant InvVarFrame(∞), we have that (?):

for all (ζ, k B u) ∈ Φ, for all Z ∈ vars2(ζ), there exists j < k and z ∈ X 1 such
that (Z, j `? z) ∈ D.

Moreover, we proved that CbξθcΦθ = ξ{Y → CbY θcΦθ | Y ∈ vars2(ξ)}, hence for all
Y ∈ vars2(CbξθcΦδ2(C)), there exists Z ∈ vars2(ξ) such that Y ∈ vars2(CbZθcΦ
δ2(C)). It implies that there exists (ζ, k B u) ∈ Φ such that Y ∈ vars2(ζ) and
ζθ ∈ st(Zθ). Since C also satisfies InvGeneral, we know that axk ∈ st(ζθ) and so
we have that k ≤ paramCmax(Z). But thanks to (?), we have that paramCmax(Y ) < k,
which implies that paramCmax(Y ) < paramCmax(Z). But by definition of ξ, we have
that Z ∈ vars2(ξ), and thus we have that paramCmax(Z) ≤ paramCmax(X), hence we
conclude, thanks to Lemma 39, that ¬(X <θ Y ).

Thus we apply Lemma 40 on the deducible constraint X, i`? u with the recipe ξθ.
Therefore, there exists θ′ such that (σ, θ′) is a pre-solution of C with Xθ′ = ξθ and
for all Y ∈ vars2(C)\{X}, we have CbY θcΦθ = CbY θ′cΦθ′ . At last, by the condition
of Eq-ded-ded, we know that root(ξ) = f implies root(X) 6=? f ∈ EΠ, thus we can
deduce that θ′ � EΠ and so (σ, θ′) ∈ Sol(C1).

2. uσ↓ 6= vσ↓. In such a case, it is easy to see that (σ, θ) ∈ Sol(C2).

Rule Ded-st(ξ, f). Let (σ, θ) ∈ Sol(C). We distinguish two cases:

1. There exist ground recipes ξ1, . . . , ξn in Πr such that f(ξ1, . . . , ξn)(Φσ)↓ = uσ↓. In
such a case, we can assume w.l.o.g. (see Lemma 35) that f(ξ1, . . . , ξn) conforms to
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Φθ w.r.t. NoUse, and thus ξ1, . . . , ξn conform also to the frame Φθ w.r.t. NoUse.
For every j ∈ {1, . . . , n}, let tj = ξj(Φσ)↓. Let θ′ = θ ∪ {X1 7→ ξ1, . . . , Xn 7→ ξn},
and σ′ = σ ∪ {x1 7→ t1, . . . , xn 7→ tn}. Clearly, we have that Xθ′ conforms to Φθ′

for every X ∈ vars2(C1). Since f is a constructor symbol, f(ξ1, . . . , ξn)Φσ↓ = uσ↓
implies σ′ � u = f(x1, . . . , xn). Moreover, since smax is the maximal index that
occurs in C, we have that param(Xiθ

′) ⊆ {ax 1, . . . , ax smax} and thus (σ, θ) ∈
Sol(C1).

2. Otherwise, for all ground recipes ξ1, . . . , ξn in Πr, we necessarily have that f(ξ1, . . . ,
ξn)Φσ↓ 6= uσ↓. Since f is a constructor symbol, we have that

f(ξ1, . . . , ξn)Φσ↓ = f(ξ1Φσ↓, . . . , ξnΦσ↓).

We can distinguish two cases: either root(uσ) 6= f or else there exists i ∈ {1 . . . n},
terms t1, . . . , tn such that uσ = f(t1, . . . , tn) and ξiΦσ↓ 6= ti↓ for any ground recipe
ξi. Therefore, we have that:

σ � ∀x̃ · [u 6= f(x1, . . . , xn) ∨ smax 6 `? x1 ∨ . . . ∨ smax 6 `? xn].

This allows us to conclude that (σ, θ) ∈ Sol(C2).

Hence, the result.

Lemma 43. Let C be a constraint system obtained by following the strategy. Sol(C) =
Sol(C↓).

Proof. The rules for normalisation presented in Figure 3 corresponds to classic transfor-
mation on formula of first order logic. Once can easily prove that all the rules in Figure 3
preserves the set of solutions. Hence we focus on the two rules presented in Figure 4.

Rule 1: In such a case, E = E′∧∀x̃.[E′′∨x 6=? a], a ∈ N and (X, i`? x) ∈ D. Thus x 6∈ x̃.
Moreover, we have that Axiom(X, path) is useless for any path, and Dest(ξ, `→ r, i) is
useless for any ξ, `→ r.

Let (σ, θ) ∈ Sol(C). We show that xσ 6= a. Thanks to Lemma 36, CbXθcΦ ∈
T (Fc,F∗d · AX ). Moreover, But Axiom(X, path) is useless for any path. Hence either
Axiom(X, path) is not applicable or its application results in two constraint systems C1
and C2 such that C1 simplifies to ⊥ using the rules in Figure 3 and C2 simplifies into
C. But if there exists (ξ, j B v) ∈ Φ such that path(ξ), j ≤ i and (ξ, j B u) 6∈ NoUse
then the application of C1 add the equation X =? ξ in EΠ, and the equation x=? v in E.
Hence C1 simplifies in ⊥ implies that Xθ 6= ξθ or xσ 6= vσ. However, thanks to C being
well-formed (Definition 18, item 5) and (σ, θ) ∈ Sol(C), we deduce that Xθ(Φσ)↓ = xσ
and ξθ(Φσ)↓ = vσ. Hence xσ 6= vσ implies Xθ 6= ξθ.

Hence Axiom(X, path) is useless for any path implies that for all (ζ, j B v) ∈ Φ(C),
if j ≤ i and (ζ, j B v) 6∈ NoUse then Xθ 6= ζθ. But we know that C satisfies InvGeneral
thus for all (ζ, j B v) ∈ Φ(C), ax j ∈ st(ζθ). Thus, paramXθ ⊆ {ax 1, . . . , ax i} and Xθ
conforms to Φθ w.r.t. NoUseθ implies that for all w ∈ CbXθcΦ ∩ F∗d · AX , there exists
(ζ, j B v) ∈ Φ(C) such that path(ζ) = w and j ≤ s. Since we already proved that in
this case, Xθ 6= ξθ, then we deduce that CbXθcΦ ∈ T (Fc,F∗d · AX ) and |CbXθcΦ| > 1.
Along with Xθ(Φσ)↓ = xσ, it implies that |xσ| > 1 and so xσ 6= a.
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Rule 2: In such a case, we have (X, i`? u) ∈ D, Cons(X, f) is useless for any f ∈ Fc,
Axiom(X, path) is useless for any path and Dest(ξ, `→ r, i) is useless for all ξ, `→ r.

Let (σ, θ) ∈ Sol(C). In the case of rule (Nname), we showed that CbXθcΦ ∈ T (Fc,F∗d ·
AX ) and |CbXθcΦ| > 1. But Cons(X, f) is useless for any f ∈ Fc. Hence either
Cons(X, f) is not applicable or its application results in two constraint systems C1 and
C2 such that C1 simplifies to ⊥ using the rules in Figure 3 and C2 simplifies into C.

Let f ∈ Fc. Since (X, i`? u) ∈ D, then Cons(X, f) is applicable. According to Fig-
ure 1, its application adds an equation X =? f(X1, . . . , Xn) in EΠ and u=? f(x1, . . . , xn)
where X1, . . . , Xn and x1, . . . , xn are fresh variables. Since X1, . . . , Xn, x1, . . . , xn are
fresh, C1 simplifying to ⊥ implies that root(Xθ) 6= f or root(uσ) 6= f. But (σ, θ) ∈ Sol(C)
implies that (Xθ)(Φσ)↓ = uσ. Moreover, along with CbXθcΦ ∈ T (Fc,F∗d · AX ) and
|CbXθcΦ| > 1, C1 simplifying to ⊥ implies that root(uσ) = root(Xθ). Hence we deduce
that root(Xθ) 6= f. Hence, we proved that for all f ∈ Fc, root(Xθ) 6= f which is a contra-
diction with CbXθcΦ ∈ T (Fc,F∗d · AX ) and |CbXθcΦ| > 1. Hence (σ, θ) 6∈ Sol(C) and so
Sol(C) = ∅ = Sol(⊥).

Lemma 44. Let (M,M′) be a pair of matrices of constraint systems. Let k be the
number of columns in M and M′. Assume that (M,M′) is obtained at the end of
Step d of Phase 1 of the strategy with parameter s for the support and k for the index
of the column. Let C be a constraint system in M or M′. If C is replaced by ⊥ when
applying Step e of Phase 1 of the strategy, then we have that Sol(C) = ∅.

Proof. Let C be a constraint system in M or M′ such that C is replaced by ⊥ when
applying Step e of Phase 1 of the strategy. By definition, we know that there is two
conditions that trigger the replacement of C by ⊥. We prove that if one of the two
conditions is satisfied then Sol(C) = ∅.

Condition 1: By definition, we know that there exists a constraint system C′ in the same
column as C, a recipe ξ, such that:

• (ξ, i B u) ∈ Φ(C′) for some i ≤ s and u

• for all (ξ′, j B v) ∈ Φ(C), path(ξ) 6= path(ξ′)

Let w · axk = path(ξ). We prove by induction on |w| that there exists w′ suffix of w,
(ζ, j ∈ u) ∈ Φ(C), (ζ ′, j′ ∈ u′) ∈ Φ(C′) such that:

• path(ζ) = path(ζ ′) = w′ · axk, j ≤ s and j′ ≤ s.

• there exists (ζ ′′, j′′ B u′′) ∈ Φ(C′) such that path(ζ ′′) = g · path(ζ) for some g ∈ Fd.

• for all (ζ ′′′, j′′′ B u′′′) ∈ Φ(C), path(ζ ′′′) 6= path(ζ ′′).

Base case |w| = 0: In such a case, we have that ξ = axk. But C and C′ are both
originated from the same initial constraint system, thus we know that there exists u, u′

such that (axk, k B u) ∈ Φ(C) and (axk, k B u′) ∈ Φ(C′). Hence there is a contradiction
with our hypothesis on ξ.

Inductive step |w| > 0: Otherwise, there exists w′ and g ∈ Fd such that w = g ·w′ · axk.
But C′ is a well-formed constraint system, hence by Property 2 of a well formed constraint
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system, (ξ, i B u) ∈ Φ(C′) implies that there exists (ζ ′, j′ B v′) ∈ Φ(C′) such that
path(ζ ′) = w′ · axk and i ≤ j′.

Hence if there exists (ζ, j B v) ∈ Φ(C) such that path(ζ) = path(ζ ′) then the result
holds with (ζ ′′, j′′ B u′′) = (ξ, i B u). Else, since |w′| < |w|, we can apply our inductive
hypothesis on (ζ ′, j′ B v′) and so the result also holds.

Main proof for Condition 1: Thanks to Lemma 27, we know that (M,M′) satisfies
PP1Sb(s, k+ 1). Since k corresponds to the number of column inM andM′, we deduce
that all constraint systems in M or M′ satisfies InvVarConstraint(s), InvUntouched(s)
and InvDest(s).

Let (σ, θ) ∈ Sol(C). Thanks to C satisfying InvDest(s), (ζ, j ∈ u) ∈ Φ(C) and for all
(ζ ′′′, j′′′ B u′′′) ∈ Φ(C), path(ζ ′′′) 6= g · path(ζ), we deduce that σ � ND(C) implies that
there is no recipe ζ2, . . . , ζn ∈ Πr such that g(ζθ, ζ2, . . . , ζn)(Φ(C)σ)↓ ∈ T (Fc,N ) and
paramCmax(ζi) ≤ s for all i ∈ {2, . . . , n}.

But (ζ ′′, j′′ B u′′) ∈ Φ(C′) with path(ζ ′′) = g · path(ζ). Hence there exists ξ2, . . . , ξn
such that ζ ′′ = g(ζ ′, ξ2, . . . , ξn). We will show that ζ ′θ(Φ(C)σ)↓ = ζθ(Φ(C)σ)↓ and
ζ ′′θ(Φ(C)σ)↓ ∈ T (Fc,N ) with paramCmax(ξiθ) ≤ s, for all i ∈ {2, . . . , n}. Hence it will
contradict the fact that σ � ND(C) and so it will implies that Sol(C) = ∅.

We know that C and C′ satisfy InvVarConstraint(s) and InvUntouched(s). Moreover,
thanks to Lemma 25, we also know that there exists a variable renaming ρ : X 1rS1(C)→
X 1 r S1(C′) such that:

1. mgu(E(C))|S1(C)ρ = mgu(E(C′))|S1(C′), and D(C)ρ = D(C′);

2. {(uρ, u′) | (ξ, i B u) ∈ Φ ∧ (ξ′, i′ B u′) ∈ Φ′ ∧ path(ξ) = path(ξ′)} is include in
{(u, u) | u ∈ T (Fc,N ∪ X 1)};

(σ, θ) ∈ Sol(C) implies that for all X, k `? t ∈ D(C), we have (Xθ)(Φ(C)σ)↓ = tσ.
Moreover, we know that for all (ax `, ` B v) ∈ Φ(C), (ax `, ` B v′) ∈ Φ(C′), vρ = v′ which
means that (Xθ)(Φ(C)σ)↓ = tσ implies (Xθ)(Φ(C′)ρ−1σ)↓ = t′ρ−1σ with (X, k `? t′) ∈
D(C′) and tρ = t′.

But, for all X ∈ vars2(ζ ′), by Property 3 of a well formed constraint system, we
know that paramCmax(ζ

′) ≤ j′ and so there exists (X, k `? t′) ∈ D(C′) such that k ≤ j′.
Thus (Xθ)(Φ(C′)ρ−1σ)↓ = t′ρ−1σ. C being well-formed (item 5) allows us to deduce that
(ζ ′θ)(Φ(C′)ρ−1σ)↓ = u′ρ−1σ↓ ∈ T (Fc,N ). Hence, we have that (ζ ′θ)(Φ(C)σ)↓ = uσ↓ =
(ζθ)(Φ(C)σ)↓.

Similarly, we have that (ζ ′′θ)(Φ(C)σ)↓ = u′′ρ−1σ↓ ∈ T (Fc,N ). It remains to show
that for all i ∈ {2, . . . , n}, param(ξiθ) ⊆ {ax 1, . . . , ax s}. Since C′ satisfies the invari-
ant InvUntouched(s), we know that j′′ ≤ s. But C′ is well-formed (item 3) hence
we deduce that paramC

′

max(ζ
′′) ≤ j′′. Since C and C′ have the same shape and sat-

isfy InvVarConstraint(s), we deduce that paramCmax(ζ
′′) = paramC

′

max(ζ
′′). But for all

X ∈ vars2(ζ ′′), (σ, θ) ∈ Sol(C) implies paramCmax(Xθ) ≤ paramCmax(X). Hence, along with
paramCmax(ζ

′′) ≤ j′′, it implies that paramCmax(ζ
′′θ) ≤ j′′ ≤ s. Since for all i ∈ {2, . . . , n},

ξi ∈ st(ζ ′′), we can deduce that paramCmax(ξiθ) ≤ s.

Condition 2: By hypothesis, there exists a constraint system C′ in the column of C,
(ξ, i B u) ∈ Φ(C), (ξ′, i′ B u′) ∈ Φ(C′), f ∈ Fc such that

• path(ξ) = path(ξ′), i ≤ s and i′ ≤ s
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• ND(C) � ∀x̃.u 6= f(x1, . . . , xn) ∨ s 6 `? x1 ∨ . . . ∨ s 6 `? xn where x̃ = x1 . . . xn are
variables.

• there exists X1, . . . , Xn ∈ vars2(C′) such that Cbf(X1, . . . , Xn)Θ′cΦ(C′)δ
1(C′) = u′

and such that param≤max(f(X1, . . . , Xn)Θ′)s where Θ′ = mgu(EΠ(C′)).

We prove in Condition 1 that (σ, θ) ∈ Sol(C) implies that for all (X, k `? t′) ∈ D(C′),
Xθ(Φ(C)σ)↓ = Xθ(Φ(C′)ρ−1σ)↓ = t′ρ−1σ. Hence, for all (ζ, i`? v′) ∈ Φ(C′), Property 5
of a well formed constraint systems for C′ implies that ζθ(Φ(C′)ρ−1σ)↓ = v′ρ−1σ with
param≤max(ζθ)i.

Let Θ = mgu(EΠ(C)) and Θ′ = mgu(EΠ(C′)). By hypothesis, we know that X1, . . . ,
Xn ∈ vars2(C′), hence thanks to Property 7 of a well formed constraint system, we have
that for all i ∈ {1, . . . , n}, CbXiΘ

′cΦ(C′) ∈ T (Fc,F∗d · AX ∪ X 2) and for all ξ ∈ st(XΘ′),
path(ξ) exists implies that there exists j and v such that (ξ, j B v) ∈ Φ(C′). Hence,
Cbf(X1, . . . , Xn)Θ′cΦ(C′)δ

1(C′) = u′ implies that f(X1, . . . , Xn)Θ′θ(Φ(C′)ρ−1σ)↓ = u′ρ−1σ.
Since f(X1, . . . , Xn)Θ′θ(Φ(C′)ρ−1σ)↓ = f(X1, . . . , Xn)Θ′θ(Φ(C)σ)↓ and uρ = u′, we can
deduce that f(X1, . . . , Xn)Θ′θ(Φ(C)σ)↓ = uσ.

Moreover, we know that paramC
′

max(f(X1, . . . , Xn)Θ′) ≤ s which implies that for all
Y ∈ vars2(f(X1, . . . , Xn)Θ′), paramC

′

max(Y ) ≤ s. But C and C′ have the same shape and
both satisfy the invariant InvVarConstraint(s). Hence paramC

′

max(Y ) = paramCmax(Y ). Since
(σ, θ) ∈ Sol(C), we have that paramCmax(Y ) ≤ s implies paramCmax(Y θ) ≤ s. We conclude
that paramCmax(f(X1, . . . , Xn)Θ′θ) ≤ s.

Hence, we proved that there exists ξ1, . . . , ξn ∈ Πr such that paramCmax(ξi) ≤ s for
all i ∈ {1, . . . , n}, and f(ξ1, . . . , ξn)(Φ(C)σ)↓ = uσ. But ND(C) � ∀x̃.u 6= f(x1, . . . , xn) ∨
s6 `?x1∨ . . .∨s 6 `? xn where x̃ = x1 . . . xn are variables. Moreover, (σ, θ) ∈ Sol(C) implies
that σ � ND(C) which is a contradiction with the fact that f(ξ1, . . . , ξn)(Φ(C)σ)↓ = uσ.
Hence, Sol(C) = ∅.

Appendix D.5. Link between solutions of two constraint systems

With the previous to establish soundness (Lemma 42) and completeness (Lemma 5),
we can see that our rules preserve the set of first-order solution of a constraint system. On
the other hand, Lemma 42 indicates that it is possible that some second-order solutions
are not preserved, for example the solutions that use several recipes to deduce the same
key. Even if the non-preservation of the whole set of second-order solutions could be
surprising at first sight, the idea is to preserve enough second-order solutions to be able
to establish symbolic equivalence as stated in the following lemma.

Lemma 45. Let (C, C′) be a pair of normalised constraint systems having the same
structure and obtained by following the strategy. We denote by Φ and Φ′ their associated
frame. We denote by S1, S′1 their associated set of free variables. Let Rule(p̃) be a
transformation rule applicable on (C, C′). Let (C1, C′1) and (C2, C′2) the two resulting pairs
of constraint systems obtained by applying Rule(p̃) on (C, C′), and we denote by Φ1, Φ′1,
Φ2, and Φ′2 their associated frame.

Let σ, θ and σ′ be three substitutions such that (σ, θ) ∈ Sol(C), (σ′, θ) ∈ Sol(C′), and
Φσ ∼ Φ′σ′. For all substitution θ′,

1. (σ, θ′) ∈ Sol(C) if, and only, if (σ′, θ′) ∈ Sol(C′).
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2. Let i ∈ {1, 2}, and σi be a substitution such that σ|S1 = σi|S1 and (σi, θ
′) ∈ Sol(Ci).

Then, (σ′i, θ
′) ∈ Sol(C′i) for some substitution σ′i such that σ′|S′

1
= σ′i|S′

1
. Moreover,

we have that Init(Φi)σi = Init(Φ)σ and Init(Φ′i)σ
′
i = Init(Φ′)σ′.

Proof. Let σ, θ and σ′ be three substitutions such that (σ, θ) ∈ Sol(C), (σ′, θ) ∈ Sol(C′),
and Φσ ∼ Φ′σ. Let θ′ be another substitution. We prove the two properties separately.
The variation can be proved in a similar way.

1. We assume that (σ, θ′) ∈ Sol(C), and we show that (σ′, θ′) ∈ Sol(C′). The other
implication can be done in a similar way. Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse)
and C′ = (S′1;S′2; Φ′;D′;E′;E′Π; ND ′;NoUse′). First, since (σ′, θ) ∈ Sol(C′), we
have that σ′ |= ND ′ ∧E′. Second, since C and C′ have the same structure, we have
that EΠ = E′Π, and so θ′ |= E′Π. Moreover, for any X, i`? u′ ∈ D′, we have that
param(Xθ′) ⊆ {ax 1, . . . , ax i} and for any ground recipe ξ in Πr, ξ conforms to
Φθ′ w.r.t. NoUseθ′ if, and only if, ξ conforms to Φ′θ′ w.r.t. NoUse′θ′. In order to
conclude, it remains to show that (Xθ′)Φσ′↓ = u′σ′↓ for any (X, i`? u′) ∈ D′.

Since (σ, θ) ∈ Sol(C) and (σ, θ′) ∈ Sol(C), we have (Xθ)Φσ↓ = (Xθ′)Φσ↓ for each
constraint (X, i`? u) ∈ D. Since Φσ ∼ Φ′σ′, we have that (Xθ)Φ′σ′↓ = (Xθ′)Φ′σ′↓
for each constraint (X, i`? u′) ∈ D′ (by relying also on the fact that C and C′ have
the same structure). Moreover, since (σ′, θ) ∈ Sol(C′), we have that (Xθ)Φ′σ′↓ =
u′σ′↓ for each constraint (X, i`? u′) ∈ D′. Altogether, this allows us to obtain
that (Xθ′)Φ′σ′↓ = u′σ′↓ for each constraint (X, i`? u′) ∈ D′. This allows us to
conclude.

2. Let i ∈ {1, 2} and σi be a substitution such that σ = σi|vars1(C) and (σi, θ
′) ∈

Sol(Ci). First, by inspection of the rules, it is easy to see that Init(Φi)σi = Init(Φ)σ
and Init(Φ′i)σ

′
i = Init(Φ′)σ′. Since Ci and C′i have the same structure, we have

that EΠ(Ci) = EΠ(C′i), and so θ′ |= EΠ(C′i). Moreover, for any X, j `? u ∈ D(C′i),
we have that param(Xθ′) ⊆ {ax 1, . . . , ax i} and for any ground recipe ξ in Πr, ξ
conforms to Φiθ

′ w.r.t. NoUseθ′ if, and only if, ξ conforms to Φ′iθ
′ w.r.t. NoUse′θ′.

In order to conclude, it remains to show that there exists a substitution σ′i such
that (σ′i, θ

′) ∈ Sol(C′i), i.e. such that (Xθ′)Φiσ
′
i↓ = u′σ′i↓ for any (X, j `? u′) ∈ D′i

and σ′i |= ND ′i ∧ E′i.

Thanks to Lemma 5, we have that (σ, θ′|vars2(C)) ∈ Sol(C). Thanks to Item 1, we
know that (σ′, θ′|vars2(C)) ∈ Sol(C′). Then, we prove the results by case analysis
on the rule Rule(p̃) (we rely on the notation of Figures 1 and 2) foccusing on the
additional constraints that have been added in C′i.

Rule Cons, i = 1: Since (σ′, θ′|vars2(C)) ∈ Sol(C′) and θ′ � EΠ
′
i, we have (Xθ′)Φ′σ′↓ =

t′σ′ and root(Xθ′) = f. Thus, we can deduce that root(t′σ′) = f. Let σ′i = σ′ ∪
{x′1 7→ t′1, . . . , x

′
n 7→ t′n} where t′σ′ = f(t′1, . . . , t

′
n) and so σ′i � t

′=? f(x′1, . . . , x
′
n).

Moreover, (σ′, θ′|vars2(C)) ∈ Sol(C′) implies that σ′ � ND ′ ∧ E′ which means that

σ′i � ND ′ ∧E′ ∧ t′=? f(x′1, . . . , x
′
n) and so σ′i � ND ′i ∧E′i. At last, since we already

know that Xθ′ = f(X1θ
′, . . . , Xnθ

′) and (Xθ′)Φ′σ′↓ = t′σ′ = f(x′1σ
′
i, . . . , x

′
nσ
′
i), we

can deduce that (Xjθ
′)(Φ′σ′i)↓ = x′jσ

′
i for j = {1 . . . n}.
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Rule Cons, i = 2: We have that (σ′, θ′) ∈ Sol(C′), thus it remains to prove that

θ′ � root(X) 6= f. We know that θ′ � EΠ
′
i which means that θ′ � root(X) 6= f.

Rule Axiom, i = 1: We already know that θ′ � EΠ
′
i thus θ′ � X =? ξ. Thus it

remains to prove that σ′ � u′=? v′. We know that (σ′, θ′) ∈ Sol(C′), and thus we
have that Xθ′(Φ′σ′)↓ = u′σ′ and ξθ′(Φ′σ′)↓ = v′σ′. Moreover, thanks to Item 1, we
have that (σ, θ′) ∈ Sol(C). This implies that Xθ′(Φσ)↓ = uσ and ξθ′(Φσ)↓ = vσ.
But, we know that Φσ ∼ Φ′σ′ and we have that σ � u=? v. Thus, we can deduce
that ξθ′(Φ′σ′)↓ = Xθ′(Φ′σ′)↓ and so σ′ � u′=? v′.

Rule Axiom, i = 2: We already shown that θ′ |= EΠ
′
i and so θ′ |= X 6=? ξ. We have

nothing else to prove.

Rule Dest, i = 1: Since (σi, θ
′) ∈ Sol(Ci), we can deduce f(ξ,X2, . . . , Xn)θ′(Φσ)↓ =

wσi ∈ T (Fc,N ). Moreover, we know Φσ ∼ Φ′σ′, thus f(ξ,X2, . . . , Xn)θ′(Φσ)↓ ∈
T (Fc,N ) implies f(ξ,X2, . . . , Xn)θ′(Φ′σ′)↓ ∈ T (Fc,N ) which means that ξθ′(Φ′σ′)↓
can be reduced by the destructor f. Thus, f(u′1, . . . , u

′
n) → w′ being a fresh

renaming of ` → r, we can extend σ′ into σ′i such that u′1σ
′
i = v′σ′i. More-

over, for each rewriting rule, we have that vars1(u′j) ⊆ vars1(u′1) for j = 2 . . . n,
thus f(ξ,X2, . . . , Xn)θ′(Φ′σ′)↓ ∈ T (Fc,N ) implies that Xjθ

′(Φ′iσ
′
i)↓ = u′jσ

′ for
j = 2 . . . n.

Rule Dest, i = 2: The non deducibility constraint added in C′2 corresponds to the
fact that for all (ξ1, . . . , ξn) ∈ Πr with parameter included in {ax 1, . . . , ax i}, we
have ξ1Φ′σ′↓ 6= ξθΦ′σ′↓ ∨ f(ξ1, . . . , ξn)Φ′σ′↓ 6∈ T (Fc,N ). But, by hypothesis, we
know that (σ2, θ

′) ∈ Sol(C2) and σ = σ2|vars1(C) = σ2. Thus, σ2 � ND2 and
so for all recipes (ξ1, . . . , ξn) ∈ Πr with parameter included in {ax 1, . . . , ax i}, we
have ξ1Φσ↓ 6= ξθΦσ↓ ∨ f(ξ1, . . . , ξn)Φσ↓ 6∈ T (Fc,N ). Lastly, since we have that
Φσ ∼ Φ′σ′, the result holds.

Rule Eq-frame-frame: We add an equation u1 =? u2 (resp. a disequation u1 6=? u2).
Moreover, we have that ujσ = ξjθ

′(Φσ)↓ for j = 1, 2. Thanks to Item 1, we know
that (σ′, θ′) ∈ Sol(C′) which means that u′jσ

′ = ξjθ
′(Φ′σ′)↓, for j = 1, 2. Since

Φσ ∼ Φ′σ′, we have that u1σ = u2σ (resp. u′1σ
′ 6= u′2σ

′) and this allows us to
conclude.

The case of the rule Eq-frame-ded can be done in a similar way.

Rule Eq-ded-ded: We know that (σ′, θ′) ∈ Sol(C′), and thus we have Xθ′(Φ′σ′)↓ =
u′σ′ and for all Y ∈ vars2(ξ), Y θ′(Φ′σ′)↓ = w′σ′ where (Y, k `? w′) ∈ D(C′). Hence,
by construction of v′, we deduce that ξθ′(Φ′σ′)↓ = v′σ′. Moreover, thanks to
Item 1, we have that (σ, θ′) ∈ Sol(C). Similarly, this implies that Xθ′(Φσ)↓ = uσ
and ξθ′(Φσ)↓ = vσ. We do a case analysis on i.

Case i = 1: In such a case, θ′ � EΠ(C′i) and so θ′ � X =? ξ. Thus it remains to
prove that σ′ � u′=? v′. But, we know that Φσ ∼ Φ′σ′ and we have that σ � u=? v.
Thus, we can deduce that ξθ′(Φ′σ′)↓ = Xθ′(Φ′σ′)↓ and so σ′ � u′=? v′.

Case i = 2: In such a case, we only have to prove that u′σ′ 6= v′σ′. We know that
uσ 6= vσ which implies that Xθ′(Φσ)↓ 6= ξθ′(Φσ)↓. But we have Φσ ∼ Φ′σ′ hence

121



Xθ′(Φσ)↓ 6= ξθ′(Φσ)↓ implies Xθ′(Φ′σ′)↓ 6= ξθ′(Φ′σ′)↓ and so u′σ′ 6= v′σ′. This
allow us to conclude.

Rule Ded-st : Since (σi, θ
′) ∈ Sol(Ci), we know that ξθ′(Φσi)↓ = uσi and depend-

ing on the value of i, the constraints added on Ci indicates whether there exists
ξ1, . . . , ξn ∈ Πr such that f(ξ1, . . . , ξn)Φσ↓ = ξθ′(Φσ)↓, or not. But once again,
since we have Φσ ∼ Φ′σ′ by hypothesis, we can transfer this property on σ′. This
allows us to conclude.

Appendix E. Soundness and completeness at the matrices level

Using the lemmas 5, 42 and 45, we now establish completeness and soundness at the
matrices level.

Lemma 46. Let V, V ′ be two row matrices of constraint systems obtained by following
the strategy. Let Rule(p̃) be a transformation rule applicable on (V,V ′). Let (W1,W ′1)
and (W2,W ′2) be the two resulting pairs of row matrices of constraints systems obtained
by the application of Rule(p̃).

W1 ≈s W ′1 and W2 ≈s W ′2 is equivalent to V ≈s V ′

Proof. We prove the two directions of the equivalence separately. We assume w.l.o.g.
that V (resp. V ′) is a row matrix of size n (resp. n′). Let V = [C1, . . . , Cn] and V ′ =
[C′1. . . . , C′n′ ]. We know that W1 and W2 (resp. W ′1 and W ′2) are row matrices of size n
(resp. n′). Let Wi = [Ci1, . . . , Cin] and W ′i = [C′i1 , . . . , C′in′ ] for i = 1, 2.

Let 1 ≤ j ≤ n and 1 ≤ k ≤ n′. We denote by Φj the frame associated to Cj and
by Φ′k the frame associated to C′k. Let i ∈ {1, 2}. Similarly, we denote by Φij the frame

associated to Cij and by Φ′ik the frame associated to C′ik .

Right implication: Let 1 ≤ j ≤ n and let (σ, θ) ∈ Sol(Cj). By Lemma 42, we know that
there exists θ′, i ∈ {1, 2} and σi such that (σi, θ

′) ∈ Sol(Cij) and σ|S1(Cj) = σi|S1(Cj). By
hypothesis, we have that Wi ≈s W ′i . Hence, there exist 1 ≤ k ≤ n′ and a substitution σ′i
such that (σ′i, θ

′) ∈ Sol(C′ik ) and Φijσi ∼ Φ′ikσ
′
i. Thanks to Lemma 5, we deduce that:

(σi|vars1(Cj), θ
′|vars2(Cj)) ∈ Sol(Cj) and (σ′i|vars1(C′k), θ

′|vars2(C′k)) ∈ Sol(C′k).

with Init(Φij)σi = Init(Φj)σi|vars1(Cj) and Init(Φ′ik )σ′i = Init(Φ′k)σ′i|vars1(C′k). Note that
θ′|vars2(C′k) = θ′|vars2(Cj) since C′k and Cj have the same structure. Moreover, by hypoth-
esis, we have that σ = σi|vars1(Cj). Thus, we can apply Lemma 45 on Cj and C′k. Since
(σ, θ) ∈ Sol(Cj), we deduce that (σ′, θ) ∈ Sol(C′k) where σ′ = σ′i|vars1(C′k). Lastly, since

Φijσi ∼ Φ′ikσ
′
i, Init(Φ

i
j)σi = Init(Φj)σ and Init(Φ′ik )σ′i = Init(Φ′k)σ′, we easily deduce that

Φjσ ∼ Φ′kσ
′. The other implication can be done in a similar way.

Left implication: Let 1 ≤ j ≤ n, i ∈ {1, 2} and let (σi, θ
′) ∈ Sol(Cij). By Lemma 5,

we know that there exists σ and θ such that (σ, θ) ∈ Sol(Cj) with σ = σi|vars1(Cj) and
θ = θ′|vars2(Cj). By hypothesis, we have that V ≈s V ′. Hence, there exists 1 ≤ k ≤ n′

and a substitution σ′ such that (σ′, θ) ∈ Sol(C′k) and Φjσ ∼ Φ′kσ
′. Thus, we can apply

Lemma 45 (second item) on Cj and C′k. Since (σi, θ
′) ∈ Sol(Cij), we deduce that (σ′i, θ

′) ∈
Sol(C′ik ) for some substitution σ′i such that σ′ = σ′i|vars1(C′k). Moreover, we have that
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Init(Φij)σi = Init(Φj)σ and Init(Φ′ik )σ′i = Init(Φ′k)σ′. Since Φjσ ∼ Φ′kσ
′, we easily deduce

that Φijσi ∼ Φ′ikσ
′
i. The other implication can be done in a similar way.

Theorem 2. [soundness and completeness for internal rules] Let M1, M′1 be two
matrices of constraint systems obtained from a pair of sets of initial constraint systems
by following the strategy S . Let Rule(p̃) be an internal transformation rule applicable on
(M1,M′1) on the ith row. Let (M2,M′2) be the resulting pair of matrices of constraint
systems obtained by the application of Rule(p̃). We have that:

M2 ≈sM′2 is equivalent to M1 ≈sM′1

Proof. Since M1 and M′1 have the same structure, we know that they have the same
number of lines, say m. Let M1 = [V1, . . . ,Vm] and M′1 = [V ′1, . . . ,V ′m]. Let (W1,W ′1)
and (W2,W ′2) be the two resulting pairs of row matrices of constraint systems obtained
by applying Rule(p̃) on (Vi,V ′i). HenceM2 = [V1, . . . ,Vi−1,W1,W2,Vi+1, . . . ,Vm], and
M′2 = [V ′1, . . . ,V ′i−1,W ′1,W ′2,V ′i+1, . . . ,V ′m].

By Definition 13 of the symbolic equivalence of matrices of constraint systems, we
have that M1 ≈s M′1 is equivalent to Vj ≈s V ′j for every j ∈ {1, . . . ,m}. Thanks to
Proposition 46, we easily deduce that Vi ≈s V ′i is equivalent toW1 ≈s W ′1 andW2 ≈s W ′2.
This allows us to conclude.

Theorem 3. [soundness and completeness for external rules] Let M, M′ be two ma-
trices of constraint systems obtained from a pair of sets of initial constraint systems
by following the strategy S . Let Rule(p̃) be an external transformation rule applicable
on (M,M′). Let (M1,M′1) and (M2,M′2) be the two resulting pairs of matrices of
constraint systems obtained by the application of Rule(p̃). We have that:

M1 ≈sM′1 and M2 ≈sM′2 is equivalent to M≈sM′

Proof. Since M and M′ have the same structure, we know that they have the same
number of lines, say m. LetM = [V1, . . . ,Vm] andM′ = [V ′1, . . . ,V ′m]. When Rule(p̃) is
applicable on (Vi,V ′i), let (Wi,1,W ′i,1) and (Wi,2,W ′i,2) be the two resulting pairs of row
matrices of constraint system. Otherwise, let (Wi,1,W ′i,1) = (⊥,⊥) and (Wi,2,W ′i,2) =
(Vi,V ′i). We have that:

• M1 = [W1,1, . . . ,Wm,1], M′1 = [W ′1,1, . . . ,W ′m,1], and

• M2 = [W1,2, . . . ,Wm,2], M′2 = [W ′1,2, . . . ,W ′m,2].

By Definition 13 of the symbolic equivalence of matrices of constraint systems, we
have that M ≈s M′ is equivalent to Vi ≈s V ′i for every i ∈ {1, . . . ,m}. Relying on
Proposition 46 when the rule is effectively applied on (Vi,V ′i) (when the rule is not
applicable, the result trivially holds), we deduce that for every i, Vi ≈s V ′i is equivalent
to Wi,1 ≈s W ′i,1 and Wi,2 ≈s W ′i,2 which is equivalent to M1 ≈s M′1 and M2 ≈s M′2.
This allows us to conclude.

Appendix F. Soundness and completeness of LeafTest

The purpose of this appendix is to establish the following result.
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Theorem 4. Let (M0,M′0) be a pair of sets of initial constraint systems and (M,M′)
be a leaf of the tree whose root is labeled with (M0,M′0) and which is obtained following
the strategy S . We have that M≈sM′ if, and only if, LeafTest(M,M′) = true.

First, we will show that the pairs of matrices obtained at the leaves satisfy some
nice properties (see Appendix F.1). Then, we will see that there is a need for a special
treatment to deal with non-deducibility constraints, and this is explained in Appendix
F.2. In Appendix F.3, we show that any constraint system obtained at the end (and
which is different from ⊥) has a solution, and we conclude by establishing Theorem 4.

Appendix F.1. Shape of the leaves

Following the idea developed e.g. in [25], the purpose of our transformation rules
is to transform constraint systems until reaching constraint systems that are in solved
form. Solved constraint systems enjoy some nice properties, e.g. they have a solution,
and they are therefore convenient to decide satisfiability. In order to be able to decide
symbolic equivalence between sets of constraint systems, we have to consider a slightly
different notion of solved form and we have also to lift this notion at the matrix level.

Definition 20. A well-formed constraint system C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse)
is solved (or in solved form) if:

1. C satisfies the invariants InvVarConstraint(smax), InvNoUse(smax), InvVarFrame(smax),
InvDest(smax), and InvDedsub;

2. E is a formula of the form
∧
k uk =? vk

∧
i[
∨
j xi,j 6=

? wi,j ] where wi,j ∈ T (Fc,X 1),

xi,j ∈ X 1, and uk, vk ∈ T (Fc,N ∪ X 1).

3. for all X ∈ vars2(D), for all f ∈ Fc, for all ξ, i B u in Φ, we have that EΠ 6� X 6=? ξ
and EΠ 6� root(X) 6=? f.

By convention, the constraint system ⊥ is in solved formed.

Property 2 ensures that disequations do not involve names so that it will be possible
to produce similar disequations on other constraint systems. Property 3 allows us to
ensure that each deducibility constraint would be satisfied by considering any recipe
made up of contructors above elements occurring in the frame Φ. As expected, we then
need to lift the notion of solved form at the matrix level.

Definition 21. We say that a pair (M,M′) is in solved form if all the constraint
systems in this pair are in solved form, and (M,M′) satisfies InvMatrix(smax) as well as
InvGeneral. Moreover, we have that:
for all constraint systems C, C′ on the same column, there exists a variable renaming
ρ : X 1 r S1(C)→ X 1 r S1(C′) such that:

1. mgu(E(C))|S1(C)ρ = mgu(E(C′))|S1(C′), and D(C)ρ = D(C′);

2. {(uρ, u′) | (ξ, i B u) ∈ Φ ∧ (ξ′, i′ B u′) ∈ Φ′ ∧ path(ξ) = path(ξ′)} is included in
{(u, u) | u ∈ T (Fc,N ∪ X 1)};

for all constraint systems C, C′ in (M,M′), there exists a variable renaming ρ : X 1 → X 1

such that:
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3. E(C)ρ restricted to inequations is equal to E(C′) restricted to inequations, and
D(C)ρ is equal to D(C′).

The two first properties of Definition 21 focus on the messages inside the constraint
systems. Intuitively, Properties 1 and 2 will help us to prove that all the constraint
systems have the same set of first-order solutions. To understand why these properties
hold, we need to come back to the creation of new rows in a matrix of constraint systems,
and so to the application of internal rules. In Subsection 3.4, we describe the application
of internal rules as a way to keep the result of the guesses on static equivalence inside
a single matrix. Thus, it is natural that the first-order solutions of different constraint
systems in a same column are the same.

Property 3 indicates that there exists a matching on the inequations of message for
all constraint systems on a same row. The purpose of this property is for us to prove
that any substitution satisfying the inequations in one constraint systems will be match
by an other first-order substitution that satisfies the inequations in an other constraint
system.

Lemma 47. Let (M0,M′0) be a pair of sets of initial constraint systems and (M,M′)
be a leaf of the tree whose root is labeled with (M0,M′0) and which is obtained following
the strategy S . We have that (M,M′) is in solved form.

Proof. We have that there exist (M1,M′1) and (M2,M′2) such that:

(M0,M′0)→∗ (M1,M′1)→∗ (M2,M′2)→∗ (M,M′)

where:

• (M1,M′1) is obtained at the end of Phase 1 of the strategy; and

• (M2,M′2) is obtained at the end of Step a of Phase 2 of the strategy.

Thanks to Lemma 27, we know that (M1,M′1) satisfies PP1E. Hence, any constraint
system occurring in M1 or M′1 satisfies InvDedsub, InvVarFrame(smax), InvDest(smax),
InvNoUse(smax), InvUntouched(smax) and InvVarConstraint(smax). The rules applied on
Phase 2 are instances of Cons, Eq-ded-ded and Axiom. Hence thanks to Lemma 11, we
deduce that any constraint system in (M,M′) satisfies InvNoUse(smax), InvDest(smax),
InvVarFrame(smax) and InvDedsub. Moreover by Lemma 10, we deduce that any con-
straint system in (M,M′) satisfies InvUntouched(smax). At last, by Lemma 9, we deduce
that any constraint system in (M,M′) also satisfies InvVarConstraint(smax).

Since (M1,M′1) satisfies PP1E, we deduce that (M,M′) satisfies InvMatrix(smax) and
InvGeneral. Hence thanks to Lemma 12 and 14, we deduce that (M,M′) also satisfies
InvMatrix(smax) and InvGeneral.

Let C be a constraint system occurring in M or M′ that is different from ⊥. The
pair (M,M′) being obtained at the end of the strategy implies that the rule Cons
and Axiom are not applicable on any constraint system in M,M′. Hence we deduce
that either Property 3 holds or there exists X ∈ vars2(D(C)) such that Axiom(X, path)
and Cons(X, f) are useless for all path, f. But we know that C satisfies InvDest(smax).
Hence Dest(ξ, ` → r, s) is useless for any ξ, ` → r, s. This case is impossible since C is
normalised and we know that C 6=⊥. Hence, we deduce that Property 3 holds on C.
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We now show the properties 1 and 2 that has to be satisfied by any pair (M,M′)
of matrices in solved form. If we assumed that C and C′ was in the same column. We know
that (M,M′) satisfies the invariant InvGeneral and C, C′ both satisfy InvVarConstraint(smax)
and InvUntouched(smax). Hence by Lemma 25, we deduce that the properties 1, 2 hold.

It remains to show property 2 of solved constraint system and property 3 of solved pair
of matrices. Thanks to Lemma 29, we know that (M2,M′2) does not contain universal
variables. But the rules Cons, Axiom and Eq-ded-ded do not add new universal
variable. Hence (M,M′) does not contain universal variables. (M,M′) being at the
end of the strategy implies that the rule Axiom, Cons and Eq-ded-ded are no longer
applicable. Consider C a constraint system in (M,M′).

Let
∨n
i=1 ui 6=

? vi such that E(C) = E∧
∨
i ui 6=

? vi for some E. Thanks to Lemma 30,
we know that either n = 1, u1 ∈ X 1, v1 does not contain any names and L1

C(v1) ≤ L1
C(u1);

or for all i ∈ {1, . . . , n}, ui 6=? vi satisfies one of the following properties:

1. ui ∈ X 1 and vi ∈ N : In such a case, there exists (X, k `? ui) ∈ D. But Axiom(X,
path) is useless for any path. Since C satisfies InvDest(smax), Dest(ξ, ` → r, s) is
useless for any ξ, ` → r, s. But in such a case, a normalisation rule is applicable
which is a contradiction with the fact that C is normalised. Hence this case is
impossible.

2. ui, vi ∈ X 1, EΠ(C) 6� root(X) 6=? f and EΠ(C) � root(Y ) 6=? g, for all f, g ∈ Fc, where
(X, p`? ui), (Y, q `? vi) ∈ D(C): In such a case, for all g ∈ Fc, EΠ(C) � root(Y ) 6=? g
implies that Cons(Y, g) is useless. But Axiom(Y, path) is not applicable and
EΠ(C) � root(Y ) 6=? g implies that Axiom(Y, path) is useless for all path. Since
C satisfies InvDest(smax), Dest(ξ, ` → r, s) is useless for any ξ, ` → r, s. But in
such a case, a normalisation rule is applicable which is a contradiction with the
fact that C is normalised. Hence this case is impossible.

3. ui ∈ X 1, root(vi) ∈ Fc and for all f ∈ Fc, EΠ(C) � root(X) 6=? f, where (X, p`? ui) ∈
D(C): Since for all f ∈ Fc, EΠ(C) � root(X) 6=? f, then similarly to the previous
case, we prove that this case is impossible.

Since all cases are impossible, we can deduce that n = 1, u1 ∈ X 1, v1 does not contain any
names and L1

C(v1) ≤ L1
C(u1). Note that this already allows us to show Property 2. Lastly,

by applying the same reasoning as above, the rules Axiom and Cons not being applicable
allows us to prove that for all g ∈ Fc, EΠ(C) 6� root(X) 6=? g where (X, i`? u1) ∈ D(C),
and if v1 ∈ X 1 then for all g ∈ Fc, EΠ(C) 6� root(Y ) 6=? g where (Y, j `? v1) ∈ D(C). But
Eq-ded-ded is not applicable. In particular, it is not applicable with parameter X and
ξ where ξδ1(C) = v1. However, the applications conditions of Figure 2 are satisfied for
the rule Eq-ded-ded(X, ξ). Therefore, we deduce that Eq-ded-ded(X, ξ) is useless and
so for all constraint system C′ in M or M′, we deduce that E(C′) � Xδ1(C′) 6=? ξδ1(C′).
This allows us to conclude that Property 3 of solved pair of matrices is satisfied by
(M,M′).

Appendix F.2. Dealing with the non-deducibility constraints

We may note that, due to the presence of non-deducibility constraints, systems in
solved form are not trivially satisfiable. However, as explain in Section 4, our strategy
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was specifically designed to take care of non-deducibility constraints (Step e in Phase 1).
Actually, we only kept the constraint systems whose non-deducibility constraints could
be satisfied. More precisely, we show that we do not need to take care of deducibility
constraint to decide whether a constraint system obtained at the end (on a leaf) admits
a solution.

Lemma 48. Let M be matrix of constraint systems obtained by following the strategy.
Let C and C′ be two constraint systems from the same column in M. Let (σ, θ) ∈ Sol(C)
and (σ′, θ′) ∈ Sol(C′) such that σ|S1(C) = σ′|S1(C′). We have that:

1. Init(Φ(C))σ = Init(Φ(C′))σ′;

2. for all (ξ, i B u) ∈ Φ(C), for all (ξ′, i′ B u′) ∈ Φ(C′), if path(ξ) = path(ξ′) then
uσ = u′σ′;

3. for all X ∈ S2(C) = S2(C′), if (X, i`? u) ∈ D(C) and (X, i`? u′) ∈ D(C′), then
uσ = u′σ′.

Proof. Since C and C′ are both from the same column of M, we deduce that they have
at least one common ancestor. Let C0 be the constraint system on the row matrix of
initial constraint system such that C0 →∗ C and C0 →∗ C′.

Property 1: Let u, u′ ∈ T (Fc,N ∪ X 1) such that (ax i, i B u) ∈ Φ(C) and (ax i, i B u′) ∈
Φ(C′), for some i. Furthermore let u0 ∈ T (Fc,N ∪ X 1) such that (ax i, i B u0) ∈ Φ(C0).

Since C0 →∗ C and C0 →∗ C′, we obtain from Lemma 7 that u = u0Σ and u′ = u0Σ′

where Σ = mgu(E), Σ′ = mgu(E′). But (σ, θ) ∈ Sol(C) implies that σ � E(C) and so there
exists σ0 such that σ = Σσ0. Similarly, there exists σ′0 such that σ′ = Σ′σ′0. Moreover, u0

is a term in the initial constraint system C0, hence vars1(u0) ⊆ S1(C0) = S1(C) = S1(C′)
which also implies that u0σ|S1(C) = u0σ and u0σ

′
|S1(C′) = u0σ

′. At last, by applying the

hypothesis σ|S1(C) = σ′|S1(C′), which leads to u0σ = u0σ
′. Hence, we have that:

uσ = u0Σ(Σσ0) = u0σ = u0σ
′ = uΣ′(Σ′σ′0) = u′σ′.

Property 2: Let (ξ, i B u) ∈ Φ(C) and (ξ′, i′ B u′) ∈ Φ(C′). We know that C and C′ are
well-formed constraint systems. Thanks to Property 5 of a well-formed constraint system
and the fact that (σ, θ) ∈ Sol(C) and (σ′, θ′) ∈ Sol(C′), we deduce that ξθ(Φ(C)σ)↓ = uσ
and ξ′θ′(Φ(C′)σ′)↓ = u′σ′. We have seen that Init(Φ(C)σ = Init(Φ(C′))σ′. We have
assumed that path(ξ) = path(ξ′), and we know that uσ, u′σ′ ∈ T (Fc,N ). Hence we can
apply Lemma 33 which leads to ξθ(Φ(C)σ)↓ = ξ′θ′(Φ(C′)σ′)↓ and so uσ = u′σ′.

Property 3: LetX ∈ S2(C) = S2(C′). There exists Y ∈ S2(C0) such thatX ∈ vars2(CbYΘcΦ(C))
where Θ = mgu(EΠ(C)). Let Θ′ = mgu(EΠ(C′)), Σ = mgu(E(C)) and Σ′ = mgu(E(C′).
By applying Lemma 6 on Y , we have that Y δ1(C0)Σ = CbYΘcΦ(C)δ

1(C).
But (σ, θ) ∈ Sol(C) implies that σ |= E(C) and so there exists σ0 such that σ = Σσ0,

and δ1(C)σ = δ1(C)σ0 since C is normalised. Hence, Y δ1(C0)σ = CbYΘcΦ(C)δ
1(C)σ0 =

CbYΘcΦ(C)δ
1(C)σ. Similarly, we have that Y δ1(C0)σ′ = CbYΘ′cΦ(C′)δ

1(C′)σ′.
Our inductive hypothesis tells us that σ|S1

= σ′|S1
which implies that δ1(C0)σ =

δ1(C0)σ′. Furthermore, M satisfies InvGeneral, hence for all Z ∈ S2(C) = S2(C′),
CbZΘcΦ(C) = CbZΘ′cΦ(C′). Since Y ∈ S2(C0) then Y ∈ S2(C) and so we deduce that
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CbYΘ′cΦ(C′) = CbYΘcΦ(C). Hence, we deduce that CbYΘcΦ(C)δ
1(C)σ = CbYΘcΦ(C)δ

1(C′)σ′.
Since X ∈ vars2(CbYΘcΦ(C)), we can conclude that Xδ1(C)σ = Xδ1(C′)σ′ and so
uσ = u′σ′.

Lemma 49. Let (M0, ) be a pair of sets of initial constraint systems, s be an integer, and
(M, ) (resp. (M1, )) be a pair obtained at the beginning (resp. end) of Step a of Phase 1
with support s, and such that (M0, ) →∗ (M, ) →∗ (M1, ). Let C1 be a constraint
system in M1. Assume that the constraint system C in M ancestor of C1 (denoted
C →∗ C1) satisfies Sol(C) = Sol(C). Let (σ, θ) ∈ Sol(C1) such that (σ, θ) 6∈ Sol(C1). There
exists a constraint system C′1 in M1 which is in the same column as C1, and such that:

1. C is ancestor of C′1, i.e. C →∗ C′1;

2. {(ξ, i) | i < s ∧ (ξ, i B u) ∈ Φ(C1)} = {(ξ, i) | i < s ∧ (ξ, i B u) ∈ Φ(C′1)};

3. {path(ξ) | (ξ, s B u) ∈ Φ(C1)} ⊆ {path(ξ) | (ξ, s B u) ∈ Φ(C′1)};

4. {path(ξ) | (ξ, s B u) ∈ NoUse(C1)} = {path(ξ) | (ξ, s B u) ∈ NoUse(C′1)}∩{path(ξ) |
(ξ, s B u) ∈ Φ(C1)};

5. there exists (σ′, θ′) ∈ Sol(C′1) such that σ|S1(C) = σ′|S1(C).

Proof. Let N be the length of the derivation (M, )→∗ (M1, ). We prove this result
by induction on N . According to the strategy, every application of the rule Dest or
Eq-frame-ded implies the application of the same rule with the same parameters on
each row of the matrix. Hence, for the induction, we assume that the sequence of
applications of a rule Dest or Eq-frame-ded on each row is applied simultaneously.

Base case N = 0: In such a case,M =M1, and therefore C = C1, and Sol(C1) = Sol(C1).
By choosing C′1 = C1 = C, properties 1, 2 and 3 trivially holds. Furthermore, since
NoUse(C′1) ⊆ Φ(C′1), property 4 holds. At last, by hypothesis we have (σ, θ) ∈ Sol(C1)
which implies that (σ, θ) ∈ Sol(C1). With C1 = C′1, we conclude that (σ, θ) ∈ Sol(C′1).
Hence property 5 holds.

Inductive step N > 0: Let Rule(p̃) be the last rule applied. LetM2 be the matrix such
that M2 → M1 (note that since we are in Step a of the strategy, the rule applied is
necessarily an internal rule) and let C2 be the constraint system in M2 ancestor of C1
(i.e. C2 → C1). Thanks to Lemma 5, (σ, θ) ∈ Sol(C1) implies that (σ′, θ′) ∈ Sol(C2) with
σ′|S1

= σ|S1
and θvars2(C2) = θ′.

Hence by induction hypothesis, we know that there exists a constraint system C′2 in
M2 which is in the same column of C2, and such that:

1. C is ancestor of C′2, i.e. C →∗ C′2

2. {(ξ, i) | i < s ∧ (ξ, i B u) ∈ Φ(C2)} = {(ξ, i) | i < s ∧ (ξ, i B u) ∈ Φ(C′2)}

3. {path(ξ) | (ξ, s B u) ∈ Φ(C2)} ⊆ {path(ξ) | (ξ, s B u) ∈ Φ(C′2)}

4. {path(ξ) | (ξ, s B u) ∈ NoUse(C2)} = {path(ξ) | (ξ, s B u) ∈ NoUse(C′2)}∩{path(ξ) |
(ξ, s B u) ∈ Φ(C2)}

5. there exists (σ′′, θ′′) ∈ Sol(C′2) such that σ′′|S1
= σ′|S1

.
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Thanks to the description of the strategy (see Section 4), we know that applying the
rule Dest or Eq-frame-ded is always followed by the application of the same instance
of the rule on each row of the matrix. However, when the parameters of the instance of
the rule are not compatible with the constraint systems on a row of the matrix, this row
stays untouched. Hence, we do a case analysis on the rule applied and on whether the
parameters were compatible or not. Note that Property 3 of the inductive hypothesis on
C2 and C′2 implies that if the parameters of the rule are compatible for C2, then they also
are compatible for C′2.

• Rule(p̃) = Eq-frame-ded(X0, ξ0) where X0, ξ0 are not compatible parameters
for C′2: In such a case, it implies that there is no frame element in Φ(C′2) with
path(ξ0) as path. Hence, C′2 remains unchanged and so C′2 is a constraint system in
M1. However, we know that for all (ξ, s B u) ∈ Φ(C2), there exists (ξ′, s B u′) ∈
Φ(C′2) such that path(ξ) = path(ξ′), thus we can deduce that X0, ξ0 are also not
compatible parameters for C2 which means that C1 is in fact C2. Hence, by denoting
C′1 = C′2, the result holds.

• Rule(p̃) = Dest(ξ0, ` → r, s) where ξ0, ` → r, s are not compatible for C′2: Simi-
larly to the previous case, it implies that there is no frame element in Φ(C′2) with
path(ξ0) as path. Hence C2 = C1 and by denoting C′1 = C′2, the result holds.

• Rule(p̃) = Eq-frame-ded(X0, ξ0) where X0, ξ0 are compatible parameters for C′2
but not for C2: In such a case, there exists a frame element (ξ, s B u) ∈ Φ(C′2) such
that path(ξ0) = path(ξ). Furthermore, there is not such frame element in C2. Since
the rule is applied on C′2 and (σ′′, θ′′) ∈ Sol(C′2), then by Lemma 42, we can deduce
that there exists a constraint system C′1 in M1 such that:

– C′2 → C′1 which implies C →∗ C′1 hence property 1 holds.

– there exist (σ′′′, θ′′′) ∈ Sol(C′1) such that σ′′′|S1(C) = σ′′|S1(C) hence property 5
holds.

Hence it remains to proves Properties 2, 3 and 4. But the rule Eq-frame-ded
does not add new frame elements in the frame, thus properties 2 and 3 are trivially
satisfied. At last, by the rule Eq-frame-ded, we may have:

NoUse(C′1) = NoUse(C′2) ∪ {(ξ, s B u)

But, by hypothesis X0, ξ0 are not compatible parameters for C2 then it means that
there is no frame element (ζ, s B v) ∈ Φ(C2) such that path(ζ) = path(ξ0) = path(ξ).
Hence, we have that:

{path(ξ) | (ξ, s B u) ∈ NoUse(C′1)} ∩ {path(ξ) | (ξ, s B u) ∈ Φ(C2)}
=

{path(ξ) | (ξ, s B u) ∈ NoUse(C′2)} ∩ {path(ξ) | (ξ, s B u) ∈ Φ(C2)}

Therefore, property 4 holds.

• Rule(p̃) = Dest(ξ0, ` → r, s) where ξ0, ` → r, s are compatible parameters for C′2
but not for C2: Properties 1 and 5 are proved similarly to the previous case. It
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remains to prove Properties 2, 3 and 4. Since ξ0, `→ r, s are compatible parameters
for C′2, there exist (ξ, i B u) ∈ Φ(C′2) such that path(ξ) = ξ0 and i ≤ s.
Let g ∈ Fd be the destructor symbol of ` → r. This instance of the rule Dest
may only add a frame element (ζ, s B w) where path(ζ) = g · path(ξ0). Hence
Property 2 holds. Furthermore since Φ(C′2) ⊆ Φ(C′1), Property 3 also holds. At
last, since the rule Dest does not add frame in element in NoUse, we have that
NoUse(C′1) = NoUse(C′2) and so Property 4 holds.

• Rule(p̃) = Eq-frame-ded(X0, ξ0) where X0, ξ0 are compatible parameters for
both C2 and C′2: Thanks to Lemma 42, we can deduce that there exists a constraint
system C′1 in M1 such that:

– C′2 → C′1 which implies C →∗ C′1 hence property 1 holds.

– there exist (σ′′′, θ′′′) ∈ Sol(C′1) such that σ′′′|S1(C) = σ′′|S1(C) hence property 5
holds.

Moreover, since the rule Eq-frame-ded does not add new frame elements, prop-
erties 2 and 3 also holds.

Let u, u′ ∈ T (Fc,N ∪X 1) such that (X0, i`? u) ∈ D(C1) and (X0, i`? u′) ∈ D(C′1).
Furthermore, let (ξ, s B v) ∈ Φ(C1) and (ξ′, s B v′) ∈ Φ(C′1) such that path(ξ) =
path(ξ′) = path(ξ0).

We already proved that (σ, θ) ∈ Sol(C1), (σ′′′, θ′′′) ∈ Sol(C′1) and σ|S1(C) = σ′′′|S1(C).

Thus, by Lemma 48, we can deduce that uσ = u′σ′′′ and vσ = v′σ′′′. Thus,
σ � u=? v is equivalent to σ′′′ � u′=? v′. But by the description of the rule, we have
that (ξ, s B u) ∈ NoUse(C1) is equivalent to σ � u=? v; and (ξ′, s B u′) ∈ NoUse(C′1)
is equivalent to σ′′′ � u′=? v′. Hence we conclude that

(ξ, s B v) ∈ NoUse(C1) is equivalent to (ξ′, s B v′) ∈ NoUse(C′1)

and so Property 4 holds.

• Rule(p̃) = Dest(ξ0, ` → r, s) where ξ0, ` → r, s are compatible parameters for C′2
and C2. Thanks to Lemma 42, we can deduce that there exists a constraint system
C′1 in M1 such that:

– C′2 → C′1 which implies C →∗ C′1 hence property 1 holds.

– there exist (σ′′′, θ′′′) ∈ Sol(C′1) such that σ′′′|S1(C) = σ′′|S1(C) hence property 5
holds.

Let g ∈ Fd be the destructor symbol of `→ r. This instance of the rule Dest may
only add a frame element (ζ, s B w) where path(ζ) = g ·path(ξ0). Hence Property 2
holds.

Let (ξ, j B u) ∈ Φ(C1) and (ξ′, j′ B u′) ∈ Φ(C′1) such that path(ξ) = path(ξ′) =
path(ξ0). First of all, thanks to Property 2 of our inductive hypothesis, we deduce
that j = j′.

Assume now that there exists (ζ, s B w) ∈ Φ(C1) such that path(ζ) = g · path(ξ0).
We show that there necessary exists (ζ ′, s B w′) ∈ Φ(C′1) such that path(ζ ′) =
g · path(ξ0).
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Since path(ζ) = g · path(ξ0) then there exists X2, . . . , Xn ∈ X 2 such that ζ =
g(ξ,X2, . . . , Xn). Furthermore, thanks to (σ, θ) ∈ Sol(C1), to the definition of
a solution of a constraint system and to Property 5 of a well-formed constraint
system, we deduce that ζθ(Φ(C1)σ)↓ = wσ.

But (σ′′′, θ′′′) ∈ Sol(C′1) and σ|S1(C) = σ′′′|S1(C). Thus, by Lemma 48, we can deduce

that Init(Φ(C1))σ = Init(Φ(C′1))σ′′′ which implies ζθ(Φ(C1)σ)↓ = ζθ(Φ(C′1)σ′′′)↓ ∈
T (Fc,N ). Furthermore, Lemma 48 also implies that uσ = u′σ′′′. Hence we have
that ξ′θ′′′(Φ(C′1)σ′′′)↓ = ξθ(Φ(C1)σ)↓ = ξθ(Φ(C′1)σ′′′)↓. Thus, g(ξ′θ′′′, X2θ, . . . ,
Xnθ)(Φ(C′1)σ′′′)↓ ∈ T (Fc,N ). With σ′′′ � ND(C′1) thanks to (σ′′′, θ′′′) ∈ Sol(C′1),
the description of the rule Dest allows us to conclude that there exists (ζ ′, s B
w′) ∈ Φ(C′1) such that path(ζ ′) = path(ζ). Hence Property 3 folds.

Since the rule Dest does not add a frame element in NoUse, we conclude that
Property 4 holds.

Lemma 50. Let M,M1 be two matrices of constraint systems obtained respectively at
the beginning and end of Step a of Phase 1 with support s such that M→∗M1. Let C1
be a constraint system in M1. Assume that C the constraint system in M ancestor of C1
satisfies Sol(C) = Sol(C), and let (σ, θ) ∈ Sol(C1). Assume that

1. for all X ∈ vars2(D(C1)), for all position p of CbXθcΦ(C1), if root(CbXθcΦ(C1)) ∈
Fd, then there is no ground recipe ξ ∈ Πr such that ξ(Φ(C1)σ)↓ = Xθ′|p(Φ(C1)σ)↓
and parammax(ξ

′) < parammax(Xθ|p); and

2. for all ξ, ξ′ ∈ st({Xθ | X ∈ vars2(D(C1))}), path(ξ) = path(ξ′) implies ξ = ξ′.

There exists a constraint system C′1 in the same column of C1 and there exists (σ′, θ′) ∈
Sol(C′1) such that σ|S1(C) = σ′|S1(C) and for all X ∈ S2(C1), Xθ = Xθ′

Proof. Our hypothesis on M, M1 and C1 allows us to apply Lemma 49. Hence we have
that there exists a constraint system C′1 in the same column as C1 such that:

1. C →∗ C′1;

2. {(ξ, i) | i 6= s ∧ (ξ, i B u) ∈ Φ(C1)} = {(ξ, i) | i < s ∧ (ξ, i B u) ∈ Φ(C′1)};

3. {path(ξ) | (ξ, s B u) ∈ Φ(C1)} ⊆ {path(ξ) | (ξ, s B u) ∈ Φ(C′1)};

4. {path(ξ) | (ξ, s B u) ∈ NoUse(C1)} = {path(ξ) | (ξ, s B u) ∈ NoUse(C′1)}∩{path(ξ) |
(ξ, s B u) ∈ Φ(C1)};

5. there exists (σ′, θ′) ∈ Sol(C′1) such that σ|S1(C) = σ′|S1(C).

However, Property 5 is not a sufficient for our result. Hence we will build a new substi-
tution θ′′ that satisfies the properties stated in the Lemma.

Since C1 and C′1 have the same shape, we have that S2(C1) = S2(C′1). Furthermore,
since during Step a of Phase 1 with support s, the only added deducible constraint are
of the following form: X, s`? u, for some X and u where X 6∈ S2(C1).

We now show that there exists a renaming ρ of the recipe variables such that:

• {(Xρ, i) | (X, i`? u) ∈ D(C1)} ⊆ {(X, i) | (X, i`? u) ∈ D(C′1)}
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• {(ξρ, i) | (ξ, i B u) ∈ Φ(C1)} ⊆ {(ξ, i) | (ξ, i B u) ∈ Φ(C′1)}
First of all, since C1 and C′1 have the same shape, we deduce that S2(C1) = S2(C′1) and
{(X, i) | (X, i`? u) ∈ D(C1)∧X ∈ S2(C1)} = {(X, i) | (X, i`? u) ∈ D(C′1)∧X ∈ S2(C′1)}.
Hence, we define ρ on S2(C) is the identity. Let (X, i`? u) ∈ D(C1) such that X 6∈
S2(C1). SinceM1 satisfies PP1Sa(s), we deduce that there exists a unique frame element
(g(ξ1, . . . , ξn), j B v) ∈ Φ(C1) and k ∈ {2, . . . , n} such that j = s and ξk = X. But
we already proved that {path(ξ) | (ξ, s B u) ∈ Φ(C1)} ⊆ {path(ξ) | (ξ, s B u) ∈ Φ(C′1)}.
Hence along with Property 3 of the invariant PP1Sa(s) on C′1, we deduce that there exists
(g(ξ′1, X

′
2, . . . , X

′
n), s B v′) ∈ Φ(C′1) and path(ξ′1) = path(ξ1). Thus, we define ρ on X

such that Xρ = X ′k. Moreover, since X ′k 6∈ S2(C), we deduce that there exists u′k such
that (X ′k, s`? u′k) ∈ D(C′1). Hence we conclude that {(Xρ, i) | (X, i`? u) ∈ D(C1)} ⊆
{(X, i) | (X, i`? u) ∈ D(C′1)}.

We already know that {(ξ, i) | i 6= s ∧ (ξ, i B u) ∈ Φ(C1)} = {(ξ, i) | i < s ∧ (ξ, i B
u) ∈ Φ(C′1)}. Moreover, for all (ξ, i B u) ∈ Φ(C1), for all X ∈ vars2(ξ), paramC1max(X) ≤ i
(thanks to C1 being well-formed. But C1 satisfies InvUntouched(s). Hence if i 6= s
and X ∈ vars2(ξ), then i < s and so X ∈ S2(C). Thus, if i 6= s then ξρ = ξ. Let
(ξ, s B u) ∈ Φ(C1). Since C1 is well-formed (item 3), paramC1max(ξ) exists and so for all
Z ∈ vars2(ξ), there exists (Z, j `? u) ∈ D(C1). Thus by construction of ρ, we deduce
that there exists u′ such that (ξρ, s B u′) ∈ Φ(C′1) and so {(ξρ, i) | (ξ, i B u) ∈ Φ(C1)} ⊆
{(ξ, i) | (ξ, i B u) ∈ Φ(C′1)}.

Hence, for all X ∈ vars2(D(C′1)) ∩ img(ρ), we define Xθ′′ = Xρ−1θ. It remains to
define the variables that are not in img(ρ).

First of all, for all Y ∈ vars2(D(C1)), for all position p, if root(CbY θ1cΦ(C1)|p) = g ∈
Fd then path(Y θ|p) ∈ F∗d · AX . But since (σ, θ) ∈ Sol(C1), then Y θ|p(Φ(C1)σ)↓ ∈
T (Fc,N ). Moreover, we know that (σ′, θ′) ∈ Sol(C′1) with σ|S1(C) = σ′|S1(C). By

Lemma 48, we know that Init(Φ(C1))σ = Init(Φ(C′1))σ′ and so Y θ|p(Φ(C′1)σ′)↓ ∈ T (Fc,N ).
Furthermore, the matrixM1 is obtained at the end of Step a of Phase 1 of the strategy,

then C′1 satisfies the invariant InvDest(s). Thus, with σ′ � ND(C′1), we can deduce that
either (a) there exists a frame element (ξ, s B u) ∈ Φ(C′1) such that path(ξ) = path(Y θ|p)
or else (b) there exist a frame element (ξ′, i B v) ∈ Φ(C′1) such that path(ξ′) is a suffix of
path(Y θ|p) and (ξ′, i B v) ∈ NoUse(C′1).
Case (b): Since (σ, θ) ∈ Sol(C1), we deduce that Y θ conforms to Φ(C1) w.r.t. NoUse(C1).
Hence, we deduce that there is no frame element on Φ(C1) which recipe have path(ξ′)
as path. Hence, thanks to property 2 of the well formed constraint system, we can also
deduce that there exists a position p′ of CbY θcΦ(C1) such that CbY θcΦ(C1)|p = path(ξ′)
and i = s. But by Property 8 of a well-formed constraint system, (ξ′, s B v) ∈ NoUse(C′1)
implies that there exists Z ∈ vars2(C′1) such that CbZmgu(EΠ(C′1))cΦ(C′1)δ

1(C′1) = v and

param
C′1
max(Zmgu(EΠ(C′1))) < s.

Since we proved that Init(Φ(C1))σ = Init(Φ(C′1))σ′, then Zθ(Φ(C1)σ)↓ = ξ′θ(Φ(C1)σ)↓ =
Y θ|p(Φ(C1)σ)↓. Hence we have that Y θ|p(Φ(C1)σ)↓ = Zθ(Φ(C1)σ)↓ where parammax(Zθ) <
s which is a contradiction on the hypothesis on θ. Thus we can deduce that this case is
impossible.
Case (a): Let’s denote Y θ|p = g(ζ1, . . . , ζn). Thanks toM1 satisfying invariant PP1Sa(s),
we know that there exists X2, . . . , Xn ∈ vars2(D(C′1)) such that ξ = g(ξ1, X2, . . . , Xn)
for some ξ1. Furthermore, we know, by definition of θ, that all recipe in θ with the same
path is equal to Y θ|p. Hence for all i ∈ {2, . . . , n}, we define Xiθ

′′ = ζi.
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Let SX be the set of all the others variables in vars2(D(C′1)) not already defined
at this stage. For all X ∈ SX , we define Xθ′′ = CbXθ′cΦ(C′1)δ

2(C′1)θ′′ which exists by
following the order <θ′ on SX .

Typically, the variables in SX represents the variables that could not be instantiate
thanks to θ. Thus, since (σ′, θ′) ∈ Sol(C′1), we used θ′ to defined those variables. The
expression CbXθ′cΦ(C′1)δ

2(C′1)θ′′ represents the fact that the context of Xθ′ and Xθ′′ are
the same.

Finally, for all X ∈ vars2(C′1) r vars2(D(C′1)), we define Xθ′′ = Xmgu(EΠ(C′1))θ′′

To verify that (σ′, θ′′) ∈ Sol(C′1), it remains to prove that θ′′ � EΠ(C′1). The others
propriety are indeed satisfied by construction of θ′′. Thanks to M1 satisfying invariant
PP1Sa(s) (item 4), we know that the variable in vars2(D(C′1)) do not appear in any
inequation in EΠ(C′1. Furthermore, since by definition of θ′′, θ′′ satisfies mgu(EΠ(C′1)),
we can deduce that θ′′ � EΠ(C′1).

Lemma 51. Let M be a matrix of constraint systems obtained at the end of Step e
of Phase 1 of the strategy with s as support. Let C be a constraint system in M. Let
(σ, θ) ∈ Sol(C). We have that there exists θ′ such that (σ, θ′) ∈ Sol(C) and

1. for all X ∈ vars2(D(C)), for all position p of CbXθ′cΦ(C), if root(CbXθ′cΦ(C)|p) ∈
Fd, then there is no ground recipe ξ ∈ Πr such that ξ(Φ(C)σ)↓ = Xθ′|p(Φ(C)σ)↓ ∈
T (Fc,N ) and parammax(ξ) < parammax(Xθ

′|p); and

2. for all ξ, ξ′ ∈ st({Xθ | X ∈ vars2(D(C))}), path(ξ) = path(ξ′) implies ξ = ξ′.

Proof. We begin by proving the first property of the result: We show that there exists θ′

such that (σ, θ′) ∈ Sol(C) and for all X ∈ vars2(D(C)), for all position p of CbXθ′cΦ(C),
if root(CbXθ′cΦ(C)|p) ∈ Fd, then there is no recipe ξ ∈ Πr such that ξ(Φ(C)σ)↓ =
Xθ′|p(Φ(C)σ)↓ ∈ T (Fc,N ) and parammax(ξ) < parammax(Xθ

′|p).
We prove this property by induction on the number of positions p which do not satisfy

the property. Let’s denote this number m(θ)

Base case m(θ) = 0: In such a case, the result trivially holds.

Inductive step m(θ) > 0: Otherwise, let X ∈ vars2(D(C)), a position p and a ground
recipe ξ ∈ Πr such that root(CbXθcΦ(C)|p) ∈ Fd, ξ(Φ(C)σ)↓ = Xθ|p(Φ(C)σ)↓ ∈ T (Fc,N )
and parammax(ξ) < parammax(Xθ|p).

First of all, thanks to Lemma 35, we know that there exists ξ′ ∈ Πr such that
ξ′ conforms to Φ(C)θ w.r.t. NoUse(C)θ, ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓ and parammax(ξ

′) ≤
parammax(ξ).

Secondly, thanks to Property 1 shown in Lemma 41, we know that there exists
a position p′ and ξ′′ ∈ st(ξ′), such that p′ is a prefix of p and Xθ[ξ′]p(Φ(C)σ)↓ =
Xθ[ξ′′]p′(Φ(C)σ)↓ and Xθ[ξ′′]p′ ∈ Πr.

We want to apply Lemma 40 for the replacement. We know that C satisfies the
invariants InvVarFrame(s) and InvUntouched(s). Thus for all (ζ, i B u) ∈ Φ(C), for
all Z ∈ vars2(ζ), paramCmax(Z) < i. But, for all Z ∈ vars2(CbXθ[ξ′′]p′cΦ(C)), either
Z ∈ vars2(CbXθcΦ(C)) else Z ∈ vars2(Cbξ′′cΦ(C)). Since ξ′′ ∈ st(ξ′) and parammax(ξ

′) ≤
parammax(ξ) < parammax(Xθ|p), we can deduce, thanks to Lemma 39, that ¬(X < Z).
Hence we can apply Lemma 40 which gives us that there exists θ′ such that (σ, θ′) is a
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pre-solution of C with Xθ′ = Xθ[ξ′′]p′ , θ
′ � mgu(EΠ(C)) and for all Y ∈ vars2(D)r{X},

CbY θ′cΦ(C) = CbY θcΦ(C).
However, we know that M is obtained at the end of Step e of Phase 1 with support

s. Hence thanks to Lemma 27, M satisfies PP1SbE(s, k) where k is the column C and
so C satisfies: for all (X, i B x) ∈ D(C), for all (ξ, j B u) ∈ Φ(C), for all f ∈ Fc,
EΠ 6� root(X) 6=? f and EΠ 6� X 6=? ξ. Hence, we can deduce that θ′ � EΠ(C) and so
(σ, θ′) ∈ Sol(C).

At last, since we replace a subterm of Xθ by a recipe of strictly smaller maximal
parameter and for all Y ∈ vars2(D) r {X}, CbY θ′cΦ = CbY θcΦ, we can deduce that
m(θ′) < m(θ). Hence we conclude by applying our inductive hypothesis.

We now show the second property of the result. First of all, we know that for
all X ∈ vars2(D(C)), Xθ conforms to Φ(C)θ w.r.t. NoUse(C). Hence, if there exists
X,Y ∈ vars2(D(C)), ξ ∈ st(Xθ) and ξ′ ∈ st(Y θ) such that path(ξ) = path(ξ′) and
ξ 6= ξ′, it implies that root(ξ) ∈ Fd and there is no frame element (ζ, i B u) ∈ Φ(C) such
that path(ξ) = path(ζ) (otherwise it would contradict the conformity of Xθ to Φ(C)θ
w.r.t. NoUseθ). Hence it implies that there exists p (resp. p′) position of CbXθcΦ(C)
(resp. CbY θcΦ(C)) such that Xθ|p = ξ (resp. Y θ|p = ξ′).

Hence, we do our proof by induction on the number of position that do not satisfies
the wanted property: Let µ(θ) be the set defined such that µ(θ) = {path | X,Y ∈
vars2(D(C)) and ξ, ξ′ ∈ st(Xθ, Y θ) and path(ξ) = path(ξ′) and ξ 6= ξ′}.
Base case µ(θ) = ∅: In such a case, the result trivially holds.

Inductive step µ(θ) 6= ∅: Let w be a minimal path in term of size in µ(θ). Let X0 be
a minimal variable in term of <θ of all variables X where there exists a position p of
CbXθcΦ(C) such that path(Xθ|p) = w.

Hence we know that there exists p0 position of CbX0θcΦ(C) such that path(X0θ|p0) =
w. We will replace any recipe that have w as path by X0θ|p0 that we denote ξ0. Hence,
we do a new induction on:

m(θ) =
∑

path(ξ)=w

nbocc(ξ, {Y θ | Y ∈ vars2(D(C))})− nbocc(ξ0, {Y θ | Y ∈ vars2(D(C))})

Base case m = 0: In such a case, it implies that any subterm whose path is equal to w,
is in fact ξ0. Hence it contradicts the fact that w ∈ µ(θ).

Inductive case m > 0: Otherwise, we have that there exists Y ∈ vars2(D(C)) and
p position of CbY θcΦ(C) such that path(Y θ|p) = w but Y θ|p 6= Xθ|p0 . We want to
apply Lemma 40 hence we have to verify the application conditions of the lemma. Let
ξ = Xθ|p0 .

• Since ξ is a subterm of Xθ and (σ, θ) ∈ Sol(C), we have that ξ conforms to Φ(C)θ
w.r.t. NoUse(C)θ. Furthermore, thanks to the first property we shown in this
lemma, we know that path(ξ) = path(Y θ|p) implies parammax(ξ) = parammax(Y θ|p).
Hence since Y θ|p ∈ st(Y θ) and (σ, θ) ∈ Sol(C), we deduce that parammax(ξ) ≤
paramCmax(Y ).

• Since path(ξ) = path(Y θ|p), ξ(Φ(C)σ)↓ ∈ T (Fc,N ) and Y θ|p(Φ(C)σ)↓ ∈ T (Fc,N ),
then by Lemma 33, we have that ξ(Φ(C)σ)↓ = Y θ|p(Φ(C)σ)↓. Furthermore path(ξ) =
path(Y θ|p) also implies that CbY θ[ξ]pcΦ(C) = CbY θcΦ(C)[CbξcΦ(C)]p.
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• X0 was chosen as minimal under <θ, hence for all Z ∈ vars2(CbξcΦ(C)δ
2(C)), if we

had Y <θ Z then it would imply that Y <θ X0 since we have that Z <θ X0. This
is a contradiction, hence we have that ¬(Y <θ Z).

Thus by Lemma 40, we have that there exists θ′ such that (σ, θ′) is a pre-solution of
C with Y θ′ = Y θ[ξ]p, θ

′ � mgu(EΠ(C)) and for all Z ∈ vars2D r {Y }, we have that
CbZθ′cΦ(C) = CbZθcΦ(C).

But with (σ, θ) ∈ Sol(C), we trivially have that σ � E(C1). Moreover, since C is a
constraint system obtained from Step e, we have shown that for all Z ∈ vars2(D(C)), for
all f ∈ Fc, there is no inequation in EΠ(C) of the form Z 6=? ξ or root(Z) 6=? f where ξ is
a recipe of Φ(C). Hence we have that θ′ � EΠ(C) and so (σ, θ′) ∈ Sol(C).

By construction, we have that m(θ′) < m(θ). Furthermore, the construction of θ′,
i.e. Y θ′ = Y θ[ξ]p and for all Z ∈ vars2D r {Y }, CbZθ′cΦ(C) = CbZθcΦ(C), imply that
X0 is also a minimal variable in term of <θ′ from all variables X ∈ vars2(D(C)) where
there exists a position p of CbXθ′cΦ(C) such that path(Xθ′|p) = w. Hence we can apply
our inductive hypothesis on θ′ which conclude the result.

Definition 22. The relation RFc
over Πr × Πr is the least relation that contains

ξ RFc
ξ′ when path(ξ), path(ξ′) are defined and path(ξ) = path(ξ′), and that is closed by

constructor application, i.e. for any f ∈ Fc of arity n,

ξ1 RFc
ξ′1, . . . , ξ′n RFc

ξ′n ⇒ f(ξ1, . . . , ξn) RFc
f(ξ′1, . . . , ξ

′
n).

Lemma 52. Let Φ a ground frame, and ξ, ξ′ two ground recipes in Πr. We have that
CbξcΦ = Cbξ′cΦ implies ξ RFc

ξ′.

Proof. We prove the result by induction on |CbξcΦ| but we will also prove in the same
time that if CbξcΦ = Cbξ′cΦ, and path(ξ), path(ξ′) exist then path(ξ′) = path(ξ).

Base case |CbξcΦ| = 1: In such a case, there exists (ζ, i B u) ∈ Φ such that path(ζ) =
path(ξ). Since Cbξ′cΦ = CbξcΦ, we deduce that path(ξ′) = path(ξ) and so ξ RFc

ξ′.

Inductive step |CbξcΦ| > 1: By definition of a context, it implies that ξ = f(ξ1, . . . , ξn)
and CbξcΦ = f(Cbξ1cΦ, . . . ,CbξncΦ). Similarly, ξ′ = g(ξ′1, . . . , ξ

′
n) and Cbξ′cΦ = g(Cbξ′1cΦ,

. . . ,Cbξ′ncΦ). Since CbξcΦ = Cbξ′cΦ, we deduce that g = f and for all i ∈ {1, . . . , n},
CbξicΦ = Cbξ′icΦ. If f ∈ Fc then by induction on ξi and ξ′i, we deduce that for all
i ∈ {1, . . . , n}, ξi RFc ξ

′
i. Along with f = g, we conclude that ξ RFc ξ

′.
Else we have f = g ∈ Fd. But ξ and ξ′ are recipes in Πr. Hence it implies that

root(ξ1) 6∈ Fc and root(ξ′1) 6∈ Fc. Hence path(ξ) and path(ξ′) exists and path(ξ) =
f · path(ξ1), path(ξ′) = f · path(ξ′1). But by inductive hypothesis on ξ1, ξ

′
1, we deduce that

path(ξ1) = path(ξ′1). Hence we conclude that path(ξ) = path(ξ′) and so ξ RFc ξ
′.

Lemma 53. Let M be a matrix of constraint system obtained during Step b to d of
Phase 1 of the strategy. Let M′ be the father of M. Let C1 a constraint system in M
and C′1 be its father in M′. Let C′2 be a constraint system in the column of C′1 in M′. Let
(σ′1, θ

′
1) ∈ Sol(C′1), (σ′2, θ

′
2) ∈ Sol(C′2) and (σ1, θ1) ∈ Sol(C1). If

1. σ1|vars1(C′1) = σ′1, θ1|vars2(C′1) = θ′1;

2. σ′1|S1(C′1) = σ′2|S1(C′2);
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3. for all X ∈ S2(C′1), Xθ′1 RFc Xθ
′
2; and

4. for all X,Y ∈ S2(C′2), for all p ∈ Pos(CbXθ′2cΦ(C′2)), for all p ∈ Pos(CbY θ′2cΦ(C′2)),
if path(Xθ′2|p) = path(Xθ′2|p′) then Xθ′2|p = Xθ′2|p′

then we have that there is a constraint system C2 in the same column as C1 in M and
(σ2, θ2) ∈ Sol(C2) such that

1. C′2 → C2

2. σ2|vars1(C′2) = σ′2, θ2|vars2(C′2) = θ′2

3. for all X ∈ S2(C1), Xθ1 RFc
Xθ2

4. for all X,Y ∈ S2(C2), for all p ∈ Pos(CbXθ2cΦ(C′2)), for all p ∈ Pos(CbY θ2cΦ(C2)),
if path(Xθ2|p) = path(Xθ2|p′) then Xθ2|p = Xθ2|p′ .

Proof. Since M′ is the father of M, we do a case analysis on the rule applied on M′.

Case of internal rule not applied on C′2: In such a case, it implies that C′2 is also a
constraint system in the column of C1 in the matrix M. Hence, by denoting C2 = C′2,
and (σ2, θ2) = (σ′2, θ

′
2), we trivially have that the two first wanted properties. Hence, it

remains to show that Xθ1 = Xθ2 for all X ∈ S2(C1). But since C2 is inM, we know that
C2 and C1 have the same structure and so S2(C1) = S2(C2). Similarly, we have S2(C′1) =
S2(C′2). At last, the rule applied is an internal rule hence we have S2(C1) = S2(C′1). Thus,
θ1|vars2(C′1) = θ′1 implies that for all X ∈ S2(C1), Xθ1 = Xθ′1. Hence with Xθ′1 RFc

Xθ′2
and θ2 = θ′2, then we deduce that Xθ1 RFc

Xθ2. Moreover, θ2 = θ′2 and hypothesis 4
implies property 4.

Case of internal rule applied on C′2: In such a case, it implies that C1 = C′1 and so
(σ1, θ1) = (σ′1, θ

′
1). Let C3 and C4 be the two constraint system obtained by application

of Rule(p̃) on C′2. By the definition of an internal rule, we know that both C3 and C4
are in the column of C1 in the matrix M.

Thanks to Lemma 42, (σ′2, θ
′
2) ∈ Sol(C′2) implies that there exists i ∈ {3, 4} and

(σ, θ) ∈ Sol(Ci) such that σ|S1(Ci) = σ′2|S1(C′2). Furthermore, the only possible rule ap-
plicable in this case are Axiom, Cons, Eq-frame-frame, Eq-ded-ded and Ded-st.
Since the strategy dictates that Eq-ded-ded can only be applied internally when ξ is a
variable with parammax(ξ) < s then, by following the proof of Lemma 42, we deduce for
all X ∈ S2(C′2), CbXθcΦ(Ci) = CbXθ′2cΦ(Ci). But thanks to Lemma 52, we deduce that
Xθ RFc

Xθ′2.
Let p, p′ positions of CbXθcΦ(Ci), CbY θcΦ(Ci) respectively where X,Y ∈ S2(C). As-

sume that path(Xθ|p) = path(Y θ|p′). But CbXθcΦ(Ci) = CbXθ′2cΦ(C′1) and CbY θcΦ(Ci) =
CbY θ′2cΦ(C′1). Hence path(Xθ|p) = path(Y θ|p′) implies that path(Xθ′2|p) = path(Y θ′2|p′).
By hypothesis 4, we deduce that Xθ′2|p = Y θ′2|p′ . Hence, thanks to CbXθcΦ(Ci) =
CbXθ′2cΦ(C′1), CbY θcΦ(Ci) = CbY θ′2cΦ(C′1) we deduce that CbXθ|pcΦ(Ci) = CbY θ|pcΦ(Ci).
Since Xθ, Y θ conforms to Φ(Ci)θ w.r.t. NoUseθ, we deduce that Xθ|p = Y θ|p. More-
over, since Xθ (resp. Xθ′2) conforms with Φ(C′1θ) (resp. Φ(Ciθ′2)) and CbXθcΦ(Ci) =
CbXθ′2cΦ(Ci) Since S2(C′2) = S2(Ci) and by hypothesis, Xθ′1 RFc

Xθ′2, we have that
Xθ1 RFc Xθ

′
1 RFc Xθ

′
2 RFc Xθ. Hence, the result holds by denoting C2 = Ci and

(σ2, θ2) = (σ, θ).
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Case of external rule: In such a case, the rule Rule(p̃) is applied on both C′1 and C′2.
The only possible external rules are Cons, Axiom and Eq-ded-ded. By definition of
an external application of the rule, we also know that if C is the right (resp. left) son of
C1 then there exists a constraint system C′ inM such that C′ is the right (resp. left) son
of C′1. We do a case analysis on the rule applied.

• Rule Cons(X, f), left son: In such a case, EΠ(C1) = EΠ(C′1) ∧X =? f(X1, . . . , Xn),
EΠ(C2) = EΠ(C′2)∧X =? f(X1, . . . , Xn); and E(C1) = E(C′1)∧Xδ1(C′1) =? f(x1, . . . , xn),
E(C2) = E(C′2)∧Xδ1(C′2) =? f(y1, . . . , yn) where Xi, xi, yi are fresh variables for all
i ∈ {1, . . . , n} in S2(C1) = S2(C2). Moreover, X ∈ S2(C′1) = S2(C′2).

By hypothesis, we know that (σ1, θ1) ∈ Sol(C1), θ1|vars2(C′1) and (σ′2, θ
′
2) ∈ Sol(C ′2).

Hence θ1 � EΠ(C1) implies that root(Xθ′1) = f ∈ Fc. But Xθ′1 RFc
Xθ′2 thus we

deduce that root(Xθ′2) = f. We define θ2 = θ′2 ∪ {X1 7→ Xθ′2|1; . . . Xn 7→ Xθ′2|n}.
We show that for all i ∈ {1, . . . , n}, Xiθ1 RFc Xiθ2. root(Xθ′2) = root(Xθ′1) =∈
Fc and Xθ′1 RFc Xθ′2 implies by definition of RFc that Xθ′1 = f(ξ1, . . . , ξn)
and Xθ′2 = f(ζ1, . . . , ζn) for some ξ1, . . . , ξn, ζ1, . . . , ζn, and for all i ∈ {1, . . . , n},
ξi RFc

ζi. Since for all i ∈ {1, . . . , n}, Xiθ1 = ξi and Xiθ2 = ζi, the result holds.

Moreover, since for all i ∈ {1, . . . , n}, CbζicΦ(C2) is a subterm of CbXθ′2cΦ(C2), then
hypothesis 4 implies property 4.

It remains to build σ2. Since (σ′2, θ
′
2) ∈ Sol(C′2), we know that Xθ′2(Φ(C′2)σ′2)↓ =

f(u1, . . . , un) where for all i ∈ {1, . . . , n}, ζi(Φ(C′2)σ′2)↓ = ui. Since y1, . . . , yn
are fresh variables, we define σ2 = σ′2 ∪ {y1 7→ u1, . . . , yn 7→ un}. Hence σ2 �
Xδ1(C′2) =? f(y1, . . . , yn). Hence we conclude that (σ2, θ2) ∈ Sol(C2).

• Rule Cons(X, f), right son: In such a case, EΠ(C1) = EΠ(C′1) ∧ root(X) 6=? f and
EΠ(C2) = EΠ(C′2) ∧ root(X) 6= f. By hypothesis, we know that (σ1, θ1) ∈ Sol(C1),
θ1|vars2(C′1) and (σ′2, θ

′
2) ∈ Sol(C ′2). Hence θ′1 � EΠ(C1) implies that root(Xθ′1) 6=

f ∈ Fc. But Xθ′1 RFc Xθ
′
2 thus we deduce that root(Xθ′2) 6= f. Hence the result

holds with (σ2, θ2) = (σ′2, θ
′
2). Moreover, hypothesis 4 trivially implies property 4.

• Rule Axiom(X, path), left son: EΠ(C1) = EΠ(C′1) ∧ X =? ξ1, EΠ(C2) = EΠ(C′2) ∧
X =? ξ2, E(C1) = E(C′1)∧Xδ1(C′1) =? path(ξ1)δ1(C′1) and E(C2) = E(C′2)∧Xδ1(C′2)
=? path(ξ2)δ1(C′2) where path(ξ1) = path(ξ2).

By hypothesis, we know that (σ1, θ1) ∈ Sol(C1), θ1|vars2(C′1) and (σ′2, θ
′
2) ∈ Sol(C ′2).

Hence θ1 � EΠ(C1) implies Xθ′1 = ξ1θ
′
1. But Xθ′1 RFc

Xθ′2 hence since path(Xθ′1
exists, we deduce that path(Xθ′2) exists and path(Xθ′2) = path(Xθ′1). Moreover,
(σ′2, θ

′
2) ∈ Sol(C′2) also implies that Xθ′2 conforms with Φ(C′2)θ′2 w.r.t. NoUseθ′2.

Hence since ξ2 is a recipe of a frame element of Φ(C′2) such that path(ξ2) =
path(ξ1) = path(Xθ′2), we conclude that Xθ′2 = ξ2θ

′
2. Hence θ′2 � EΠ(C2). More-

over, hypothesis 4 trivially implies property 4.

Since (σ′1, θ
′
1) ∈ Sol(C′1), (σ′2, θ

′
2) ∈ Sol(C′2) and σ′1|S1(C′1) = σ′2|S1C′2 then by Lemma 48,

we have that Xδ1(C′2)σ′2 = Xδ1(C′1)σ′1 and path(ξ1)δ1(C′1)σ′1 = path(ξ2)δ1(C′2)σ′2.
Hence, σ′1 satisfiesXδ1(C′1) =? Y δ1(C′1) implies that σ′2 � Xδ

1(C′2) =? path(ξ2)δ1(C′2).
Hence (σ′2, θ

′
2) ∈ Sol(C2).

• Rule Axiom(X, path), right son: EΠ(C1) = EΠ(C′1) ∧X 6=? ξ1, EΠ(C2) = EΠ(C′2) ∧
X 6=? ξ2. By hypothesis, we know that (σ1, θ1) ∈ Sol(C1), θ1|vars2(C′1) and (σ′2, θ

′
2) ∈
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Sol(C ′2). Hence θ1 � EΠ(C1) implies Xθ′1 6=
? ξ1θ

′
1. Since Xθ′1 conforms with Φ(C′1)θ′1

w.r.t. NoUse(C′1)θ′1, it also implies that path(Xθ′1) 6=? path(ξ1). But Xθ′1 RFc Xθ
′
2

hence path(Xθ′2) = path(Xθ′1) and so path(Xθ′2) 6= path(ξ2). Thus, we deduce that
Xθ′2 6= ξ2θ

′
2 and so the result holds with (σ2, θ2) = (σ′2, θ

′
2).

• Rule Eq-ded-ded(X, ξ), left son: EΠ(C1) = EΠ(C′1)∧X =? Y , EΠ(C2) = EΠ(C′2)∧
X =? Y , E(C1) = E(C′1)∧Xδ1(C′1) =? Y δ1(C′1) and E(C2) = E(C′2)∧Xδ1(C′2) =? Y δ1(C′2).
By hypothesis, we know that (σ1, θ1) ∈ Sol(C1), θ1|vars2(C′1) and (σ′2, θ

′
2) ∈ Sol(C ′2).

Hence θ1 � EΠ(C1) implies Xθ′1 = Y θ′1. But Xθ′1 RFc Xθ
′
2 and Y θ′1 RFc Y θ

′
2.

Hence, we deduce thatXθ′2 RFc
Y θ′2. Moreover, thanks to hypothesis 4, Xθ′2 RFc

Y θ′2
implies that Xθ′2 = Y θ′2 and so θ′2 � EΠ(C2).

Since (σ′1, θ
′
1) ∈ Sol(C′1), (σ′2, θ

′
2) ∈ Sol(C′2) and σ′1|S1(C′1) = σ′2|S1C′2 then by Lemma 48,

we have that Xδ1(C′2)σ′2 = Xδ1(C′1)σ′1 and Y δ1(C′1)σ′1 = Y δ1(C′2)σ′2. Hence, σ′1 sat-
isfies Xδ1(C′1) =? Y δ1(C′1) implies that σ′2 � Xδ

1(C′2) =? Y δ1(C′2). Hence (σ′2, θ
′
2) ∈

Sol(C2). Thus the result holds with (σ2, θ2) = (σ′2, θ
′
2).

• Rule Eq-ded-ded(X, ξ), right son: E(C1) = E(C′1) ∧ Xδ1(C′1) 6=? Y δ1(C′1) and
E(C2) = E(C′2) ∧ Xδ1(C′2) =? Y δ1(C′2). Since (σ′1, θ

′
1) ∈ Sol(C′1), (σ′2, θ

′
2) ∈ Sol(C′2)

and σ′1|S1(C′1) = σ′2|S1C′2 then by Lemma 48, we have that Xδ1(C′2)σ′2 = Xδ1(C′1)σ′1
and Y δ1(C′1)σ′1 = Y δ1(C′2)σ′2. Hence, σ′1 satisfies Xδ1(C′1) 6=? Y δ1(C′1) implies that
σ′2 � Xδ

1(C′2) 6=? Y δ1(C′2). Hence (σ′2, θ
′
2) ∈ Sol(C2). Thus the result holds with

(σ2, θ2) = (σ′2, θ
′
2).

Appendix F.3. Existence of a solution

Lemma 54. Let M be a matrix of constraint system obtained after applying Step e of
Phase 1 of the strategy for some support s. Let C be a constraint system in M. We have
that Sol(C) = Sol(C)

Proof. We prove this result by induction of the support s of the Step e. For the purpose
of the induction, we assume that Step e of Phase 1 with support 0 corresponds to the
initial matrix, i.e. the row matrix made of initial constaint systems. Note that an
initial constraint system does not contain any deducibility constraint, and therefore the
property trivially holds.

Base case s = 0 : In such a case, we know that M is a row matrix of initial constraint
systems. Hence, we trivially have that Sol(C) = Sol(C) and so the result holds.

Inductive step s > 0: Let (σ, θ) ∈ Sol(C). Thanks to Lemma 51, we know that there

exists θ′ such that (σ, θ′) ∈ Sol(C) and

1. for all X ∈ vars2(D(C)), for all position p of CbXθ′cΦ(C), if root(CbXθ′cΦ(C)) ∈
Fd, then there is no recipe ξ ∈ Πr such that ξ(Φ(C)σ)↓ = Xθ′|p(Φ(C)σ)↓ and
parammax(ξ

′) < parammax(Xθ
′|p); and

2. for all ξ, ξ′ ∈ st({Xθ′ | X ∈ vars2(D(C))}), path(ξ) = path(ξ′) implies ξ = ξ′.

Since s > 0, we also know that there exists a matrix M1 ancestor of M such that
M1 is obtained at the end of Step a of the first phase with support s. Hence, there exists
a constraint system C1 ancestor of C such that C1 is in M1.
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By a simple induction on the number of rule applied between M1 and M, we prove,
thanks to Lemma 5, that there exists (σ1, θ1) ∈ Sol(C1) such that σ|vars1(C1) = σ1 and
θ|vars2(C2) = θ1.

LetX ∈ vars2(D(C1)) and p a position of CbXθ1cΦ(C1) such that root(CbXθ1cΦ(C1)|p) ∈
Fd. We show that there exists Y ∈ vars2(D(C)) and p′ a position of CbXθcΦ(C) such
that root(CbY θcΦ(C)|p′) ∈ Fd.

The rule Dest was never applied to obtained M from M1, thus θ|vars2(C2) = θ1 im-
plies that root(CbXθ1cΦ(C1)|p) = root(CbXθcΦ(C)|p) ∈ Fd, and so root(CbXθ1cΦ(C1)|p) ∈
Fd implies root(CbXθcΦ(C)|p) ∈ Fd. But thanks to Property 7 of a well formed con-
straint system, we know that CbXmgu(EΠ(C))cΦ(C) ∈ T (Fc ∪ (F∗d · AX )) and for all
Y ∈ vars2(Xmgu(EΠ(C)), Y ∈ vars2(D(C)). Hence, root(CbXθcΦ(C)|p) ∈ Fd implies
that there exists Y ∈ vars2(D(C)) and a position p′ such that Y θ|p′ = Xθ|p and
root(CbY θcΦ(C)|p′) ∈ Fd.

Hence, we deduce that (σ1, θ1) satisfies:

1. for all X ∈ vars2(D(C1)), for all position p of CbXθ1cΦ(C1), if root(CbXθ1cΦ(C)) ∈
Fd, then there is no recipe ξ ∈ Πr such that ξ(Φ(C1)σ)↓ = Xθ1|p(Φ(C1)σ)↓ and
parammax(ξ) < parammax(Xθ1|p); and

2. for all ξ, ξ′ ∈ st({Xθ1 | X ∈ vars2(D(C1))}), path(ξ) = path(ξ′) implies ξ = ξ′.

Moreover, let M2 be the matrix ancestor of M1 obtained from Step e with support
s − 1. Thanks to our inductive hypothesis, we know that for all constraint system C0
in M2, we have Sol(C0) = Sol(C0). Hence, we can apply Lemma 50 on C1 and (σ1, θ1)
which implies that there exists a constraint system C2 in the same column of C1 and there
exists (σ2, θ2) ∈ Sol(C2) such that σ1|S1(C1) = σ2|S1C2 and for all X ∈ S2(C1), Xθ1 = Xθ2.
Xθ1 = Xθ2 trivially implies that Xθ1 RFc Xθ2. Moreover, since Xθ1 = Xθ2 and for
all ξ, ξ′ ∈ st({Xθ1 | X ∈ vars2(D(C1))}), path(ξ) = path(ξ′) implies ξ = ξ′, we deduce
that for all X,Y ∈ S2(C2), for all p ∈ Pos(CbXθ′2cΦ(C2)), for all p ∈ Pos(CbY θ′2cΦ(C′2)),
if path(Xθ′2|p) = path(Xθ′2|p′) then Xθ′2|p = Xθ′2|p′ .

Once again with a simple induction on the number of rule applied between M1 and
M , we use Lemma 53 to prove that there exists a constraint system C′ in the column
of C in M and (σ′′, θ′′) ∈ Sol(C′) such that σ′′|S1(C′) = σ|S1(C) and for all X ∈ S2(C),
Xθ′ = Xθ′′.

But thanks to Lemma 26, we know that the matrix M satisfies InvMatrix(s). Thus
there exists a renaming ρ of first order variable such that:

• {xρ | (X, i`? x) ∈ D(C) ∧ i ≤ s} = {x | (X, i`? x) ∈ D(C′) ∧ i ≤ s}

• {uρ | (ξ, i B u) ∈ Φ(C) ∧ i ≤ s} = {u | (ξ, i B u) ∈ Φ(C′) ∧ i ≤ s}

• ND(C)ρ = ND(C′)

Moreover, (σ, θ′) ∈ Sol(C), (σ′′, θ′′) ∈ Sol(C′) and σ|S1(C) = σ′′|S1(C′). Hence by

Lemma 48, we can deduce that for all (X, i`? x) ∈ D(C′), with i ≤ s, we have that
(X, i`? xρ) ∈ D(C′) and xσ′′ = xρσ. Thus with ND(C)ρ = ND(C′) and (σ′′, θ′) ∈ Sol(C′),
we have that σ′′ � ND(C′) which implies σ′′ � ND(C)ρ. Since for all x ∈ vars1(ND(C)),
L1
C(x) ≤ s, we conclude that ρσ � ND(C)ρ which implies that σ � ND(C) and so

(σ, θ) ∈ Sol(C).
139



Lemma 55. Let (M,M′) be a pair of matrix obtained at the end strategy. For all
constraint system C in M or M′, Sol(C) = Sol(C).

Proof. Let (σ, θ) ∈ Sol(C). Let C′ be the constraint system ancestor of C such that C′
is on the matrix obtained from the last Step e of Phase 1. With a simple induction
on the number of rule applied from C′ to C, we use Lemma 5 to show that there exists
(σ′, θ′) ∈ Sol(C′) with σ|vars1(C′) = σ′. But by Lemma 54, we know that (σ′, θ′) ∈ Sol(C′).
Furthermore, the rules applied on phase 2 of the strategy do not add new non-deducible
constraint system hence we can deduce that σ′ � ND(C′) and σ|vars1(C′) = σ′ implies
that σ � ND(C) and so (σ, θ) ∈ Sol(C).

Using Lemma 55, we can now show that any constraint system on a leaf that is
different from ⊥ has at least one solution.

Lemma 56. Let (M,M′) be a pair of matrix obtained at the end strategy. Let C be a
constraint system in M or M′ different from ⊥. There exists (σ, θ) ∈ Sol(C).

Proof. Assume that C 6=⊥. Thanks to Lemma 47, we know that (M,M′) is in solved
form. Hence we deduce that C satisfies InvVarConstraint(smax) and all right hand terms
of deducible constraints are distinct variables. Therefore, for each deducibility constraint
(X, i`? x) ∈ D(C), we can define θ on vars2(D(C)) such that Xθ ∈ T (Fc, {ax 1}) for all
X ∈ vars2(D(C)).

We show that for all u, (ax 1, 1 B u) 6∈ NoUse(C). (M,M′) is in solved form implies
that C is well-formed. Hence, if (ax 1, 1 B u) ∈ NoUse(C) then by Definition 18, item 8,
there exists X ∈ vars2(C) such that paramCmax(Xmgu(EΠ(C))) < 1 which is impossible.
Hence (ax 1, 1 B u) 6∈ NoUse(C) and so for all ξ ∈ T (Fc, {ax 1}), for all θ, ξ conforms to
Φθ w.r.t. NoUseθ.

Since the set T (Fc, {ax 1}) is infinite, we have an infinite set of pair of substitu-
tions (σ, θ) where for all (X, i`? x) ∈ D(C), Xθ(Φσ)↓ = xσ, param(Xθ) = {ax 1} ⊆
{ax 1, . . . , ax i} and Xθ conforms to Φθ w.r.t. NoUseθ. We extend each of (σ, θ) by
(σ′, θ′) such that θ′|vars2(D(C)) = θ, σ′|vars1(D(C)) = σ, for all X ∈ vars2(C)\vars2(D(C)),
Xθ′ = Xmgu(EΠ)θ; and for all x ∈ vars1(C)r vars1(C), xσ′ = xmgu(E)σ. Hence obtain
an infinite set of pre-solution (σ, θ) of C such that σ � mgu(E) and θ � mgu(EΠ). More-
over, we also know that for all (X, i`? x) ∈ D(C), for all f ∈ Fc, EΠ 6� root(X) 6=? f. At
last, we also know that EΠ 6� X 6=? ax 1. Hence, we deduce that θ � EΠ.

It remains to prove that there exists a pre-solution in this infinite set that satisfies the
inequations in E(C). Since each variable in the inequations are a variable of vars1(D(C))
and the set of possible values for each of these variable is infinite. Then, thanks to [36],
we deduce that there exists at least one (σ0, θ0) of pre-solution such that σ0 � E(C) and
so (σ0, θ0) ∈ Sol(C). Therefore, thanks to Lemma 55, we deduce that (σ0, θ0) ∈ Sol(C)
and so the result holds.

Lastly, we are interested in the symbolic equivalence of matrices of constraint systems.
But in fact, when the matrices are in solved form, we can show that any constraint system
on the same row of the matrices are symbolically equivalent.

Definition 23. Let C = (S1, S2,Φ, D,E,EΠ,ND) be a well formed solved constraint
system. Let σ be a substitution mapping vars1(C) to ground messages. We define a new
semantics on logic formula built upon elementary formulas using classical connectives.
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The semantics for the elementary formulas are given below and is extended as expected
to general formulas. We have: for all i ∈ N, for all u, v ∈ T (Fc,N ∪ X 1),

• σ �≤i u=? v if σ � u=? v

• σ �≤i u 6=? v if σ � u 6=? v or there exists x ∈ vars1(u)∪vars1(v) such that L1
C(x) > i

Lemma 57. Let C be a well formed solved constraint system on a leaf. Let n ∈ N. Let
(σ, θ) such that:

• σ �≤n E(C)

• for all (X, i`? u) ∈ D(C), XθΦ(C)σ↓ = uσ and paramCmax(Xθ) ≤ i

• for all (X, i`? u) ∈ D(C), CbXθcΦ(C) ∈ T (Fc∪(F∗d ·AX )) and for (ξ, j B v) ∈ Φ(C),
if path(ξ) ∈ st(CbXθcΦ(C)) then j ≤ i.

• for all X ∈ D(C), Xθ conforms to Φ(C)θ w.r.t. NoUse(C)θ

There exists (σ′, θ′) ∈ Sol(C) such that σ|{x|L1
C(x)≤n} = σ′|{x|L1

C(x)≤n}

Proof. Since C is in solved formed, we know that it satisfies InvVarConstraint(smax).
Hence, we have that for all (X, i`? u) ∈ D(C), u is a variable. Furthermore, all right hand
variables of the deducibility constraints are distinct. Thus, for all (X, i`? x) ∈ D(C),
L1
C(x) = i.

Let σ0 = σ{x|L1
C(x) ≤ n}. Let D0 = {(X, i`? x) ∈ D(C) | i > n}, Φ0 = Init(Φ)σ0

and E0 = E(C)σ0. D0, Φ0 and E0 represent a simplified version of C where we fixed the
value of the variables in dom(σ0).

Let (ax 1, 1 B u) ∈ Φ0. Thanks to the origination property of a constraint system, we
know that vars1(u) = ∅. Furthermore, since C is a well formed constraint system, we also
have that (ax 1, 1 B u) 6∈ NoUse(C). Hence for all ξ ∈ T (Fc ∪ {ax 1}), for all substitution
λ, we have ξ(Φ0λ)↓ ∈ T (Fc,N ). Thus for all (X, i`? x) ∈ D0, x can be instantiated by
any recipe ξ ∈ T (Fc ∪ {ax 1}). But the set T (Fc ∪ {ax 1}) is an infinite set and for all
x ∈ vars1(E0), x ∈ vars1(D0). Therefore, thanks to [36], we deduce that there exists a
substitution (σ1, θ1) such that dom(θ1) = vars2(D0), dom(σ1) = vars1(D0) and:

• for all (X, i`? x) ∈ D0, Xθ1 ∈ T (Fc ∪ {ax 1}) and xσ1 = Xθ1(Φ0σ1)↓

• σ1 satisfies the inequations of E0.

We define θ′ such that:

• for all X ∈ vars2(D(C)) r vars2(D0), Xθ′ = Xθ

• for all X ∈ vars2(D0), Xθ′ = Xθ1

• for all X ∈ vars2(C) r vars2(D(C)), Xθ′ = Xmgu(EΠ(C))θ′.

Furthermore, we define σ′ such that:

• σ′|{x|L1
C(x)≤n} = σ0 = σ|{x|L1

C(x)≤n}

• σ′|{x|L1
C(x)>n} = σ1
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• for all x ∈ vars1(C) r vars1(D(C)), xσ′ = xmgu(E(C))σ′.

We verify that (σ′, θ′) ∈ Sol(C): For all (X, i`? x) ∈ D(C), if i ≤ n then Xθ′ = Xθ.
But paramCmax(Xθ) ≤ i and σ′|{x|L1

C(x)≤n} = σ0 = σ|{x|L1
C(x)≤n}. Thus we have that

Xθ′(Φ(C)σ′)↓ = Xθ(Φ(C)σ)↓ = xσ = xσ′.
Furthermore, since for all (ξ, j B v) ∈ Φ(C), for all Y ∈ vars2(ξ), paramCmax(Y ) < j,

thanks to C being in solved form and so satisfying the invariant InvVarFrame(smax). But
for all (X, i`? x) ∈ D(C), for all (ξ, j B v) ∈ Φ(C), path(ξ) ∈ st(CbXθcΦ(C)) implies
j ≤ i and so for all Y ∈ vars2(CbXθcΦ(C)δ

2(C)), paramCmax(Y ) < paramCmax(X). Hence

we deduce with a simple induction on i that for all (X, i`? x) ∈ D(C), if i ≤ n then
Xθ conforms to Φ(C)θ w.r.t. NoUse(C)θ implies that Xθ′ conforms to Φ(C)θ′ w.r.t.
NoUse(C)θ′.

Moreover, for all (X, i`? x) ∈ D(C), if i > n then Xθ′ ∈ T (Fc ∪ {ax 1}) and so Xθ′

trivially conforms to Φ(C)θ′ w.r.t. NoUse(C)θ′.
We already know that σ1 satisfies the inequations of E0 where E0 = E(C)σ0. Hence

by definition of σ′, we have that σ′ � E(C).
At last, we know that for all X ∈ vars2(C) r vars2(D(C)), Xθ′ = Xmgu(EΠ(C))θ′.

Furthermore, since C is in solved form, we have that for all X ∈ vars2(D(C)), for all
f ∈ Fc, for all ξ recipe of Φ(C), EΠ(C) 6� X 6=? ξ and EΠ(C) 6� root(X) 6=? f. Hence, we
conclude that θ′ � EΠ(C).

To sum up, we have proved that (σ′, θ′) ∈ Sol(C). But since C is a constraint system
on a leaf, then by Lemma 55, we know that Sol(C) = Sol(C). Hence we conclude that
(σ′, θ′) ∈ Sol(C).

Lemma 58. Let (M,M′) be a pair of matrix obtained at the end strategy. Let C, C′ be
two constraint systems on the same row in (M,M′) (C and C′ may be part of the same
matrix). If C 6=⊥ and C′ 6=⊥ then C ≈s C′.

Proof. We show one side of the equivalence, the other side being done symmetrically.
Let (σ, θ) ∈ Sol(C). Thanks to Lemma 47, we know that (M,M′) are in solved form.
We will show that there exists σ′ such that:

1. (σ′, θ) is a pre-solution of C′ with σ′ � mgu(E(C′)) and θ � EΠ(C′);

2. σ′ � E(C′) and for all ξ, ξ′ ∈ Πr, if CbξcΦ(C),Cbξ′cΦ(C) ∈ T (Fc ∪ (F∗d · AX )) then

• ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓ is equivalent to ξ(Φ(C′)σ′)↓ = ξ′(Φ′(C′)σ′)↓
• ξ(Φ(C)σ)↓ ∈ T (Fc,N ) is equivalent to ξ(Φ(C′)σ′)↓ ∈ T (Fc,N )

3. Φ(C)σ ∼ Φ(C′)σ′ and (σ′, θ) ∈ Sol(C′)

Property 1: Since (M,M′) are in solved form then C and C′ also have the same structure.
Hence, we deduce that EΠ(C) = EΠ(C′). But (σ, θ) ∈ Sol(C), thus θ � EΠ(C) and so
θ � EΠ(C′). Moreover, since C′ is normalised, then mgu(E(C′)) exists and vars1(Φ′) ∪
vars1(D′) = img(mgu(E′))). Thus, we will first define σ′ on the variables contain in Φ′

and D′; and then for any variable y ∈ vars1(C′) we will have yσ′ = y mgu(E′)σ′.

We define σ′ recursively on the index of minimal constraint of a variable x:
142



Base case L1
C′(x) = 0 : By definition of a constraint system, for all (X, k `? u) ∈ D(C′),

k > 0 which means that for all x ∈ vars1(D′), L1
C′(x) > 0. Thus, the result trivially

holds.

Inductive step L1
C′(x) > 1 : Let (X, k `? x) ∈ D(C′) such that k = L1

C′(x). Since C and C′
have same structure, we deduce that there exists (X, k `? y) ∈ D(C) and param(Xθ) ⊆
{ax 1, . . . , axk}. C being in solved form indicates that C satisfies InvDest(smax). Hence
thanks to Lemma 36, we have that CbXθcΦ(C) ∈ T (Fc ∪ (F∗d · AX )), which also means
that CbXθcΦ(C′) ∈ T (Fc ∪ (F∗d · AX )).

(σ, θ) ∈ Sol(C) implies that θ conforms to Φ(C)θ w.r.t NoUse(C)θ. Once again, due
to the same structure between C and C′, we have {ξ, i | (ξ, i B u) ∈ NoUse(C)} = {ξ, i |
(ξ, i B u) ∈ NoUse(C′)}. Thus, θ conforms to Φ(C)θ w.r.t NoUse(C)θ implies that θ
conforms to Φ(C′)θ w.r.t NoUse(C′)θ.

Let ζ ∈ st(Xθ) such that CbζcΦ(C′) ∈ (F∗d · AX ). By definition of a context we know
that there exists (ξ, p B v) ∈ Φ(C′) such that path(ξ) = path(ζ). Furthermore, since θ
conforms to Φ(C′)θ w.r.t NoUse(C′)θ, we have that ζ = ξθ. Since C′ is in solved formed,
C satisfies InvVarFrame(smax) and so for all Y ∈ vars1ξ, there exists (Y, q `? y) ∈ D(C′)
such that q < p. But we also know that the right hand term of the deducible constraints
are distinct variables. Hence, we have that L1

C′(y) = q < p. Moreover (σ, θ) ∈ Sol(C)
implies, thanks to (M,M′) satisfying InvGeneral, that param(ξθ) ⊆ {ax 1, . . . , axp} and
so p ≤ k. Thus, we can deduce that L1

C′(y) < k. By applying our inductive hypothesis
on y, we know that (Y θ)(Φ(C′)σ′)↓ = yσ′. By Property 5 of a well formed constraint
system, we now can deduce (ξθ)(Φ(C′)σ′)↓ = ζ(Φ(C′)σ′)↓ = vσ′ ∈ T (Fc,N ).

Furthermore, we proved that CbXθcΦ(C′) ∈ T (Fc ∪ (F∗d · AX )) which allows us to
conclude that (Xθ)(Φ(C′)σ′)↓ ∈ T (Fc,N ) and so we define xσ′ such that : xσ′ =
(Xθ)(Φ(C′)σ′)↓ ∈ T (Fc,N ).

Property 2: We first prove that for all n ∈ N, σ′ �≤n E(C′) implies that for all ξ, ξ′ ∈ Πr,
if CbξcΦ(C′),Cbξ′cΦ(C′) ∈ T (Fc ∪ (F∗d · AX )), ξ and ξ′ conforms to Φ(C′)θ, and for all
x ∈ vars1(CbξcΦ(C′)δ

1(C′)) ∪ vars1(Cbξ′cΦ(C′)δ
1(C′)), L1

C′(x) ≤ n, then

• ξ(Φ(C′)σ′)↓ ∈ T (Fc,N ) implies ξ(Φ(C)σ)↓ ∈ T (Fc,N )

• ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ′)↓ ∈ T (Fc,N ) implies ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓ ∈ T (Fc,N )

We prove this result by induction on (|ξ(Φ(C′)σ′)↓|, parammax(ξ) + parammax(ξ
′)) :

Base case (|ξ(Φ(C′)σ′)↓|, parammax(ξ) + parammax(ξ
′)) = (0, 0): Such a case is impossible

thus the result holds.

Inductive step (|ξ(Φ(C′)σ′)↓|, parammax(ξ) + parammax(ξ
′)) > (0, 0) : We prove the result

by case analysis on the two recipes ξ and ξ′ :

• root(ξ) = root(ξ′) ∈ Fc : In such a case, assume that ξ = f(ξ1, . . . , ξn) and
ξ′ = f(ξ′1, . . . , ξ

′
n). Since f ∈ Fc, ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ′)↓ implies ξk(Φ(C′)σ′)↓ =

ξ′k(Φ(C′)σ′)↓, for k = 1 . . . n and |ξk(Φ(C′)σ′)↓| < |ξ(Φ(C′)σ′)↓|, for k = 1 . . . n. At
last, since vars1(CbξkcΦ(C′)δ

1(C′)) ⊆ vars1(CbξcΦ(C′)δ
1(C′)), for k = 1 . . . n, then

we can apply our inductive hypothesis on ξk and ξ′k which means that for all
k ∈ {1, . . . , n},

ξk(Φ(C)σ)↓ ∈ T (Fc,N ) and ξk(Φ(C)σ)↓ = ξ′k(Φ(C)σ)↓
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Thus, we deduce that ξ(Φ(C)σ)↓ ∈ T (Fc,N ) and ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓.

• CbξcΦ(C′) ∈ F∗d · AX and there exists (ζ, p B u′1) ∈ NoUse(C′) with ζθ = ξ : First
of all, CbξcΦ(C′) ∈ F∗d · AX and ξ conforms to Φ(C′)θ implies that there exists
(ζ, q B u′1) ∈ Φ(C′) such that ζθ = ξ.

C and C′ being on the same line of a pair of matrices of constraint systems on
the leaves, we deduce that EΠ(C) = EΠ(C′) and there exists u′1 ∈ T (Fc,N ∪ X 1)
such that (ζ, p B u′1) ∈ Φ(C) ∩ NoUse(C). Let’s denote Θ = mgu(EΠ(C)), we have
Θ = Θ′.

Since C is well-formed then by the property 5 of a well-formed constraint system, we
deduce that (ζθ)Φ(C)σ↓ = u1σ ∈ T (Fc,N ) and so ξ(Φ(C)σ↓ ∈ T (Fc,N ). Secondly,
by the property 8, we also know that there exists X ∈ vars2(C′) = vars2(C) such
that

– CbXΘ′cΦ(C′) ∈ T (Fc,F∗d · AX ∪ X 2)

– CbXΘ′cΦ(C′)δ
1(C′) = u′1 and paramC

′

max(XΘ) < p

where Θ′ = mgu(EΠ(C′).
Furthermore, by hypothesis, we assumed for all (Z, q `? z) ∈ D(C′), CbZθcΦ(C′) ∈
T (Fc ∪ (F∗d · AX )), thus we have that CbXθcΦ(C′) ∈ T (Fc ∪ (F∗d · AX )). At
last, by Property 5 of a well formed constraint system, we can also conclude that
(Xθ)Φ(C′)σ′↓ = u′1σ

′↓.
Furthermore, the equation CbXΘ′cΦ(C′)δ

1(C′) = u′1, due to the application of the
rule Eq-frame-ded, implies that CbXΘcΦ(C)δ

1(C) = u1. Hence, with the same
reasoning, we deduce that (Xθ)Φ(C)σ↓ = u1σ↓. But parammax(Xθ) < p therefore
we can apply our inductive hypothesis on (Xθ, ξ′) which means that ξ′Φ(C)σ↓ =
(Xθ)Φ(C)σ↓ = u1σ↓ = ξ(Φ(C)σ)↓.

• CbξcΦ(C′),Cbξ′cΦ(C′) ∈ F∗d · AX : In such a case, we know that there exists (ζ, p B
u′1), (ζ ′, p′ B u′2) ∈ Φ(C′) such that ζθ = ξ and ζ ′θ = ξ′. Furthermore, since C
and C′ have the same structure, there exists u1, u2 ∈ T (Fc,N ∪ X 1) such that
(ζ, p B u1), (ζ ′, p′ B u2) ∈ Φ(C).
Since C, C′ are well-formed then by the property 5 of a well-formed constraint
system, we deduce that ξ(Φ(C)σ)↓ = u1σ, ξ′(Φ(C)σ)↓ = u2σ, ξ(Φ(C′)σ′)↓ = u′1σ

′

and ξ′(Φ(C′)σ′)↓ = u′2σ
′.

But (M,M′) is a leaf, then the rule Eq-frame-frame(ζ, ζ ′) is already applied on
(M,M′). Thus,

– either we have E(C) � u1 =? u2 and E(C′) � u′1 =? u′2: By the normalisation of
a constraint system, we deduce that u1 = u2 and u′1 = u′2. Thus, we trivially
have that ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓.

– or E(C) � u1 6=? u2 and E(C′) � u′1 6=
? u′2: ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ′)↓ implies

that σ′ 6� u′1 6=
? u′2. But we know that for all x ∈ vars1(u′1) ∪ vars1(u′2),

L1
C′(x) ≤ n, thus we have σ′ 6� u1 6=? u2 implies that σ′ 6�≤n E(C′), which is in

contradiction with our hypothesis.
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• CbξcΦ(C′) ∈ F∗d · AX and root(ξ′) ∈ Fc : By Lemma 57, we know that there exists
(σ′′, θ′) ∈ Sol(C′) such that σ′|{x|L1

C′ (x)≤n} = σ′′|{x|L1
C′ (x)≤n}.

Since CbξcΦ(C′) ∈ F∗d · AX , then there exists (ζ, p B u) ∈ Φ(C) and (ζ, p B u′) ∈
Φ(C′) such that ζθ = ξ. Furthermore, since C, C′ are well-formed then by the
property 5 of a well-formed constraint system, we deduce that ξ(Φ(C)σ)↓ = uσ and
ξ(Φ(C′)σ′)↓ = u′σ′. Since (σ′′, θ′) ∈ Sol(C′), we also have that ζθ′(Φ(C′)σ′′)↓ =
u′σ′′.

By hypothesis, we know that for all x ∈ vars1(CbξcΦ(C′)δ
1(C′)), L1

C′(x) ≤ n. Fur-
thermore since σ′|{x|L1

C′ (x)≤n} = σ′′|{x|L1
C′ (x)≤n}, we can deduce that u′σ′ = u′σ′′.

Thus we have ζθ′(Φ(C′)σ′′)↓ = ξ(Φ(C′)σ′)↓.
Similarly, we have that for all x ∈ vars1(Cbξ′cΦ(C′)δ

1(C′)), L1
C′(x) ≤ n. Since

Cbξ′cΦ(C′) ∈ T (Fc ∪ (F∗d · AX )), we have Cbξ′cΦ(C′)δ
1(C′)σ′ = Cbξ′cΦ(C′)δ

1(C′)σ′′.
Hence, (σ′′, θ′) ∈ Sol(C′) implies that ξ′(Φ(C′)σ′)↓ = ζ ′(Φ(C′)σ′′)↓ where ζ ′ =
Cbξ′cΦ(C′)δ

2(C′)θ′.
Thus, ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ′)↓ implies that ζθ′(Φ(C′)σ′′)↓ = ζ ′(Φ(C′)σ′′)↓. But
(σ′′, θ′) ∈ Sol(C′) implies σ′′ � ND(C′). Furthermore, since C′ satisfies InvDedsub
and since root(ξ′) ∈ Fc implies root(ζ ′) ∈ Fc, we can deduce that there ex-
ists X1, . . . , Xn ∈ vars2(C′) such that Cbf(X1, . . . , Xn)Θ′cΦ(C′)δ

1(C′) = u′, where
Θ′ = mgu(EΠ(C′)). Furthermore, since X1, . . . , Xn was obtained by the appli-
cation of the rule Ded-st on the frame element (ζ, p B u′), we also have that
Cbf(X1, . . . , Xn)ΘcΦ(C′)δ

1(C′) = u, where Θ = mgu(EΠ(C)) = Θ′.

But thanks to C being well formed, we know for all i ∈ {1, . . . , n}, CbXiΘ
′cΦ(C′) ∈

T (Fc ∪ (F∗d · AX )). Hence we can deduce from Property 5 of a well-formed con-
straint system that f(X1, . . . , Xn)θ(Φ(C′)σ′)↓ = u′σ′. Similarly, we also have that
f(X1, . . . , Xn)θ(Φ(C)σ)↓ = uσ.

At last, root(ξ′) ∈ Fc implies that there exists ξ1, . . . , ξn such that ξ′ = f(ξ1, . . . , ξn).
Hence, by applying our inductive hypothesis on (Xiθ, ξi) since |Xiθ(Φ(C′)σ′↓| <
|ξΦ(C′)σ′↓|, for i = 1 . . . n. Hence we deduce that f(X1, . . . , Xn)θ(Φ(C)σ)↓ =
ξ′(Φ(C)σ)↓. Since we already proved f(X1, . . . , Xn)θ(Φ(C)σ)↓ = uσ = ξ(Φ(C)σ)↓,
we conclude that ξ(Φσ)↓ = ξ′(Φσ)↓.

We continue the proof of Property 2 by proving that for all n ∈ N, σ′ �≤n E(C′). We
prove this result by induction on n:

Base case n = 0: In such a case, we know that for all u 6=? v in E(C′), for all x ∈
vars1(u) ∪ vars1(v), L1

C′(x) > 0. Moreover, we know that u, v ∈ T (Fc,X 1) thanks to C′
being in solved formed. Thus we can conclude that σ′ �≤0 E(C′).

Inductive step n > 0 : Let u 6=? v in E(C′) such that for all x ∈ vars1(u) ∪ vars1(v),
L1
C′(x) ≤ n. But since C′ is in solved form, we know that there is no name inside u

and v. Thus, we can define two recipe ξ, ξ′ such that ξ = uλ, ξ′ = vλ where λ is the
substitution {x → Xθ | X, p`? x ∈ D(C′)} and ξΦ(C′)σ′↓ = uσ′, ξ′Φ(C′)σ′↓ = vσ′.
We know that for all (X, p`? x) ∈ D(C′), CbXθcΦ(C′) ∈ T (Fc ∪ (F∗d · AX )) therefore
we can deduce that CbξcΦ(C′),Cbξ′cΦ(C′) ∈ T (Fc ∪ (F∗d · AX )). Furthermore, for all
x ∈ vars1(u, v), for all w ∈ st(CbxλcΦ(C′)) ∩ (F∗d · AX )), if (ζ, q B t) ∈ Φ(C′) is the
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frame element such that w = path(ζ), then q ≤ L1
C′(x) ≤ n and we know that by the

property of origination that for all y ∈ vars1(t), L1
C′(y) < q. Thus we deduce that for all

y ∈ vars1(CbξcΦ(C′)δ
1(C′)) ∪ vars1(Cbξ′cΦ(C′)δ

1(C′)), L1
C′(y) < n.

Assume now that uσ′ = vσ′. By our inductive hypothesis, we know that σ′ �≤n−1 E
′

and from the first result we showed in Property 2, we can deduce that ξΦ(C′)σ′↓ =
ξ′Φ(C′)σ′↓ implies that ξΦ(C)σ↓ = ξ′Φ(C)σ↓. But thanks to (M,M′) being in solved
form, we know that that there exists a renaming ρ such that uρ 6=? vρ in E(C), ξΦ(C)σ↓ =
uρσ and ξ′Φ(C)σ↓ = vρσ. Hence, it implies that σ 6� E(C) which is incoherent with
(σ, θ) ∈ Sol(C). Our assumption is contradicted and so uσ′ 6= vσ′. Hence the result
holds.

By combining the first and second result of Property 2, we prove that σ′ � E(C′)
and for all ξ, ξ′ ∈ Πr, if CbξcΦ(C′),Cbξ′cΦ(C′) ∈ T (Fc ∪ (F∗d · AX )) and ξ, ξ′ conforms to
Φ(C′)θ then

• ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ)↓ implies ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓

• ξ(Φ(C′)σ′)↓ ∈ T (Fc,N ) implies ξ(Φ(C)σ)↓ ∈ T (Fc,N )

By hypothesis, we know that (σ, θ) ∈ Sol(C) and so σ � E(C). Thus, we can
use the same reasoning as for the first result to prove that: for all ξ, ξ′ ∈ Πr, if
CbξcΦ(C),Cbξ′cΦ(C) ∈ T (Fc ∪ (F∗d · AX )) and ξ, ξ′ conforms to Φ(C)θ then

• ξ(Φ(C)σ)↓ = ξ′(Φ(C)σ)↓ implies ξ(Φ(C′)σ′)↓ = ξ′(Φ(C′)σ′)↓

• ξ(Φ(C)σ)↓ ∈ T (Fc,N ) implies ξ(Φ(C′)σ′)↓ ∈ T (Fc,N )

Thus, we conclude the proof of Property 2.

Property 3: We have to show that Φ(C)σ ∼ Φ(C′)σ′ and (σ′, θ) ∈ Sol(C′). From Property
2, we proved the static equivalence for any recipe ξ, ξ′ ∈ Πr such that CbξcΦ(C),Cbξ′cΦ(C) ∈
T (Fc ∪ (F∗d · AX )) and ξ, ξ′ conforms to the frame Φ(C)θ (and so Φ(C′)θ).

Thanks to Property 2, we deduce that σ′ � E(C′). Hence we have that (σ′, θ) ∈
Sol(C′). But, thanks to Lemma 55, we know that Sol(C′) = Sol(C′). Hence, we have that
(σ′, θ) ∈ Sol(C′). Thus, by Lemma 36, we can deduce that for all ξ ∈ Πr, ξ(Φ(C′)σ′)↓ ∈
T (Fc,N ) and ξ conforms to Φ(C′)θ w.r.t. NoUse(C′)θ implies that CbξcΦ(C′) ∈ T (Fc ∪
(F∗d · AX )).

Let ξ, ξ′ ∈ Πr. Let M(ξ, ξ′) be the multiset of recipe ζ such that ζ ∈ st(ξ) ∪ st(ξ′)
and ζ doesn’t conforms to the frame Φ(C′)θ w.r.t. NoUse(C′)θ. We prove our result by
induction on the natural order on multiset.

Base case M(ξ, ξ′) = ∅: In such a case, we can deduce that ξ and ξ′ conforms to the
frame Φ(C′)θ w.r.t. NoUse(C′)θ. Thus, thanks to Lemma 36, CbξcΦ(C′) ∈ T (Fc ∪ (F∗d ·
AX )) and Cbξ′cΦ(C′) ∈ T (Fc ∪ (F∗d · AX )). Thus we deduce by applying Property 2.

Inductive caseM(ξ, ξ′) 6= ∅: Let ζ ∈ st(ξ)∪st(ξ′) the smallest recipe such that ζ doesn’t
conform to the frame Φ(C)θ. In such a case, we can deduce that CbζcΦ(C) ∈ (F∗d · AX )
(if not, we would have ζ = f(ζ1, . . . , ζn) and there exists i ∈ {1 . . . n} such that ζi
doesn’t conforms to the frame Φ(C)θ which contradict ζ being the smallest). Since
CbζcΦ(C) ∈ (F∗d · AX ), then there exists (β, i B u) ∈ Φ(C) and (β, i B u′) ∈ Φ(C′) such
that path(β) = path(ζ). We do a case analysis on (β, i B u):
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Case (β, i B u) 6∈ NoUse(C): In such a case, since ζ does not conforms with Φ(C)θ
w.r.t. NoUseθ, we deduce that ζ 6= βθ. Hence ζ = f(ζ1, . . . , ζn) for some f ∈ Fd.
Moreover, by minimality of ζ, for all i ∈ {1, . . . , n}, we know that ζi conforms to Φ(C)θ
w.r.t. NoUseθ. Furthermore, path(β) = path(ζ) implies that β = f(β1, . . . , βn) and
path(β1) = path(ζ1). Thus, ζ1 conforms to Φ(C)θ implies that ζ1 = β1θ. Furthermore,
we know that ζΦ(C)σ↓ ∈ T (Fc,N ) and (βθ)Φ(C)σ↓ ∈ T (Fc,N ), then by Lemma 32, we
deduce that ζkΦ(C)σ↓ ∈ T (Fc,N ) and (βkθ)Φ(C)σ↓ ∈ T (Fc,N ), for k = 1 . . . n. At last,
from the rewriting rule we consider and from ζ1 = β1θ, we can deduce that (βkθ)Φ(C)σ↓ =
ζkΦ(C)σ↓. But all of βkθ and ζk conform to Φ(C)θ, which means by Property 2 that
(βkθ)Φ(C′)σ′↓ = ζkΦ(C′)σ′↓, for k = 1 . . . n and so ζΦ(C′)σ′↓ = (βθ)Φ(C′)σ′↓.

At last, since ζ is a subterm of ξ or ξ′ (w.l.o.g. subterm of ξ), there exists a position p
such that ζ = ξ|p. ButM(ξ[βθ]p, ξ

′) is strictly smaller thanM(ξ, ξ′) since ζ doesn’t con-
forms to Φ(C)θ and βθ does. Thus we can apply our inductive hypothesis on (ξ[βθ]p, ξ

′)
and so:

• ξ[βθ]pΦ(C)σ↓ ∈ T (Fc,N ) is equivalent to ξ[βθ]pΦ(C′)σ′↓ ∈ T (Fc,N )

• if ξ[βθ]pΦ(C)σ↓ ∈ T (Fc,N ) then ξ[βθ]pΦ(C)σ↓ = ξ′Φ(C)σ↓ is equivalent to ξ[βθ]p
Φ(C′)σ′↓ = ξ′Φ(C′)σ′↓.

But ζΦ(C)σ↓ = (βθ)Φ(C)σ↓ and ζΦ(C′)σ′↓ = (βθ)Φ(C′)σ′↓. Hence we deduce that:

• ξΦ(C)σ↓ ∈ T (Fc,N ) is equivalent to ξΦ(C′)σ↓ ∈ T (Fc,N )

• if ξΦ(C)↓ ∈ T (Fc,N ) then ξΦ(C)σ↓ = ξ′Φ(C)σ↓ is equivalent to ξΦ(C′)σ′↓ =
ξ′Φ(C′)σ′↓.

Hence the result holds.

Case (β, i B u) ∈ NoUse(C): Thanks to C being well-formed, we know that there
exists X ∈ vars2(C) such that Xθ ∈ Πr, Xθ conforms to Φ(C)θ w.r.t. NoUse(C)θ, and
Xθ(Φ(C)σ)↓ = βθ(Φ(C)σ)↓. Moreover, similarly to the previous case, we can show that
ζΦ(C)σ↓ = βθΦ(C)σ↓ and ζΦ(C′)σ′↓ = βθΦ(C′)σ′↓. Hence we would want to apply our
inductive hypothesis on ξ[Xθ]p and ξ′ where p is the position of ζ in ξ. However, ξ[Xθ]p
is not necessary a recipe in Πr. Thus we have to transform first this recipe so that we
can apply our inductive hypothesis.

Subproperty: We show that for all recipe γ ∈ Πr conforms to Φθ w.r.t. NoUseθ, for all
position p of ξ, if γ ∈ Πr, γΦ(C)σ↓ = ξ|pΦ(C)σ↓ and γΦ(C′)σ′↓ = ξ|pΦ(C′)σ′↓ then that
there exists a subterm γ′ of γ and a position p′ prefix of p such that ξ[γ]p(Φ(C)σ)↓ =
ξ[γ′]p′Φ(C)σ↓, ξ[γ]p(Φ(C′)σ′)↓ = ξ[γ′]p′Φ(C′)σ′↓ and ξ[ζ ′]p′ ∈ Πr. We prove this result
by induction on the length |p| of p.
Base case |p| = 0. In such a case we have that p = ε. In such a case since γ ∈ Πr, we
deduce that ξ[γ]p ∈ Πr. Hence the result holds.

Inductive step |p| > 1: In such a case, we have that p = p1 ·r for some r ∈ N and some p1

such that |p1| < |p|. Assume that ξ|p1 = f(ξ1, . . . , ξn). We have to distinguish two cases:

1. r = 1, g ∈ Fd and root(γ) ∈ Fc: Since γΦ(C)σ↓ = ξ|pΦ(C)σ↓ and ξΦ(C)σ↓ ∈
T (Fc,N ) then by Lemma 32, we deduce that g is reduced. We do a case analysis
on f:
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• f = sdec with ξ|p1 [γ] = sdec(senc(γ1, γ2), ξ2) and ξ2Φ(C)σ↓ = γ2Φ(C)σ↓. But
γ2 ∈ st(γ) and γ2 conforms to Φ(C)θ w.r.t. NoUse(C)θ. Moreover, ξ2 ∈ st(ξ)
hence M(ξ, ξ′) > M(γ2, ξ2). Hence by our main inductive hypothesis, we
deduce that γ2Φ(C′)σ′↓ = ξ2Φ(C′)σ′↓ and so ξ|p1 [γ]Φ(C′)σ′↓ = γ1Φ(C′)σ′↓.
Thus, we apply our inductive hypothesis on γ′ = γ1 and p1. Hence the result
holds

• f ∈ Fd r {sdec}: The proof is similar to the case f = sdec.

2. Otherwise: By definition of Πr, we have that ξ[Xθ]p ∈ Πr, and thus the result
holds with ζ ′ = ζ and p′ = p.

Main proof: We already know that Xθ(Φ(C)σ)↓ = βθ(Φ(C)σ)↓. Since Xθ and βθ con-
forms to Φθ w.r.t. NoUseθ, we deduce that Xθ(Φ(C′)σ′)↓ = βθ(Φ(C′)σ′)↓. Further-
more, we proved that ζΦ(C)σ↓ = βθΦ(C)σ↓ and ζΦ(C′)σ′↓ = βθΦ(C′)σ′↓. Hence we
deduce that Xθ(Φ(C)σ)↓ = ζΦ(C)σ↓ and Xθ(Φ(C′)σ′)↓ = ζΦ(C′)σ′↓. Thanks to Sub-
property, we deduce that there exists p′ prefix of p and a subterm γ of Xθ such that
ξ(Φ(C)σ)↓ = ξ[γ]p′Φ(C)σ↓, ξ(Φ(C′)σ′)↓ = ξ[γ]p′Φ(C′)σ′↓ and ξ[γ]p′ ∈ Πr. But γ is a
subterm of Xθ hence is conforms to Φ(C)θ w.r.t. NoUse(C)θ. Hence, since ζ do not
conforms to Φ(C)θ w.r.t. NoUse(C)θ, thenM(ξ[γ]p′ , ξ

′) <M(ξ, ξ′). Hence we can apply
our inductive hypothesis on (ξ[γ]p′ , ξ

′).
ξΦ(C)σ↓ ∈ T (Fc,N ) implies ξ[γ]p′Φ(C)σ↓ ∈ T (Fc,N ) and so ξ[γ]p′Φ(C′)σ′↓ ∈

T (Fc,N ) which allows us to deduce that ξΦ(C′)σ′↓ ∈ T (Fc,N ). Similarly, if ξΦ(C)σ↓ ∈
T (Fc,N ) and ξΦ(C)σ↓ = ξ′Φ(C)σ↓ then ξ[γ]p′Φ(C)σ↓ = ξ′Φ(C)σ↓. Thus, thanks to our
inductive hypothesis, ξ[γ]p′Φ(C′)σ′↓ = ξ′Φ(C′)σ′↓ and so ξΦ(C′)σ′↓ = ξ′Φ(C′)σ′↓. The
other side of the equivalence can be done symmetrically. Hence the result holds.

Using the previous lemma, we can finally prove that the pair of matrices on the leaves
are symbolically equivalence if and only if they satisfy the final test.

Theorem 4. Let (M0,M′0) be a pair of sets of initial constraint systems and (M,M′)
be a leaf of the tree whose root is labeled with (M0,M′0) and which is obtained following
the strategy S . We have that M≈sM′ if, and only if, LeafTest(M,M′) = true.

Proof. Assume thatM (resp. M′) has n rows and m (resp. m′) columns. We prove the
two implications separately.

Left implication (⇐): Assume that LeafTest(M,M′) = true. Let i ∈ {1, . . . , n} and
j ∈ {1, . . . ,m}. Let (σ, θ) ∈ Sol(Mi,j) where Mi,j represents the constraint system
occurring at the ith row and jth column in M. Since Mi,j has a solution, we deduce
that Mi,j 6=⊥. Hence, thanks to LeafTest(M,M′) = true, there exists j′ ∈ {1, . . . ,m′}
such thatM′i,j′ 6=⊥. By Lemma 58, we deduce thatMi,j ≈sM′i,j′ . Thus, (σ, θ) ∈Mi,j

implies that there exists σ′ such that (σ′, θ) ∈ Sol(M′i,j′) and Φ(Mi,j)σ ∼ Φ(M′i,j′)σ′.
The other side of the equivalence is proved symmetrically. Therefore we deduce that
M≈sM′.

Right implication (⇒): Assume thatM≈sM′. We have to show that LeafTest(M,M′) =
true. Let i ∈ {1, . . . , n} and let j ∈ {1, . . . ,m}. Assume that Mi,j 6=⊥. Thanks to
Lemma 56, we deduce that there exists (σ, θ) ∈ Sol(Mi,j). But M ≈s M′, thus there
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exists j′ ∈ {1, . . . ,m′} and σ′ such that (σ′, θ) ∈ Sol(M′i,j′) and Φ(Mi,j)σ ∼ Φ(M′i,j′)σ′.
Since M′i,j′ contain at least a solution, we deduce that M′i,j′ 6=⊥. The other side of
the equivalence is proved symmetrically. Therefore, we deduce that LeafTest(M,M′) =
true.

Appendix G. Termination

In this section, we show that the strategy S explained in Section 4 terminates by
establishing the following theorem.

Theorem 5. (termination) Applying the transformation rules on a pair of sets of initial
constraint systems and following the strategy S always terminates.

The strategy S is made of two phases (each phase is composed of several steps).
We show termination of each phase separately. Termination of Phase 1 is proved in
Proposition 1 whereas termination of Phase 2 is established in Proposition 2.

Appendix G.1. Phase 1: Taking care of deducibility constraints

The first phase of our strategy consists of applying transformation rules to put con-
straint systems in “pre-solved” form. As depicted below, this first phase is a cycle of
several steps. The integer s indicates the support of the rules that are applied during the
cycle.

Step a Step b Step c Step d Step e
s := 1 k := 1

if no rule of Step b

applicable if k = n + n′

k := k + 1

s := s + 1

if s = smax

We show termination of each step separately, and consider also the cycle Steps b/c.

Appendix G.1.1. Step a: frame analysis

During this step, we apply the rules Dest and Eq-frame-ded, with support equal
to s, as long as possible with priority on the rule Eq-frame-ded. The application of
those rules has to be a strong application for at least one constraint system that occurred
in the row of the matrix on which we apply the rule.

Lexicographic measure µ1.a(C) on a constraint system C. When C 6=⊥, the measure
µ1.a(C) is a 4-tuple defined as follows:

1. |vars1(D(C))|

2. the multiset {{n | (ξ, i B u) ∈ Φ(C) ∧ Dest(ξ, ` → r, s) not useless}} where n =
|{v ∈ st(u) | root(v) ∈ {aenc, senc, 〈〉, sign}}|

3. |Φ(C) r NoUse(C)|
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4. |{(X, ξ) | (X, i B u) ∈ D(C) ∧ (ξ, j B v) ∈ Φ(C) r NoUse(C) ∧ E(C) 6� u 6=? v}|

We extend this measure to pairs of matrices. We have that

µm1.a(M,M′) = {{µ1.a(C) | C ∈ M or C ∈ M′}}.

By convention, we have that µ1.a(⊥) = (0, ∅, 0, 0).
Intuitively, the first item represents the number of first-order variables occurring in

deducibility constraints. An application of Dest during Step a preserves this number
while an application of Eq-frame-ded may decrease it strictly. The second item of this
measure represents the subterms of the frame that may be deducible thanks to an appli-
cation of the rule Dest. Typically when the application of Dest(ξ, ` → r, s) is useless,
then no new subterm u in (ξ,B u) can be deduced thanks to Dest. The third item of
the measure represents the number of frame elements that are not considered as useless.
Lastly, the fourth item represents the possible parameters for which an application of
Eq-frame-ded is not useless.

Lemma 59. Let (M0,M′0) be a pair of matrices obtained during Step a of Phase 1
(following the strategy S). Let Rule(p̃) be an instance of Dest (resp. Eq-frame-ded)
applicable on (M0,M′0), and (M1,M′1) be a resulting pair of matrices after the appli-
cation of such a rule. We have that µm1.a(M1,M′1) < µm1.a(M0,M′0).

Proof. Let C be a constraint system occurring in (M0,M′0), and C1, C2 be the two
constraint systems obtained by applying an instance of Dest or Eq-frame-ded. We
show, by case analysis on the rule, that:

µ1.a(C1) < µ1.a(C) and µ1.a(C2) < µ1.a(C)

Case Eq-frame-ded(X, ξ): The definition of Eq-frame-ded implies that there exists
(X, i B u) ∈ D(C) and (ξ, s B v) ∈ Φ(C) with i < s. Furthermore, we have that
D(C1) = D(C)σ and Φ(C1) = Φ(C1)σ where σ = mgu(u, v). But thanks to the property
of origination of a constraint system (Definition 3 - item 3), we know that vars1(v) ⊆
vars1(D(C)).

Assume first that σ is different from the identity. In such a case, since C1 is normalised,
we have that dom(σ) ∩ vars1(D(C1)) = ∅ and so |vars1(D(C1))| < |vars1(D(C))|. Hence
we have that µ1.a(C1) < µ1.a(C).

Assume now that σ is the identity. In such a case, we have that π1(µ1.a(C)) =
π1(µ1.a(C1)) (the first component of the measure is left unchanged) and π2(µ1.a(C)) =
π2(µ1.a(C1))). Moreover, by the definition of the rule Eq-frame-ded, we know that
(ξ, s B v) ∈ NoUse(C1) while (ξ, s B v) 6∈ NoUse(C). Hence we have that |Φ(C1)| −
|NoUse(C1)| < |Φ(C)| − |NoUse(C)| and so µ1.a(C1) < µ1.a(C).

For the constraint system C2, since no substitution is applied on C, then π1(µ1.a(C)) =
π1(µ1.a(C2)) and π2(µ1.a(C)) = π2(µ1.a(C2)). Furthermore, we have that NoUse(C) =
NoUse(C2) hence π3(µ1.a(C)) = π3(µ1.a(C2)). On the other hand, we have E(C2) =
E(C)∧u 6=? v. Hence we deduce that π4(µ1.a(C2) < π4(µ1.a(C)) and so µ1.a(C2) < µ1.a(C).

Case Dest(ξ, `→ r, s): By definition there exists i, u such that (ξ, i B u) ∈ Φ(C). First

of all, we deduce u 6∈ X 1. Indeed, thanks to Lemma 27, we know that (M0,M′0)
satisfies Property PP1Sa(s). Hence if u ∈ X 1, then either (a) (ξ, i B u) ∈ NoUse(C′) if
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i < s, or else (b) there exists (X, j `? u) ∈ D(C). Case (a) is impossible since the rule
Dest(ξ, `→ r, s) would not be applicable, and case (b) is also impossible since it would
imply that the rule Eq-frame-ded(X, ξ) is applicable which contradict the strategy
that imposes that the rule Eq-frame-ded are prioritised over the rule Dest.

According to Figure 1, Φ(C)σ∪{(ξ′, s B wσ)} = Φ(C1) and D(C)σ∪{X2, s`? u2; . . . ;
Xn, d`? un} = D(C1) where f(u1, . . . , un) → w is a fresh renaming of the rewrite rule
` → r and σ = mgu(u1 =? u). But according to the definition of our rewrite rules,
u 6∈ X 1 implies that either σ|vars1(u) is the identity or σ|vars1(u) = {x 7→ pk(z)} where
x ∈ vars1(u) and z ∈ vars1(u1). Therefore, along with the fact that vars1(u2, . . . , un) ⊆
vars1(u1), we deduce that |vars1(D(C1))| = |vars1(D(C)|.

Furthermore, w is a strict subterm of u1 hence wσ is a strict subterm of uσ. For sim-
plicity, let’s denote F ′ = {aenc, senc, 〈〉, sign}. For all (ζ, p B v) ∈ Φ(C), since σ|vars1(D) is
either identity or σ|vars1(D) = {x→ pk(y)}, then have that |{t ∈ st(vσ) | root(t) ∈ F ′}| =
|{t ∈ st(v) | root(t) ∈ F ′}|. Furthermore, wσ being a strict subterm of uσ implies that
|{t ∈ st(wσ) | root(t) ∈ F ′}| denoted n1 is strictly inferior to |{t ∈ st(uσ) | root(t) ∈ F ′}|,
denoted n2. At last, Dest(ξ, ` → r, s) is useless on C1 hence there exists a multiset S
such that π2(µ1.a(C))) = S ∪ {{n2}} and π2(µ1.a(C1)) = S ∪ {{n1, n1, n1, n1, n1}} (there
are five rewriting rules available). Thus, n1 < n2 implies that π2(µ1.a(C1)) < π2(µ1.a(C))
and so µ1.a(C1) < µ1.a(C).

For the case of the constraint system C2, since Dest(ξ, `→ r, s) is useless on C2 and
since only non-deducibility constraint are added, we trivially have that |vars1(D(C2))| =
vars1(D(C))| and π2(µ1.a(C2)) < π2(µ1.a(C)). Hence we have µ1.a(C2) < µ1.a(C).

We finish the proof by showing that µm1.a(M1,M′1) < µm1.a(M0,M′0). Each appli-
cation of Dest or Eq-frame-ded is internal. Assume that M0 = [R1, . . . Rn] and
M′0 = [R′1, . . . , R

′
n] where Ri, R

′
i are row matrices. Assume w.l.o.g. that the rule

is applied on the first line. By definition of the application of an internal rule, we
have M1 = [W1,W2, R2, . . . , Rn] and M′1 = [W ′1,W

′
2, R

′
2, . . . , R

′
n] where W1,W2 (resp.

W ′1,W
′
2) are the two row matrices obtained from R1 (resp. R′1).

Let C be constraint system in R1 (resp. R′1). Let C1 and C2 be the two sons of C
by application of the rule. We know that C1 ∈ W1 (resp. C1 ∈ W ′1) and C2 ∈ W2 (resp.
C2 ∈ W ′2). But since we proved that µ1.a(C1) < µ1.a(C) and µ1.a(C2) < µ1.a(C), we
deduce that µm1.a(M1,M′1) < µm1.a(M0,M′0).

Appendix G.1.2. Steps b and c: dealing with internal deducibility constraints

As stated in Section 4, after Step a, the strategy alternates between Ste b and Step c.
We first establish termination for each step separately (for any support s, and any column
number k). Then, we will show termination of Steps b and c together.

Step b alone. We define a lexicographic measure µ1.b(C) on constraint system C as
follows (when C 6=⊥, by convention, we have that µ1.b(C) = (∅, 0, 0, 0, 0, 0, 0, 0).):

1. The multiset {{(X, f) | EΠ 6� root(X) 6=? f, (X, i`? u) ∈ D,u ∈ X 1, f ∈ Fc and there
exists g ∈ Fc such that EΠ � root(X) 6=? g}}.

2. The number of first-order variables occurring in deducibility constraints, i.e. |vars1(D)|.
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3. The number of frame elements on which Ded-st is not useless

4. The number of pair of frame elements on which Eq-frame-frame is not useless

5. The number of function symbols and names occurring in the right-hand side of a
deducibility constraint.

6. The number of (X, f) such that root(X) 6=? f not in EΠ, (X, i`? u) ∈ D and f ∈ Fc.

7. The number of (X, ξ) such that (X, i`? u) ∈ D, (ξ, j `? v) ∈ Φ, j ≤ i and X 6= ξ is
not in EΠ.

8. The number of deducibility constraints, i.e. |D|.

Lemma 60. Let C be a well-formed constraint system satisfying InvVarFrame(s), and
Rule(p̃) be any instance of a rule (except Dest and Eq-frame-ded) with support in-
ferior to s. Assume that Rule(p̃) is strongly applicable on C, and let C1, C2 be the two
constraint systems obtained by applying Rule(p̃) on C. We have that:

µ1.b(C1) < µ1.b(C) ∧ µ1.b(C2) < µ1.b(C)

Proof. We prove the this result by case analysis on the rule Rule(p̃).

Rule Cons(X, f): Since we know that the rule is strongly applicable on C, we know that

there exists i, t such that (X, i`? t) ∈ D(C) and t 6∈ X 1 or t ∈ X 1 and there exists g ∈ Fc
such that root(X) 6=? g is in EΠ(C).

We first focus on C1. We know that C1 is normalised. Hence, the rule Cons adds in
D(C1) the deducibility constraints (Xk, i`? xkσ) where Xk, xk are fresh, for k = 1 . . . n,
and σ = mgu(t, f(x1, . . . , xn)).

But since Xk are fresh and EΠ(C1) = EΠ(C) ∧ X =? f(X1, . . . , Xn), we deduce that
(Xk, g) 6∈ π1(µ1.b(C1)), for all g, k = 1 . . . n. Furthermore, since for all (Y, j `? v) ∈ D(C)
other than (X, i`? t), (Y, j `? vσ) ∈ D(C1), then (Y, g) ∈ π1(µ1.b(C1)) implies (Y, g) ∈
π1(µ1.b(C1)). Hence we deduce that π1(µ1.b(C1)) ≤ π1(µ1.b(C)).

If t ∈ X 1 then we have at least (X, f) ∈ π1(C). But since X 6∈ vars2(D(C1)), we
deduce that π1(µ1.b(C1)) < π1(µ1.b(C)). Thus, we conclude that µ1.b(C1) < µ1.b(C).

Else t 6∈ X 1: If root(t) 6= f, we have that C1↓ =⊥ hence the result trivially holds. Else
root(t) = f and so it implies that root(t) = f and dom(σ) = {x1, . . . , xn}. Hence xkσ is
a strict subterm of t, for k = 1 . . . n. Hence we have that vars1(D(C1)) = vars1(D(C))
and so π2(µ1.b(C1)) = π2(µ1.b(C)). t 6∈ X 1 also implies that Φ(C1) = Φ(C) and ND(C1) =
ND(C). Hence, since the application conditions of Ded-st and Eq-frame-frame
only depends on these two elements, we deduce that π4(µ1.b(C1)) = π4(µ1.b(C)) and
π3(µ1.b(C1)) = π3(µ1.b(C)). At last, since dom(σ) = {x1, . . . , xn} and xkσ are strict
subterms of t, we can deduce that π5(µ1.b(C1)) < π5(µ1.b(C)). Thus, we conclude that
µ1.b(C1) < µ1.b(C).

We now focus on C2. In such a case, the only difference between C2 and C is that
EΠ(C2) = EΠ(C)∧ root(X) 6=? f. Hence we trivially have that πk(µ1.b(C2)) = πk(µ1.b(C)),
for k = 2 . . . 5. On the other hand, if t ∈ X 1 then we have π1(µ1.b(C2)) < π1(µ1.b(C)) else
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we have that π1(µ1.b(C2)) = π1(µ1.b(C)) and π6(µ1.b(C2)) < π6(µ1.b(C)). Hence, in both
cases, we can conclude that µ1.b(C2) < µ1.b(C).

Rule Axiom(X, ξ): Since the rule is strongly applicable on C, we know that there exists

(X, i`? u) ∈ D(C), (ξ, j B v) ∈ Φ(C) such that j ≤ i and either u 6∈ X 1 or t ∈ X 1 and
there exists g ∈ Fc such that EΠ(C) � root(X) 6=? g.

We first focus on C1. We know that C1 is normalised. Hence, we have that D(C1) =
D(C)σ r {X, i`? uσ} where σ = mgu(u, v). Furthermore, we have EΠ(C1) = EΠ(C) ∧
X =? ξ. Thus, we have that π1(µ1.b(C1)) ≤ π1(µ1.b(C)). We now do a case analysis on
the terms u and v:

• Case u ∈ X 1: In such a case we have that there exist f such that (X, f) ∈
π1(µ1.b(C)). SinceD(C1) = D(C)σr{X, i`? uσ}, we can deduce that π1(µ1.b(C1)) <
π1(µ1.b(C)). Thus we conclude that µ1.b(C1) < µ1.b(C).

• Case u 6∈ X 1 and σ is the identity: σ being the identity implies that u = v
and so thanks to the origination property of constraint system, we have that
|vars1(D(C1))| = |vars1(D(C))|. Furthermore since Φ(C1) = Φ(C), we trivially have
that π4(µ1.b(C1)) = π4(µ1.b(C)) and π3(µ1.b(C1)) = π3(µ1.b(C)). At last, u 6∈ X 1

implies that u is either a name or root(u) ∈ Fc. Thus D(C1) = D(C) r {X, i`? u}
implies that π5(µ1.b(C1)) < π5(µ1.b(C)). Thus we conclude that µ1.b(C1) < µ1.b(C).

• Case u 6∈ X 1 and σ is not the identity:. By the property of origination of a
constraint system, we know that vars1(v) ⊆ vars1(D(C)). Hence we have that
|vars1(D(C)σ)| < |vars1(D(C))|. We proved that D(C1) ⊆ D(C)σ, therefore we can
deduce that π2(µ1.b(C1)) < π2(µ1.b(C1)). Thus we conclude that µ1.b(C1) < µ1.b(C).

We now focus on C2. In such a case, the only difference between C2 and C is that EΠ(C2) =
EΠ(C) ∧X 6=? ξ. Hence we trivially have that πk(µ1.b(C2)) = πk(µ1.b(C)), for k = 1 . . . 6.
Moreover, EΠ(C2) = EΠ(C) ∧X 6=? ξ also implies that π7(µ1.b(C2)) < π7(µ1.b(C)). Thus
we conclude that µ1.b(C2) < µ1.b(C).

Rule Eq-frame-frame(ξ1, ξ2): Since the rule is (strongly) applicable on C (for Phase 1),

we know that there exists (ξ1, i1 `? u1) ∈ Φ(C), (ξ2, u2 B u2) ∈ Φ(C).
We first focus on C1. We know that C1 is normalised. Hence, we have that D(C1) =

D(C)σ where σ = mgu(u1, u2). Thus, we have that π1(µ1.b(C1)) ≤ π1(µ1.b(C)).
By the origination property of a constraint system, we know that vars1(u1, u2) ⊆

vars1(D(C)). Hence we deduce that vars1(D(C1)) ⊆ vars1(D(C)). In case σ is not the
identity we have that |vars1(D(C1))| < |vars1(D(C))|. Thus we deduce that µ1.b(C1) <
µ1.b(C).

Otherwise, we have that σ is the identity, and we have that vars1(D(C1)) = vars1(D(C))
and so π2(µ1.b(C1)) ≤ π2(µ1.b(C)). Furthermore, σ being the identity also implies that
Φ(C1) = Φ(C). Thus we deduce that π3(µ1.b(C1)) = π3(µ1.b(C)). At last, since we con-
sider an application of the rule Eq-frame-frame, we trivially have that π4(µ1.b(C1)) <
π4(µ1.b(C)). Thus, we conclude that µ1.b(C1) < µ1.b(C).

Rule Eq-ded-ded(X,Y ): Since the rule is strongly applicable on C, we know that there

exists (X, i`? u) ∈ D(C) and (Y, j `? v) ∈ D(C) such that u = v ∈ X 1. In such a case, we
first have that C2 = ⊥ since EΠ(C2) � u 6=? u yields ⊥ by normalisation. Thus we deduce
that µ1.b(C2) < µ1.b(C).
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We know focus on C1. We have that D(C1) = D(C) r {Xi`? u}. Hence we deduce
that πk(µ1.b(C1)) ≤ πk(µ1.b(C)), for k = 1, 6, 7 and that π8(µ1.b(C1)) < π8(µ1.b(C)).
Furthermore, since Φ(C1) = Φ(C), we deduce that πk(µ1.b(C1)) = πk(µ1.b(C)), for k =
2, 3, 4, 5. Thus we conclude that µ1.b(C1) < µ1.b(C).

Rule Ded-st(ξ, f, i): Since the rule is (strongly) applicable on C, we know that there
exists (ξ, i B u) ∈ Φ(C) such that (ξ, i B u) 6∈ NoUse(C). We know that C satisfies the
invariant InvVarFrame(s) hence we deduce that u 6∈ X 1.

We first focus on C1. In case root(u) 6= f, we have that C1 =⊥ since C1 is normalised
(otherwise, we would have E(C1) = E(C)∧ u=? f(x1, . . . , xn) which is reduced into ⊥ by
the normalisation rule (Nins1)). Thus we deduce that µ1.b(C1) < µ1.b(C).

Otherwise, we have that root(u) = f. In such a case, we have EΠ(C1) = EΠ(C),
Φ(C1) = Φ(C) and D(C1) = D(C)∪{Xk, i`? xkσ}k=1...n such that xkσ is a strict subterm
of u and Xk are fresh, for k = 1 . . . n and σ = mgu(u=? f(x1, . . . , xn)). Xk being fresh
implies that there do not exist g ∈ Fc such that EΠ(C1) � root(X) 6=? g. Hence we deduce
that π1(µ1.b(C1)) = π1(µ1.b(C)). Furthermore, thanks to the origination property of a
constraint system, we know that vars1(u) ⊆ vars1(D(C)), thus thanks to xkσ being strict
subterm of u, we deduce that π2(µ1.b(C1)) ≤ π2(µ1.b(C)). At last, we are focused on the
case of the application of the rule Ded-st, therefore we trivially have that π3(µ1.b(C1)) <
π3(µ1.b(C)). Thus we conclude that µ1.b(C1) < µ1.b(C).

We now focus on C2. In such a case, we have that EΠ(C2) = EΠ(C), Φ(C2) = Φ(C)
and D(C2) = D(C). Hence we trivially have that πk(µ1.b(C2)) ≤ πk(µ1.b(C)), for k = 1, 2.
At last, since we consider an application of the rule Ded-st, we trivially have that
π3(µ1.b(C2)) < π3(µ1.b(C)) and so we conclude that µ1.b(C2) < µ1.b(C).

During Step b with parameter s and k where k is the index of the column of (M,M′),
an internal rule is applied on the ith line of the matrices (M,M′) only if this rule is
strongly applicable on constraint system on the ith line and kth column of (M,M′).
Hence, for a pair of matrices of constraint system, we define a measure from µ1.b(·),
denoted µk1.b(), which is the following multiset:

µk1.b(M,M′) = {{µ1.b(C) | i ∈ N and C is on the ith line and kth column of (M,M′)}}

Hence thanks to Lemma 60, we can deduce the following corollary.

Corollary 3. Let (M0,M′0) be a pair of matrices of constraint systems obtained during
Step b of Phase 1 with parameters s and k, and following the strategy S . Let Rule(p̃) be
an instance of an internal rule applicable at this stage, and (M1,M′1) be the resulting
pair of matrices. We have that: µk1.b(M1,M′1) < µk1.b(M0,M′0)

Step c alone. The purpose of this step is to definitely remove internal deducibility con-
straints. During this step, an application can be either an internal one or an external one,
and this last case may imply some modifications in the whole matrix. The application
condition of a rule during this step of the strategy heavily depends on the subset X1(C)
which collects all the first-order variables of the deducibility constraints whose recipe
variable is not in S2(C). Hence, the measure that we use to show the termination of this
step also depends on this set.

Let C = (S1;S2; Φ;D;E;EΠ; ND ;NoUse) be a constraint system, we define a lexico-
graphic measure on C, denoted µ1.c(C), which is composed by :
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1. The multiset {{(j, p) | (X, i`? u) ∈ D(C), u|p ∈ X1(C),L1
C(u|p) = j and X ∈ S2}}.

2. The multiset {{X,Y | (X, s`? u) ∈ D(C), (Y, s`? v) ∈ D(C), X, Y 6∈ S2(C) and u =
v ∈ X 1}}.

3. The number of (X, f) such that EΠ 6� root(X) 6=? f, (X, i`? u) ∈ D, X ∈ S2, f ∈ Fc
and vars(u) ∩ X1(C) 6= ∅.

4. The number of (X, ξ) such that (X, i`? u) ∈ D, (ξ, j B v) ∈ Φ, j ≤ i, EΠ 6� X 6=? ξ,
X ∈ S2 and vars(u) ∩ X1(C) 6= ∅.

By convention, we have that µ1.c(C) = (∅, ∅, 0, 0) when C =⊥.
Furthermore, we extend this measure to a pair (M,M′) of matrices as follows:

µk1.c(M,M′) = {{µ1.c(C) | i ∈ N and C is on the ith line and kth column of (M,M′)}}

Thanks to this measure, we are now able to show that the Step c of Phase 1 of the
strategy terminates for parameters s and k.

Lemma 61. Let (M,M′) be a pair of matrices obtained during the Step c of Phase 1 of
the the strategy with parameters s and k, and assume w.l.o.g. that k is less or equal to the
number of columns in M. Assume that the rule Cons(X0, f) can be applied externally
on (M,M′) such that (X0, j0 `? u0) ∈ D(Mi0,k), i0 ∈ {1, . . . , n} and

L1
Mi0,k

(X0, j0 `? u0) = min

{
L1
Mi,k

(Z, ``? v)

∣∣∣∣ i ∈ {1, . . . , n}, (Z, ``? v) ∈ D(Mi,k),
vars(v) ∩ X1(Mi,k) 6= ∅, Z ∈ S2

}
For all term u, for all i ∈ {1, . . . , n}, if (X0, j0 `? u) ∈ D(Mi,k) and u ∈ X 1 then
u 6∈ X1(Mi,k).

Proof. For simplicity, we will denote C =Mi0,k and C′ =Mi,k. We know (X0, j0 `? u0) ∈
D(C). Let (X0, j0 `? u) ∈ D(C′) such that u ∈ X 1. Assume that u ∈ X1(C′). In such a
case, we have that L1

C′(X0, j0 `? u) = (j0, ε). But we know that (X0, j0 `? u0) ∈ D(C) and
by the minimality of L1

C(X0, j0 `? u0), we deduce that L1
C(X0, j0 `? u0) ≤ (j0, ε). Hence

we deduce that u0 ∈ X 1 and u0 ∈ X1(C).
But u0 ∈ X1(C) also implies that there exists (Y, j `? u0) ∈ D(C) such that Y 6∈ S2.

Moreover, the minimality of L1
C(X0, j0 `? u0) also implies that there is no deducibility

constraint (Y ′, j′ `? v) ∈ D(C) such that u0 ∈ vars1(v) and j′ < j0. Hence, thanks
to C being well-formed (Definition 18, item 10) we deduce that j0 < j. Consider the
pair of matrices of constraint system system (M1,M′1) ancestor of (M,M′) such that
(M1,M′1) is obtained at the end of Step b with parameters s and k. Thanks to Lemma 27,
we know that (M1,M′1) satisfies PP1SbE(s, k). Let C1 be the constraint system in M1

ancestor of C. Since no internal rule are applied other than Eq-ded-ded during step c,
we deduce that (Y ′, j′ `? v′) ∈ D(C1) for some v′ and so thanks to Property PP1SbE(s, k),
we deduce that for all f ∈ Fc, EΠ(C1) 6� root(Y ) 6=? f. Once again thanks to the fact that
no internal rule are applied other than Eq-ded-ded during step c, we can easily show
that for all f ∈ Fc, EΠ(C) 6� root(Y ) 6=? f.

Furthermore, Property PP1SbE(s, k) indicates that for all X ∈ vars2(D(C1)), for all
f ∈ Fc, EΠ(C1) 6� root(X) 6=? f. Hence, if if there exists f ∈ Fc such that EΠ(C) �
root(X0) 6=? f, it would implies that there exists C′′ such that C1 →∗ C′′ →∗ C, C′′ is
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obtained during step c, (X0, j0 `? u0) ∈ D(C′′), (Y, j `? u0) ∈ D(C′′) and for all f ∈ Fc,
EΠ(C) 6� root(X0) 6=? f. But in such a case, the rule Eq-ded-ded should have been
applied according to the strategy and so we would have that (Y, j `? x0) 6∈ D(C) which
is a contradiction. Hence we conclude that u 6∈ X1(C′).

Lemma 62. Let (M,M′) be a pair of matrices obtained during the Step c of Phase 1 with
parameters s and k. Let Rule(p̃) be an instance of a rule which is applicable according
to Step c of the strategy and let (M1,M′1) and (M2,M′2) be the two pairs of matrices
of constraint systems obtained by application of Rule(p̃) on (M,M′) (in case Rule(p̃)
is Eq-ded-ded, there is only one resulting pairsince Eq-ded-ded is applied internally).
We have that:

µk1.c(M1,M′1) < µk1.c(M,M′) ∧ µk1.c(M2,M′2) < µk1.c(M,M′)

Proof. We prove the result by case analysis on the rule Rule(p̃):

Rule Eq-ded-ded(X,Y ): Since this rule is applied internally, there exists C in the kth

column of (M,M′) such that Eq-ded-ded(X,Y ) is strongly applicable on C. Further-
more, we deduce that X 6∈ S2(C) and Y ∈ S2(C). Assume that (X, i`? x) ∈ D(C) and
(Y, j `? x) ∈ D(C). According to the strong application condition of Eq-ded-ded(X,Y )
in case of internal rule for phase 1, we have that j < i.

By normalisation, we have that C2 =⊥ and so we trivially have that µ1.c(C2) < µ1.c(C).
We focus on C1: Since Y ∈ S2(C) and x ∈ X 1, we can deduce that L1

C(Y, j `? x) =
(j, 0). But D(C1) = D(C) r {X, i`? x}.

If there is no (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C), we have that
x 6∈ X1(C1). Hence, we can deduce that L1

C1(Y, j `? x) is not defined and so π1(µ1.c(C1)) <
π1(µ1.c(C)). Thus we deduce that µ1.c(C1) < µ1.c(C)

Else there exists (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C). Thus X1(C1) =
X1(C). Thus, withD(C1) = D(C)r{X, i`? x}, we deduce that π1(µ1.c(C1)) = π1(µ1.c(C)).
Furthermore, we (X,Z) ∈ π2(µ1.c(C)) while (X,Z) 6∈ π2(µ1.c(C1)). Hence we easily
deduce that π2(µ1.c(C1)) < π2(µ1.c(C)) and so that µ1.c(C1) < µ1.c(C).

Since we proved that µ1.c(C1) < µ1.c(C) and µ1.c(C2) < µ1.c(C) and since the rule is
applied internally, we deduce that µk1.c(M1,M′1) < µk1.c(M,M′).

Rue Cons(X, f): The rule is applied externally. Hence we will show that for all constraint

system C in the kth column, we have that µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where
C1 and C2 are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists C0 such that L1

C0(X, i0 `? u0)
is minimal. Thus, we will show that in the case of C0, µ1.c(C1) < µ1.c(C0) and µ1.c(C2) <
µ1.c(C0), where C1 and C2 are the constraint systems obtained by applying the rule on
C0.

We first focus on C1. Thanks to Lemma 61, we know that for all C in the kth column,
for all i ∈ N, for all term u, (X, i0 `? u) ∈ D(C) and u ∈ X 1 implies u 6∈ X1(C). We
distinguish several cases:

• Case u ∈ X 1: By normalisation, D(C1) = (D(C){X, i0 `? u})σ∪{Xj , i0 `? xj}j=1...n

where σ = {u → f(x1, . . . , xn)} and xj are fresh variables and u 6∈ X1(C). Hence
we deduce that for all (Y, j `? v) ∈ D(C1), for all p, if v|p ∈ X1(C1) then v|p ∈ X 1,
v|p = v|pσ and (Y, j `? v) ∈ D(C). Thus we deduce that v|p ∈ X1(C) and so
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π1(µ1.c(C1)) = π1(µ1.c(C)). Since Xj ∈ S2(C1), for j = 1 . . . n, we deduce that
π2(µ1.c(C1)) = π2(µ1.c(C)). At last, xj 6∈ X1(C1), for j = 1 . . . n also implies that
πi(µ1.c(C1)) = πi(µ1.c(C)), for i = 3, 4 and so we deduce that µ1.c(C1) = µ1.c(C).

• Case u 6∈ X 1 and vars1(u) ∩ X1(C) = ∅: In such a case, we have that D(C1) =
(D(C) r {X, i0 `? u}) ∪ {Xj , i0 `? xjσ}j=1...n where xjσ is a strict subterm of u,
for j = 1 . . . n and σ = mgu(u=? f(x1, . . . , xn)). Thus, vars1(u) ∩ X1(C) = ∅
implies that vars1(xjσ) ∩ X1(C) = ∅ for j = 1 . . . n. Therefore, we have that
L1
C1(Xj , i0 `? xjσ) does not exist, for j = 1 . . . n which implies that πj(µ1.c(C1)) =

πj(µ1.c(C)) for j = 1, 3, 4. At last, since Xj ∈ S2(C1), for j = 1 . . . n, we deduce
that π2(µ1.c(C1)) = π2(µ1.c(C)) and so we conclude that µ1.c(C1) = µ1.c(C).

• Case u 6∈ X 1 and vars1(u) ∩ X1(C) 6= ∅: In such a case, we still have that D(C1) =
(D(C)r{X, i0 `? u})∪{Xj , i0 `? xjσ}j=1...n where σ = mgu(u, f(x1, . . . , xn)). Since
u 6∈ X 1, we can deduce that for all j ∈ {1, . . . , n}, for all p, if xjσ|p ∈ X1(C1) then
u|j·p = xjσ|p ∈ X1(C). With the fact that L1

C(x) = L1
C1(x) for all x ∈ vars1(D(C)),

we can deduce that (L1
C1(xjσ|p), p) < (L1

C(xjσ|p), j · p), for all j ∈ {1, . . . , n}. Thus
we can deduce that π1(µ1.c(C1)) < π1(µ1.c(C)) and so µ1.c(C1) < µ1.c(C).
Note that by the application condition of the rule Cons(X, f) for Step c, we can
deduce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have µ1.c(C1) < µ1.c(C0)

We now focus on C2. In such a case we have that D(C2) = D(C). Hence, we trivially
have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2. On the other hand, since EΠ(C2) =
EΠ(C)∧root(X) 6=? f, we have that π3(µ1.c(C2)) ≤ π3(µ1.c(C)) which allows us to conclude
that µ1.c(C2) ≤ µ1.c(C).

Note that by the application condition of the rule Cons(X, f) for Step c, we can de-
duce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have π3(µ1.c(C2)) < π3(µ1.c(C0))
which allows us to conclude that µ1.c(C2) < µ1.c(C0).

Rue Axiom(X, path): The rule is applied externally. Hence, similarly to the case of the

rule Cons, we will show that for all constraint system C in the kth column, we have that
µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where C1 and C2 are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of C0,
µ1.c(C1) < µ1.c(C0) and µ1.c(C2) < µ1.c(C0), where C1 and C2 are the constraint systems
obtained by applying the rule on C0.

By definition of the rule, we know that there exists (X, i`? u) ∈ D(C) and (ξ, j `? v) ∈
Φ(C) such that j ≤ i.

We first focus on C1. By definition of the rule, we have that D(C1) = D(C)σ r
{X, i`? uσ} where σ = mgu(u, v). Furthermore, we have that Φ(C1) = Φ(C)σ.

Let x ∈ vars1(v). By the property of origination of a constraint system, we deduce
that L1

C(x) < i. Let (Y, ``? t) ∈ D(C) such that x ∈ vars1t and L1
C(x) = `. By the

minimality of L1
C0(X, i`? u0), we deduce that x 6∈ X1(C).

Let x ∈ X1(C)∩ vars1(u). If x ∈ img(σ) then we have that x ∈ vars1(vσ). But by the
property of origination of a constraint system, we deduce that there exists (Y, ``? t) ∈
D(C1) such that ` < j ≤ i and x ∈ vars1(t). Moreover, x ∈ X1(C) implies that for all
(Z,m`? w) ∈ D(C), x ∈ vars1(w) implies that L1

C(Z,m`? w) exists. But by minimality
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of L1
C0(X, i`? u0), we deduce that i ≤ m. Hence, we deduce that L1

C(x) = i. Since we
already show that L1

C1(x) ≤ ` < j ≤ i, we deduce that L1
C1(x) < L1

C(x).

Let (Y, ``? tσ) ∈ D(C1), let p a position such that tσ|p ∈ X1(C1). We distinguish two
cases:

• Case 1, t|p = tσ|p and t|p 6∈ vars1(σ): In such a case, it implies that t|p ∈
X1(C). Furthermore, we deduce that (L1

C(t|p) = L1
C1(t|p). Hence we have that

{{(L1
C1(t|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧ t′|p′ = t|p}} = {{(L1

C(t|p), p′) | (Z, `′ `? t′) ∈
D(C) ∧ t′|p′ = t|p}}

• Case 2, tσ|p ∈ img(σ): We have shown that in such a case, L1
C1(tσ|p) < L1

C(tσ|p).
Since tσ|p ∈ vars1(u), we deduce that {{(L1

C1(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧
t′|p′ = tσ|p}} < {{(L1

C(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C) ∧ t′|p′ = tσ|p}}.

Hence we deduce that π1(µ1.c(C1)) ≤ π1(µ1.c(C)) and if vars1(u) ∩ X1(C) 6= ∅ then
π1(µ1.c(C1)) < π1(µ1.c(C)).

At last, since D(C1) = D(C)σr{X, i`? uσ} and EΠ(C1) = EΠ(C)∧X =? ξ, we deduce
that πi(µ1.c(C1)) ≤ πi(µ1.c(C)), for i = 2, 3, 4. Thus we conclude that µ1.c(C1) ≤ µ1.c(C).

Note that vars1(u0) ∩ X1(C0) 6= ∅. Hence we have that π1(µ1.c(C1)) < π1(µ1.c(C0))
and so µ1.c(C1) < µ1.c(C0).

We now focus on C2. In such a case, we have that D(C2) = D(C) and EΠ(C2) =
EΠ(C) ∧X 6=? ξ. Hence we trivially have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2, 3.
Furthermore, we also have that π4(µ1.c(C2)) = π4(µ1.c(C)) if vars1(u) ∩ X1(C) = ∅, else
π4(µ1.c(C2)) < π4(µ1.c(C)).

We conclude that µ1.c(C2) ≤ µ1.c(C) and since vars1(u0)∩X1(C0) 6= ∅, we also conclude
that µ1.c(C2) < µ1.c(C0).

Lemma 63. Let (M,M′) be a pair of matrices obtained during the Step c of Phase 1 with
parameters s and k. Let Rule(p̃) be an instance of a rule which is applicable according
to Step c of the strategy and let (M1,M′1) and (M2,M′2) be the two pairs of matrices
of constraint systems obtained by application of Rule(p̃) on (M,M′) (in case Rule(p̃)
is Eq-ded-ded, there is only one resulting pairsince Eq-ded-ded is applied internally).
We have that:

µk1.c(M1,M′1) < µk1.c(M,M′) ∧ µk1.c(M2,M′2) < µk1.c(M,M′)

Proof. We prove the result by case analysis on the rule Rule(p̃):

Rule Eq-ded-ded(X,Y ): Since this rule is applied internally, there exists C in the kth

column of (M,M′) such that Eq-ded-ded(X,Y ) is strongly applicable on C. Further-
more, we deduce that X 6∈ S2(C) and Y ∈ S2(C). Assume that (X, i`? x) ∈ D(C) and
(Y, j `? x) ∈ D(C). According to the strong application condition of Eq-ded-ded(X,Y )
in case of internal rule for phase 1, we have that j < i.

By normalisation, we have that C2 =⊥ and so we trivially have that µ1.c(C2) < µ1.c(C).
We focus on C1: Since Y ∈ S2(C) and x ∈ X 1, we can deduce that L1

C(Y, j `? x) =
(j, 0). But D(C1) = D(C) r {X, i`? x}.

If there is no (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C), we have that
x 6∈ X1(C1). Hence, we can deduce that L1

C1(Y, j `? x) is not defined and so π1(µ1.c(C1)) <
π1(µ1.c(C)). Thus we deduce that µ1.c(C1) < µ1.c(C)
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Else there exists (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C). Thus X1(C1) =
X1(C). Thus, withD(C1) = D(C)r{X, i`? x}, we deduce that π1(µ1.c(C1)) = π1(µ1.c(C)).
Furthermore, we (X,Z) ∈ π2(µ1.c(C)) while (X,Z) 6∈ π2(µ1.c(C1)). Hence we easily
deduce that π2(µ1.c(C1)) < π2(µ1.c(C)) and so that µ1.c(C1) < µ1.c(C).

Since we proved that µ1.c(C1) < µ1.c(C) and µ1.c(C2) < µ1.c(C) and since the rule is
applied internally, we deduce that µk1.c(M1,M′1) < µk1.c(M,M′).

Rue Cons(X, f): The rule is applied externally. Hence we will show that for all constraint

system C in the kth column, we have that µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where
C1 and C2 are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists C0 such that L1

C0(X, i0 `? u0)
is minimal. Thus, we will show that in the case of C0, µ1.c(C1) < µ1.c(C0) and µ1.c(C2) <
µ1.c(C0), where C1 and C2 are the constraint systems obtained by applying the rule on
C0.

We first focus on C1. Thanks to Lemma 61, we know that for all C in the kth column,
for all i ∈ N, for all term u, (X, i0 `? u) ∈ D(C) and u ∈ X 1 implies u 6∈ X1(C). We
distinguish several cases:

• Case u ∈ X 1: By normalisation, D(C1) = (D(C){X, i0 `? u})σ∪{Xj , i0 `? xj}j=1...n

where σ = {u → f(x1, . . . , xn)} and xj are fresh variables and u 6∈ X1(C). Hence
we deduce that for all (Y, j `? v) ∈ D(C1), for all p, if v|p ∈ X1(C1) then v|p ∈ X 1,
v|p = v|pσ and (Y, j `? v) ∈ D(C). Thus we deduce that v|p ∈ X1(C) and so
π1(µ1.c(C1)) = π1(µ1.c(C)). Since Xj ∈ S2(C1), for j = 1 . . . n, we deduce that
π2(µ1.c(C1)) = π2(µ1.c(C)). At last, xj 6∈ X1(C1), for j = 1 . . . n also implies that
πi(µ1.c(C1)) = πi(µ1.c(C)), for i = 3, 4 and so we deduce that µ1.c(C1) = µ1.c(C).

• Case u 6∈ X 1 and vars1(u) ∩ X1(C) = ∅: In such a case, we have that D(C1) =
(D(C) r {X, i0 `? u}) ∪ {Xj , i0 `? xjσ}j=1...n where xjσ is a strict subterm of u,
for j = 1 . . . n and σ = mgu(u=? f(x1, . . . , xn)). Thus, vars1(u) ∩ X1(C) = ∅
implies that vars1(xjσ) ∩ X1(C) = ∅ for j = 1 . . . n. Therefore, we have that
L1
C1(Xj , i0 `? xjσ) does not exist, for j = 1 . . . n which implies that πj(µ1.c(C1)) =

πj(µ1.c(C)) for j = 1, 3, 4. At last, since Xj ∈ S2(C1), for j = 1 . . . n, we deduce
that π2(µ1.c(C1)) = π2(µ1.c(C)) and so we conclude that µ1.c(C1) = µ1.c(C).

• Case u 6∈ X 1 and vars1(u) ∩ X1(C) 6= ∅: In such a case, we still have that D(C1) =
(D(C)r{X, i0 `? u})∪{Xj , i0 `? xjσ}j=1...n where σ = mgu(u, f(x1, . . . , xn)). Since
u 6∈ X 1, we can deduce that for all j ∈ {1, . . . , n}, for all p, if xjσ|p ∈ X1(C1) then
u|j·p = xjσ|p ∈ X1(C). With the fact that L1

C(x) = L1
C1(x) for all x ∈ vars1(D(C)),

we can deduce that (L1
C1(xjσ|p), p) < (L1

C(xjσ|p), j · p), for all j ∈ {1, . . . , n}. Thus
we can deduce that π1(µ1.c(C1)) < π1(µ1.c(C)) and so µ1.c(C1) < µ1.c(C).
Note that by the application condition of the rule Cons(X, f) for Step c, we can
deduce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have µ1.c(C1) < µ1.c(C0)

We now focus on C2. In such a case we have that D(C2) = D(C). Hence, we trivially
have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2. On the other hand, since EΠ(C2) =
EΠ(C)∧root(X) 6=? f, we have that π3(µ1.c(C2)) ≤ π3(µ1.c(C)) which allows us to conclude
that µ1.c(C2) ≤ µ1.c(C).
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Note that by the application condition of the rule Cons(X, f) for Step c, we can de-
duce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have π3(µ1.c(C2)) < π3(µ1.c(C0))
which allows us to conclude that µ1.c(C2) < µ1.c(C0).

Rue Axiom(X, path): The rule is applied externally. Hence, similarly to the case of the

rule Cons, we will show that for all constraint system C in the kth column, we have that
µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where C1 and C2 are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of C0,
µ1.c(C1) < µ1.c(C0) and µ1.c(C2) < µ1.c(C0), where C1 and C2 are the constraint systems
obtained by applying the rule on C0.

By definition of the rule, we know that there exists (X, i`? u) ∈ D(C) and (ξ, j `? v) ∈
Φ(C) such that j ≤ i.

We first focus on C1. By definition of the rule, we have that D(C1) = D(C)σ r
{X, i`? uσ} where σ = mgu(u, v). Furthermore, we have that Φ(C1) = Φ(C)σ.

Let x ∈ vars1(v). By the property of origination of a constraint system, we deduce
that L1

C(x) < i. Let (Y, ``? t) ∈ D(C) such that x ∈ vars1t and L1
C(x) = `. By the

minimality of L1
C0(X, i`? u0), we deduce that x 6∈ X1(C).

Let x ∈ X1(C)∩ vars1(u). If x ∈ img(σ) then we have that x ∈ vars1(vσ). But by the
property of origination of a constraint system, we deduce that there exists (Y, ``? t) ∈
D(C1) such that ` < j ≤ i and x ∈ vars1(t). Moreover, x ∈ X1(C) implies that for all
(Z,m`? w) ∈ D(C), x ∈ vars1(w) implies that L1

C(Z,m`? w) exists. But by minimality
of L1

C0(X, i`? u0), we deduce that i ≤ m. Hence, we deduce that L1
C(x) = i. Since we

already show that L1
C1(x) ≤ ` < j ≤ i, we deduce that L1

C1(x) < L1
C(x).

Let (Y, ``? tσ) ∈ D(C1), let p a position such that tσ|p ∈ X1(C1). We distinguish two
cases:

• Case 1, t|p = tσ|p and t|p 6∈ vars1(σ): In such a case, it implies that t|p ∈
X1(C). Furthermore, we deduce that (L1

C(t|p) = L1
C1(t|p). Hence we have that

{{(L1
C1(t|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧ t′|p′ = t|p}} = {{(L1

C(t|p), p′) | (Z, `′ `? t′) ∈
D(C) ∧ t′|p′ = t|p}}

• Case 2, tσ|p ∈ img(σ): We have shown that in such a case, L1
C1(tσ|p) < L1

C(tσ|p).
Since tσ|p ∈ vars1(u), we deduce that {{(L1

C1(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧
t′|p′ = tσ|p}} < {{(L1

C(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C) ∧ t′|p′ = tσ|p}}.

Hence we deduce that π1(µ1.c(C1)) ≤ π1(µ1.c(C)) and if vars1(u) ∩ X1(C) 6= ∅ then
π1(µ1.c(C1)) < π1(µ1.c(C)).

At last, since D(C1) = D(C)σr{X, i`? uσ} and EΠ(C1) = EΠ(C)∧X =? ξ, we deduce
that πi(µ1.c(C1)) ≤ πi(µ1.c(C)), for i = 2, 3, 4. Thus we conclude that µ1.c(C1) ≤ µ1.c(C).

Note that vars1(u0) ∩ X1(C0) 6= ∅. Hence we have that π1(µ1.c(C1)) < π1(µ1.c(C0))
and so µ1.c(C1) < µ1.c(C0).

We now focus on C2. In such a case, we have that D(C2) = D(C) and EΠ(C2) =
EΠ(C) ∧X 6=? ξ. Hence we trivially have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2, 3.
Furthermore, we also have that π4(µ1.c(C2)) = π4(µ1.c(C)) if vars1(u) ∩ X1(C) = ∅, else
π4(µ1.c(C2)) < π4(µ1.c(C)).

We conclude that µ1.c(C2) ≤ µ1.c(C) and since vars1(u0)∩X1(C0) 6= ∅, we also conclude
that µ1.c(C2) < µ1.c(C0).
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Lemma 64. Let (M,M′) be a pair of matrices obtained during the Step c of Phase 1 with
parameters s and k. Let Rule(p̃) be an instance of a rule which is applicable according
to Step c of the strategy and let (M1,M′1) and (M2,M′2) be the two pairs of matrices
of constraint systems obtained by application of Rule(p̃) on (M,M′) (in case Rule(p̃)
is Eq-ded-ded, there is only one resulting pairsince Eq-ded-ded is applied internally).
We have that:

µk1.c(M1,M′1) < µk1.c(M,M′) ∧ µk1.c(M2,M′2) < µk1.c(M,M′)

Proof. We prove the result by case analysis on the rule Rule(p̃):

Rule Eq-ded-ded(X,Y ): Since this rule is applied internally, there exists C in the kth

column of (M,M′) such that Eq-ded-ded(X,Y ) is strongly applicable on C. Further-
more, we deduce that X 6∈ S2(C) and Y ∈ S2(C). Assume that (X, i`? x) ∈ D(C) and
(Y, j `? x) ∈ D(C). According to the strong application condition of Eq-ded-ded(X,Y )
in case of internal rule for phase 1, we have that j < i.

By normalisation, we have that C2 =⊥ and so we trivially have that µ1.c(C2) < µ1.c(C).
We focus on C1: Since Y ∈ S2(C) and x ∈ X 1, we can deduce that L1

C(Y, j `? x) =
(j, 0). But D(C1) = D(C) r {X, i`? x}.

If there is no (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C), we have that
x 6∈ X1(C1). Hence, we can deduce that L1

C1(Y, j `? x) is not defined and so π1(µ1.c(C1)) <
π1(µ1.c(C)). Thus we deduce that µ1.c(C1) < µ1.c(C)

Else there exists (Z, ``? x) ∈ D(C) such that Z 6= X and Z 6∈ S2(C). Thus X1(C1) =
X1(C). Thus, withD(C1) = D(C)r{X, i`? x}, we deduce that π1(µ1.c(C1)) = π1(µ1.c(C)).
Furthermore, we (X,Z) ∈ π2(µ1.c(C)) while (X,Z) 6∈ π2(µ1.c(C1)). Hence we easily
deduce that π2(µ1.c(C1)) < π2(µ1.c(C)) and so that µ1.c(C1) < µ1.c(C).

Since we proved that µ1.c(C1) < µ1.c(C) and µ1.c(C2) < µ1.c(C) and since the rule is
applied internally, we deduce that µk1.c(M1,M′1) < µk1.c(M,M′).

Rue Cons(X, f): The rule is applied externally. Hence we will show that for all constraint

system C in the kth column, we have that µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where
C1 and C2 are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists C0 such that L1

C0(X, i0 `? u0)
is minimal. Thus, we will show that in the case of C0, µ1.c(C1) < µ1.c(C0) and µ1.c(C2) <
µ1.c(C0), where C1 and C2 are the constraint systems obtained by applying the rule on
C0.

We first focus on C1. Thanks to Lemma 61, we know that for all C in the kth column,
for all i ∈ N, for all term u, (X, i0 `? u) ∈ D(C) and u ∈ X 1 implies u 6∈ X1(C). We
distinguish several cases:

• Case u ∈ X 1: By normalisation, D(C1) = (D(C){X, i0 `? u})σ∪{Xj , i0 `? xj}j=1...n

where σ = {u → f(x1, . . . , xn)} and xj are fresh variables and u 6∈ X1(C). Hence
we deduce that for all (Y, j `? v) ∈ D(C1), for all p, if v|p ∈ X1(C1) then v|p ∈ X 1,
v|p = v|pσ and (Y, j `? v) ∈ D(C). Thus we deduce that v|p ∈ X1(C) and so
π1(µ1.c(C1)) = π1(µ1.c(C)). Since Xj ∈ S2(C1), for j = 1 . . . n, we deduce that
π2(µ1.c(C1)) = π2(µ1.c(C)). At last, xj 6∈ X1(C1), for j = 1 . . . n also implies that
πi(µ1.c(C1)) = πi(µ1.c(C)), for i = 3, 4 and so we deduce that µ1.c(C1) = µ1.c(C).
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• Case u 6∈ X 1 and vars1(u) ∩ X1(C) = ∅: In such a case, we have that D(C1) =
(D(C) r {X, i0 `? u}) ∪ {Xj , i0 `? xjσ}j=1...n where xjσ is a strict subterm of u,
for j = 1 . . . n and σ = mgu(u=? f(x1, . . . , xn)). Thus, vars1(u) ∩ X1(C) = ∅
implies that vars1(xjσ) ∩ X1(C) = ∅ for j = 1 . . . n. Therefore, we have that
L1
C1(Xj , i0 `? xjσ) does not exist, for j = 1 . . . n which implies that πj(µ1.c(C1)) =

πj(µ1.c(C)) for j = 1, 3, 4. At last, since Xj ∈ S2(C1), for j = 1 . . . n, we deduce
that π2(µ1.c(C1)) = π2(µ1.c(C)) and so we conclude that µ1.c(C1) = µ1.c(C).

• Case u 6∈ X 1 and vars1(u) ∩ X1(C) 6= ∅: In such a case, we still have that D(C1) =
(D(C)r{X, i0 `? u})∪{Xj , i0 `? xjσ}j=1...n where σ = mgu(u, f(x1, . . . , xn)). Since
u 6∈ X 1, we can deduce that for all j ∈ {1, . . . , n}, for all p, if xjσ|p ∈ X1(C1) then
u|j·p = xjσ|p ∈ X1(C). With the fact that L1

C(x) = L1
C1(x) for all x ∈ vars1(D(C)),

we can deduce that (L1
C1(xjσ|p), p) < (L1

C(xjσ|p), j · p), for all j ∈ {1, . . . , n}. Thus
we can deduce that π1(µ1.c(C1)) < π1(µ1.c(C)) and so µ1.c(C1) < µ1.c(C).
Note that by the application condition of the rule Cons(X, f) for Step c, we can
deduce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have µ1.c(C1) < µ1.c(C0)

We now focus on C2. In such a case we have that D(C2) = D(C). Hence, we trivially
have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2. On the other hand, since EΠ(C2) =
EΠ(C)∧root(X) 6=? f, we have that π3(µ1.c(C2)) ≤ π3(µ1.c(C)) which allows us to conclude
that µ1.c(C2) ≤ µ1.c(C).

Note that by the application condition of the rule Cons(X, f) for Step c, we can de-
duce that u0 6∈ X 1 and vars1(u0)∩X1(C0) 6= ∅. Thus we have π3(µ1.c(C2)) < π3(µ1.c(C0))
which allows us to conclude that µ1.c(C2) < µ1.c(C0).

Rue Axiom(X, path): The rule is applied externally. Hence, similarly to the case of the

rule Cons, we will show that for all constraint system C in the kth column, we have that
µ1.c(C1) ≤ µ1.c(C) and µ1.c(C2) ≤ µ1.c(C) where C1 and C2 are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of C0,
µ1.c(C1) < µ1.c(C0) and µ1.c(C2) < µ1.c(C0), where C1 and C2 are the constraint systems
obtained by applying the rule on C0.

By definition of the rule, we know that there exists (X, i`? u) ∈ D(C) and (ξ, j `? v) ∈
Φ(C) such that j ≤ i.

We first focus on C1. By definition of the rule, we have that D(C1) = D(C)σ r
{X, i`? uσ} where σ = mgu(u, v). Furthermore, we have that Φ(C1) = Φ(C)σ.

Let x ∈ vars1(v). By the property of origination of a constraint system, we deduce
that L1

C(x) < i. Let (Y, ``? t) ∈ D(C) such that x ∈ vars1t and L1
C(x) = `. By the

minimality of L1
C0(X, i`? u0), we deduce that x 6∈ X1(C).

Let x ∈ X1(C)∩ vars1(u). If x ∈ img(σ) then we have that x ∈ vars1(vσ). But by the
property of origination of a constraint system, we deduce that there exists (Y, ``? t) ∈
D(C1) such that ` < j ≤ i and x ∈ vars1(t). Moreover, x ∈ X1(C) implies that for all
(Z,m`? w) ∈ D(C), x ∈ vars1(w) implies that L1

C(Z,m`? w) exists. But by minimality
of L1

C0(X, i`? u0), we deduce that i ≤ m. Hence, we deduce that L1
C(x) = i. Since we

already show that L1
C1(x) ≤ ` < j ≤ i, we deduce that L1

C1(x) < L1
C(x).

Let (Y, ``? tσ) ∈ D(C1), let p a position such that tσ|p ∈ X1(C1). We distinguish two
cases:
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• Case 1, t|p = tσ|p and t|p 6∈ vars1(σ): In such a case, it implies that t|p ∈
X1(C). Furthermore, we deduce that (L1

C(t|p) = L1
C1(t|p). Hence we have that

{{(L1
C1(t|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧ t′|p′ = t|p}} = {{(L1

C(t|p), p′) | (Z, `′ `? t′) ∈
D(C) ∧ t′|p′ = t|p}}

• Case 2, tσ|p ∈ img(σ): We have shown that in such a case, L1
C1(tσ|p) < L1

C(tσ|p).
Since tσ|p ∈ vars1(u), we deduce that {{(L1

C1(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C1) ∧
t′|p′ = tσ|p}} < {{(L1

C(tσ|p), p′) | (Z, `′ `? t′) ∈ D(C) ∧ t′|p′ = tσ|p}}.

Hence we deduce that π1(µ1.c(C1)) ≤ π1(µ1.c(C)) and if vars1(u) ∩ X1(C) 6= ∅ then
π1(µ1.c(C1)) < π1(µ1.c(C)).

At last, since D(C1) = D(C)σr{X, i`? uσ} and EΠ(C1) = EΠ(C)∧X =? ξ, we deduce
that πi(µ1.c(C1)) ≤ πi(µ1.c(C)), for i = 2, 3, 4. Thus we conclude that µ1.c(C1) ≤ µ1.c(C).

Note that vars1(u0) ∩ X1(C0) 6= ∅. Hence we have that π1(µ1.c(C1)) < π1(µ1.c(C0))
and so µ1.c(C1) < µ1.c(C0).

We now focus on C2. In such a case, we have that D(C2) = D(C) and EΠ(C2) =
EΠ(C) ∧X 6=? ξ. Hence we trivially have that πi(µ1.c(C2)) = πi(µ1.c(C)), for i = 1, 2, 3.
Furthermore, we also have that π4(µ1.c(C2)) = π4(µ1.c(C)) if vars1(u) ∩ X1(C) = ∅, else
π4(µ1.c(C2)) < π4(µ1.c(C)).

We conclude that µ1.c(C2) ≤ µ1.c(C) and since vars1(u0)∩X1(C0) 6= ∅, we also conclude
that µ1.c(C2) < µ1.c(C0).

Steps b and c together. We have already shown that Step b and Step c terminate. We
now have to establish termination of Steps b and c together. For this purpose, we define a
measure on pair of matrices using L1

C(·). Let (M,M′) be a pair of matrices of constraint
systems. Assume w.l.o.g. that the parameter k corresponds to a column oin M. We
define a measure, denoted µk1.b+c(M,M′), such that:

µk1.b+c(M,M′) = max

{
L1
C(u)

i ∈ N, X 6∈ S2, (X, j `? u) ∈ D(C) and C is
on the ith line and kth column of (M,M′)

}
We will first show that µk1.b+c(M,M′) can not increase during Step b and Step c.Moreover,

the strategy of Step c will allow us to show that between the beginning of Step c and the
end of Step c, the measure strictly decreases. Indeed, at the beginning of Step c, every in-
ternal deducibility constraints contain only variable as right hand term. Furthermore, we
know that these deducibility constraints can either be removed thanks to Eq-ded-ded
or either be instantiated by the application of Axiom. But the choice of the rule and its
parameters are determined by minimizing L1

· (·). Hence, in the case of the rule Axiom,
we always instantiate a variable x by a term that can only contain variables appearing
strictly at an earlier stage in the constraint system.

Lemma 65. Let C be a well-formed constraint system. Let Rule(p̃) be an instance
of one of the following rule : Cons, Axiom or Eq-ded-ded. Let C1, C2 be the two
constraint systems obtained by application of Rule(p̃) on C. For all i ∈ {1, 2}, for all
u ∈ T (Fc,N ∪ X 1), if vars1(u) ⊆ vars1(D(C)) then L1

Ci(uσi) ≤ L
1
C(u) where σi =

mgu(E(Ci)).
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Proof. We do a case analysis on the rule. Note that, according to the definition of the
rule in Figures 1 and 2, we have that mgu(E(C2)) = mgu(E(C)) and D(C2) = D(C) for all
the rules that we will consider here. Hence, we have that uσ2 = u and L1

C2(u) = L1
C(u).

Thus the result holds for i = 2.

Rule Cons(X, f): Let (X, i`? t) ∈ D(C). According to Figure 1, we have that D(C1) =

(D(C)σr{X, i`? tσ})∪{Xk, i`? xk}k=1..n, where xk, Xk are fresh variables for k = 1 . . . n
and σ = mgu(t, f(x1, . . . , xn)).

In case t 6∈ X 1, we have that dom(σ) = {x1, . . . , xn}, D(C)σ = D(C) and vars1(D(C)) =
vars1(D(C1)). Hence we deduce that uσ1 = u and L1

C1(u) = L1
C(u) and so L1

C1(uσ1) =
L1
C(u).

Otherwise, we have that t ∈ X 1. In such a case, σ = {t 7→ f(x1, . . . , xn)}. For all
x ∈ vars1(D(C1)) r {x1, . . . , xn}, L1

C1(x) = L1
C(x). Assume now that L1

C(t) < i thus

there exists (Y, j `? v) ∈ D(C) such that t ∈ vars1(v) and L1
C(t) = j. But it implies that

(Y, j `? vσ) ∈ D(C1). On the other hand, if L1
C(t) = i we know that {Xk, i`? xk}k=1..n ⊆

D(C1). Hence we deduce that for all k ∈ {1, . . . , n}, L1
C1(xk) = L1

C(t).
Since L1

C(u) = max{L1
C(x) | x ∈ vars1(u)}, we deduce that L1

C(u) = L1
C1(uσ1). Thus

the result holds.

Rule Axiom(X, path): Let (X, i`? t) ∈ D(C) and (ξ, j B v) ∈ Φ(C) such that path(ξ) =

path. According to Figure 1, we have that D(C1) = (D(C)σ r {X, i`? tσ}) were σ =
mgu(t, v).

For all x 6∈ vars1(t, v), we have that xσ = x and since D(C1) = (D(C)σr{X, i`? tσ}),
we can deduce that L1

C1(x) = L1
C(x).

Let x ∈ dom(σ). We show that for all y ∈ vars1(xσ), L1
C1(y) ≤ L1

C(x). If L1
C(x) = `

then it implies that there exists (Y, ``? w) ∈ D(C) such that x ∈ vars1(w). If X 6= Y
then we have that (Y, ``? wσ) ∈ D(C1) and since y ∈ vars1(wσ), we can deduce that
L1
C1(y) ≤ L1

C(x). Else if X = Y then it implies that x ∈ vars1(t). But Φ(C1) = Φ(C)
which implies that (ξ, j B vσ) ∈ Φ(C1). Thus, by the origination property of a constraint
system, we can deduce that y ∈ vars1(vσ) implies that there exists (Z, p`? w′) ∈ D(C1)
such that p < j and y ∈ vars1(w′). Hence we deduce that L1

C1(y) ≤ p < j ≤ L1
C(x).

Hence the result holds.
Let x ∈ vars1(img(σ)). If L1

C(x) < i then since D(C1) = (D(C)σ r {X, i`? tσ}), we
deduce that L1

C1(x) ≤ L1
C(x). Else L1

C(x) = i. But since x ∈ vars1(vσ), the by the
properties of origination, we deduce that L1

C1(x) < L1
C(x).

We proved that for all x ∈ vars1(u), we have that L1
C1(xσ) ≤ L1

C(x). Thus we conclude
that L1

C1(uσ) ≤ L1
C(u).

Rule Eq-ded-ded(X,Y ): Let (X, i1 `? v1) ∈ D(C) and (Y, i2 `? v2) ∈ D(C) such that

i1 ≥ i2. According to Figure 2, we have that D(C1) = (D(C)σ r {X, i1 `? v1σ}) where
σ = mgu(v1, v2).

For all x 6∈ vars1(v1, v2), we have that xσ = x thus we can deduce that L1
C1(x) =

L1
C(x).

Let x ∈ dom(σ). Let y ∈ vars1(xσ). If L1
C(x) = ` then it implies that there exists

(Z, ``? w) ∈ D(C) such that x ∈ vars1(w). If X 6= Z then we have that (Z, ``? wσ) ∈
D(C1) and since y ∈ vars1(wσ), we can deduce that L1

C1(y) ≤ L1
C(x). Else if X = Z then

it implies that x ∈ vars1(v1). But (Y, i2 `? v2σ) ∈ D(C1) and y ∈ vars1(v2σ). Hence we
have that L1

C1(y) ≤ i2 ≤ i1 = L1
C(x).
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Let x ∈ vars1(img(σ)). If L1
C(x) < i1 then since D(C1) = (D(C)σ r {X, i1 `? v1σ}),

we deduce that L1
C1(x) ≤ L1

C(x). Else L1
C(x) = i1. But since x ∈ vars1(v2σ) and

(Y, i2 `? v2σ) ∈ D(C1), we deduce that L1
C1(x) ≤ i2 ≤ i1 = L1

C(x).
We proved that for all x ∈ vars1(u), we have that L1

C1(xσ) ≤ L1
C(x). Thus we conclude

that L1
C1(uσ) ≤ L1

C(u).

Lemma 66. Let (M,M′) be a pair of matrices obtained at the end of the Step c of
Phase 1 of the strategy with parameters s and k. Let (M1,M′1) be a pair of matri-
ces obtained by application on (M,M′) of Steps b and c with the same parameters.
µk1.b+c(M1,M′1) < µk1.b+c(M,M′).

Proof. Since (M,M′) and (M1,M′1) are both obtained at two consecutive end of step c
of phase 1, there exists (M2,M′2) such that (M,M′)→∗ (M2,M′2)→∗ (M1,M′1) and
(M2,M′2) is obtained at the end of Step b of Phase 1. The proof of this result is divided
in two parts. We first show that µk1.b+c(M2,M′2) ≤ µk1.b+c(M,M′). Secondly we show

that µk1.b+c(M1,M′1) < µk1.b+c(M2,M′2).

First part, µk1.b+c(M2,M′2) ≤ µk1.b+c(M,M′): All the rules applied during Step b are
internal rules. Furthermore, we know that (M,M′) was obtained at the end of step c
which means that we already apply at leaf one Step b before obtaining (M,M′). Hence,
the rules Ded-st and Eq-frame-frame are useless on (M,M′) for the support s and
the column k. Thus the only rules that are applied between (M,M′) and (M2,M′2) are
Cons, Eq-ded-ded and Axiom.

Consider two pair of matrices (M3,M′3) and (M4,M′4) such that (M,M′) →∗
(M4,M′4)→ (M3,M′3)→∗ (M2,M′2) and assume that Rule(p̃) is the rule applied on
(M4,M′4). Let C be a constraint system in the kth column of (M4,M′4). If the rule
Rule(p̃) was not applied on C then C is in the kth column on (M3,M′3). If the rule
Rule(p̃) was applied on C then there exists C1 and C2 such that C1 and C2 both in the
kth column of (M3,M′3) and they are the two constraint systems obtained by applying
Rule(p̃) on C.

According to Figure 1 and 2, and the normalisation rules 3, for all i ∈ {1, 2},
for all (X, i`? u) ∈ D(Ci), there exists (Y, i`? v) ∈ D(C) and v′ ∈ st(v) such that
v′mgu(E(Ci)) = u. But thanks to Lemma 65, L1

Ci(v
′mgu(E(Ci))) ≤ L1

C(v
′) and so

L1
Ci(u) ≤ L1

C(v
′). Since v′ ∈ st(v), we deduce that L1

Ci(u) ≤ L1
C(v). This allows us

to deduce that max{L1
Ci(u) | X 6∈ S2(Ci), (X, j `? u) ∈ D(Ci)} ≤ max{L1

C(u) | X 6∈
S2(C), (X, j `? u) ∈ D(C)}. Hence we deduce that µk1.b+c(M3,M′3) ≤ µk1.b+c(M4,M′4).

With a simple induction, we can conclude that µk1.b+c(M2,M′2) ≤ µk1.b+c(M,M′).

Second part, µk1.b+c(M1,M′1) < µk1.b+c(M2,M′2): Let C1 be a constraint system in the

kth column of (M1,M′1). Let C2 be the constraint system ancestor of C1 such that C2 is
in (M2,M′2).

Thanks to Lemma 27, we know that (M1,M′1) satisfies PP1ScE(s, k), and (M2,M′2)
satisfies PP1SbE(s, k). Thus we deduce that for all (X, i`? u) ∈ D(C1), if X 6∈ S2(C1),
then u 6∈ X 1 and i = s. Furthermore, we deduce that for all (X, i`? u) ∈ D(C2),
if X 6∈ S2(C2), then u ∈ X 1 and i = s. But the rules applied during step c either
remove internal deducibility constraint by Eq-ded-ded or instantiate them by Axiom
or Cons. Thus, for all (X, s`? t1) ∈ D(C1), if X 6∈ S2(C1), then there exists t2 such that
(X, s`? t2) ∈ D(C2).
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Let C3 be a constraint system such that C2 →∗ C3 →∗ C1. Let (X, s`? t3) ∈ D(C3).
Thanks to Lemma 65, we know that L1

C1(t1) ≤ L1
C3(t3) ≤ L1

C2(t2). We will show that

that there exists C4 and C3 such that C2 →∗ C3 → C4 →∗ C1, (X, s`? t4) ∈ D(C4),
(X, s`? t3) ∈ D(C3) and L1

C4(t4) < L1
C3(t3), which will imply that L1

C1(t1) < L1
C2(t2).

Let C3 and C4 be the constraint systems such that (X, s`? t3) ∈ D(C3), (X, s`? t4) ∈
D(C4), t2 = t3, t3 6= t4 and C2 →∗ C3 → C4 →∗ C1. Those two constraints systems
exist since we know that t1 6= t2. Let Rule(p̃) be the rule applied on C3 to obtained
C4. Since t2 = t3, we deduce that t3 ∈ X 1 and so t3 ∈ X1(C3). Thanks to Lemma 61
and t3 ∈ X1(C3), we deduce that Rule(p̃) is not an instance of Cons. Furthermore,
since Eq-ded-ded is applied internally we also deduce that Rule(p̃) is not an instance
of Eq-ded-ded. Hence we conclude that Rule(p̃) is an instance of Axiom.

Assume that Rule(p̃) = Axiom(X0, path). By definition, of the rule, there exists
(X0, i0 `? u0) ∈ D(C3) and (ξ, j0 B v0) ∈ Φ(C3) such that j0 ≤ i0. Furthermore, we have
D(C4) = D(C3)σ r {X0, i0 `? u0σ}, t = vσ and Φ(C4) = Φ(C3)σ where σ = mgu(u0, v0).
Since by hypothesis (X, s`? t4) ∈ D(C4) and t4 6= t3, we have that t3 ∈ dom(σ) and
t3 ∈ vars1(u0, v0). But the rule Axiom is applied on the deducibility constraint minimal
for L1(). Hence we deduce that t3 ∈ vars1(u0) and L1

C3(t3) = i0. But for all x ∈
vars1(t3σ), we have that x ∈ vars1(v0σ) and Φ(C4) = Φ(C3)σ. Thus, by the property of
origination of a constraint system, we know that there exists (Y, p`? w) ∈ D(C4) such
that x ∈ vars1(w) and p < j0 ≤ i0. Thus, we have that L1

C4(x) < i0 and so for all
x ∈ vars1(t3σ)), L1

C4(x) < L1
C3(t3). Since t3σ = t4, we conclude that L1

C4(t4) < L1
C3(t3).

We have shown that for all (X, s`? u) ∈ D(C1), if X 6∈ S2(C1) there exists v such that
(X, s`? v) ∈ D(C2) and L1

C1(u) < L1
C2(v). Thus we can conclude that µk1.b+c(M1,M′1) <

µk1.b+c(M2,M′2).

Appendix G.1.3. Step d: dealing with external deducibility constraints

During this step, we simplify the external deducibility constraints to obtain decubility
constraint with a variable as a right-hand term. To achieve this, we apply the external
rules Eq-ded-ded, Cons and Axiom as long as they are strongly applicable onMi,k by
increasing order on the index of the line i (if we assume that k corresponds to an index
of the matrix M in the pair (M,M′)).

To prove the termination of this step, we will use the measure µ1.b() defined on
constraint system to establish termination of Step b. Thanks to Lemma 60, we know
that the measure µ1.b() strictly decreases for a rule strongly applicable on a constraint
system. Assume that n is the number of lines in M and M′, we define a lexicographic
measure on (M,M′), denoted µk1.d(M,M′), as follows:

1. The number n− i0 where i0 is the maximal index of the line such that for all i ≤ i0,
Mi0,k = ⊥ or Mi,k satisfies the invariant InvVarConstraint(s)

2. µ1.b(Mi0+1,k)

3. The number of (X, path) such that (X, i`? u) ∈ D(M`,k), (ξ, j B v) ∈ Φ(M`,k),

j ≤ i, X 6=? ξ is not in EΠ(M`,k), X ∈ S2, path(ξ) = path, ` ∈ {1, . . . , n} and there

exist f ∈ Fc such that root(X) 6=? f in EΠ(M`,k)

We will assume for this measure that Mn′,k = ⊥ when n′ > n.
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Lemma 67. Let (M,M′) be a pair of matrices obtained during Step d of Phase 1
with parameters s and k. Let Rule(p̃) be a rule applicable according to Step d of the
strategy and let (M1,M′1) and (M2,M′2) be the two resulting pairs of matrices obtained
by application of this rule on (M,M′). We have that:

µk1.d(M1,M′1) < µk1.d(M,M′) ∧ µk1.d(M2,M′2) < µk1.d(M,M′)

Proof. Assume w.l.o.g. that the kth column of (M,M′) is the kth column of M. We
know that the only rules that can be applied in Step d are Cons, Eq-ded-ded and
Axiom. Furthermore, the external application of those rules implies thatMi,k →M1i,k

and Mi,k → M2i,k, for all i ∈ {1, . . . , n}. But thanks to Lemma 9, we know that if
Mi,k satisfies InvVarConstraint(s) then M1i,k and M2i,k also satisfy InvVarConstraint(s)
or are equal to ⊥. Thus, we deduce that π1(µk1.d(M1,M′1)) ≤ π1(µk1.d(M,M′)) and
π1(µk1.d(M2,M′2)) ≤ π1(µk1.d(M,M′)).

Let i0 be the index of the line such that for all i ≤ i0, Mi0,k = ⊥ or Mi,k satisfies
the invariant InvVarConstraint(s). Let Rule(p̃) be an instance of a rule that is strongly
applicable on Mj0,k. We do a case analysis on j0.

Case j0 ≤ i0 + 1 and Rule(p̃) strongly applicable on Mi0+1,k: In such a case, by apply-

ing Lemma 60, we obtained that µ1.b(M1i0+1,k) < µ1.b(Mi0+1,k) and µ1.b(M2i0+1,k) <
µ1.b(Mi0+1,k). It implies that π2(µk1.d(M1,M′1)) < π2(µk1.d(M,M′)) and π2(µk1.d(M2,
M′2)) < π2(µk1.d(M,M′)). Hence the result holds.

Case j0 ≤ i0 + 1 and Rule(p̃) not strongly applicable on Mi0+1,k: Rule(p̃) is strongly
applicable on Mj0,k, and therefore we have that Mj0,k 6= ⊥ and j0 6= i0 + 1. Hence by
definition of i0, we deduce that Mj0,k satisfies the invariant InvVarConstraint(s). Hence
Rule(p̃) strongly applicable on Mj0,k implies that:

• Rule(p̃) = Cons(X, f) with (X, i`? x) ∈ D(Mj0,k), x ∈ X 1 and there exists

g ∈ Fc such that EΠ(Mj0,k) � root(X) 6=? g. But thanks to Lemma 28, (M,M′)
satisfies InvGeneral and more specifically Property 6 of the invariant InvGeneral
which means that EΠ(Mi0+1,k) � root(X) 6=? g. Thus, we deduce that Rule(p̃) is
also strongly applicable on Mi0+1,k which is a contradiction with our hypothesis.

• Rule(p̃) = Axiom(X, path) with (X, i`? x) ∈ D(Mj0,k), x ∈ X 1 and there exists

g ∈ Fc such that EΠ(Mj0,k) � root(X) 6=? g. Once again, thanks to Property 6

of the invariant InvGeneral, we deduce that EΠ(Mi0+1,k) � root(X) 6=? g. How-
ever Rule(p̃) is not strongly applicable on Mi0+1,k which means that if there
exists a frame element (ξ, i`? u) ∈ Φ(Mi0+1,k) such that path(ξ) = path then

EΠ(Mi0+1,k) � X 6=? ξ. But thanks to Property 7 and the fact that Axiom(X, path)
is strongly applicable onMj0,k, we deduce that there is no frame element (ξ, i`? u) ∈
Φ(Mi0+1,k) such that path(ξ) = path. Thus, we have that M1i0+1,k = ⊥ and
M2i0+1,k =Mi0+1,k.

Therefore, we deduce that π1(µk1.d(M1,M′1)) < π1(µk1.d(M,M′)) and π2(µk1.d(M2,
M′2)) = π2(µk1.d(M,M′)). Furthermore, we have that EΠ(M2j0,k) = EΠ(Mj0,k)∧
X 6=? ξ where path(ξ) = path and (ξ, i`? u) ∈ Φ(Mj0,k). Hence we deduce that
π3(µk1.d(M2,M′2)) < π3(µk1.d(M,M′)). Thus we conclude that µk1.d(M1,M′1) <
µk1.d(M,M′) and µk1.d(M2,M′2) < µk1.d(M,M′).
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Case j0 > i0 + 1: In such a case, it implies that no instance of the rule Cons, Axiom
and Eq-ded-ded can be strongly applied on Mi0+1,k with support inferior of equal to
s. Thus, we can first deduce that for all (X, i`? u) ∈ D(Mi0+1,k), if i ≤ s then u ∈ X 1

and for all f ∈ Fc, EΠ(Mi0+1,k) 6� root(X) 6=? f. Indeed, assume that u 6∈ X 1.

• if there exists (ξ, j B v) ∈ Φ(Mi0+1,k) such that j ≤ i and EΠ(Mi0+1,k) 6� X 6=? ξ,
then Axiom(X, path(ξ)) would be strongly applicable on Mi0,k which contradicts
our hypothesis

• if there exists f ∈ Fc such that EΠ(Mi0+1,k) 6� root(X) 6=? f, then Cons(X, f)
would be strongly applicable on Mi0+1,k which contradicts our hypothesis.

• Else we would have that for all (ξ, j B v) ∈ Φ(Mi0+1,k), j ≤ i implies EΠ(Mi0+1,k) �
X 6=? ξ and for all f ∈ Fc, EΠ(Mi0+1,k) � root(X) 6=? f. But in such a case, the
normalisation of the constraint system would implies that Mi0+1,k = ⊥ witch
contradicts the definition of i0.

We now prove that in fact the case j0 > i0 + 1 is impossible. Assume that (X, i`? x)
and (Y, j `? y) in D(Mi0+1,k) such that x = y. In such a case, since we proved that

for all f ∈ Fc, EΠ(Mi0+1,k) 6� root(X) 6=? f and EΠ(Mi0+1,k) 6� root(Y ) 6=? f, we can
deduce that the rule Eq-ded-ded(X,Y ) is strongly applicable on Mi0+1,k which is a
contradiction on our hypothesis. Hence we can deduce thatMi0+1,k satisfies the invariant
InvVarConstraint(s) which is also a contradiction on the definition of i0. Hence the case
j0 > i0 + 1 is impossible.

Appendix G.1.4. Step e: solving non-deducibility constraints

This step only consists of replacing some constraint systems by ⊥, and its termination
is ensured.

Proposition 1. Applying the transformation rules on a pair of sets of initial constraint
systems following the Phase 1 of the strategy terminates.

Proof. According to Section 4, Phase 1 of the strategy depends on two parameters s
and k that are respectively bounded by the size of the frames in the initial matrices
of constraint systems and by the sum of the number of columns of the two matrices.
Hence, the proof termination of Phase 1 follows directly from the proof of termination
of the different step given parameters s and k. Lemma 59 ensures the termination of
Step a. Corollary 3 ensures the individual termination of Step b. Lemma 64 ensures the
individual termination of Step c. Lemma 66 ensures the termination of the cycle of steps
b and c. Finally, Lemma 67 ensures termination of Step d.

Appendix G.2. Phase 2: Taking care of disequations

During the second phase of our strategy S , the only rules that can be applied are
Cons, Axiom and Eq-ded-ded. Furthermore these rules will always be applied as
external rules. As already explained, the purpose of this phase is to take care of the
disequations. For this, we need to match them, and ensure that the same disequations
occur in each constraint system. As depicted below, this second phase is made up of
three steps.
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Step a Step b Step c

if no rule of Step b
is applicable

We show termination of each step separately, and we consider also the cycle Steps b/c.

Appendix G.2.1. Step a: getting rid of universally quantified variables

This step of the strategy consists of getting rid of the universal variable. In order to
show that this step terminates, we introduce a measure on the formulas E that considers
the positions of all the universal variables. Let (M,M′) be a pair of matrices, we define
a lexicographic measure, denoted µ2.a(M,M′), which is composed of :

1. The multiset of the positions of any occurrence of universal variables in E(C),
for any constraint system C in M and M′, i.e. {{p | E(C) = E′ ∧ [∀ỹ.∀x.E′′ ∨
u 6=? v] and u|p = x and C in (M,M′)}}

2. The number of (X, f) such that root(X) 6= f not in EΠ, X, i`? u ∈ D(C), f ∈ Fc
and C in (M,M′).

3. The number of (X, ξ) such that X, i`? u ∈ D, ξ, j `? v ∈ Φ, j ≤ i, X 6= ξ is not in
EΠ(C) and C in (M,M′).

Thanks to this measure we are able to prove the termination of Step a.

Lemma 68. Let (M,M′) be a pair of matrices obtained during Step a of Phase 2 of
the strategy. Let Rule(p̃) be an instance of the rule Axiom or Cons such that Rule(p̃)
is strongly applicable on at least one constraint system in M or M′, and let (M1,M′1)
and (M2,M′2) be the two resulting pairs of matrices. We have that:

µ2.a(M1,M′1) < µ2.a(M,M′) ∧ µ2.a(M2,M′2) < µ2.a(M,M′)

Proof. Thanks to the normalisation, we know that for all constraint system C inM, the
disjunctions of inequations in E(C) are of the form ∀ỹ.

∨
i xi 6=

? ui where ỹ is a set of
universal variable and xi are not universal for any i. Assume that (X, i`? x) ∈ D(C)
and a rule is applied on this deducibility constraint, i.e. Cons(X, f) or Axiom(X, path).
Let’s denote C1 and C2 the two constraint systems obtained by applying the rule on C,
i.e. C1 is in (M1,M′1) and C2 is in (M2,M′2).

We first focus on (M1,M′1). In the case of rule Cons, since C satisfies the invariant
InvVarConstraint(smax), we deduce that x will be instantiated in C1 by f(x1, . . . , xn) where
xk are not universal, for all k ∈ {1, . . . , n}. In the case of rule Axiom, since C satisfies
the invariant InvNoUse(smax), we know that (ξ, j B u) ∈ Φ(C) with path(ξ) = path(ξ)
implies that u 6∈ X 1 (otherwise we would have (ξ, j B u) ∈ NoUse(C) and so the rule
Axiom(X, path) would not be applicable).

Hence we have shown that x is necessary instantiated by a term different from a
variable. We denote σ the substitution that instantiates x. Let’s now look at the possible
atomic statement that contains x:
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1. Case E(C) = E′ ∧ [∀ỹ.z.E′′ ∨ x 6=? v] and z ∈ vars1(v): In such a case, we have
that E(C1) = E′σ↓ ∧ [∀ỹ.z.E′′σ ∨ xσ 6=? vσ]↓. By hypothesis, we know that E(C)
is normalised. Hence we have that v 6= z which means that root(v) ∈ Fc. Let’s
denote v = g(v1, . . . , vn). Since x ∈ vars1(v), there exists k and a position p such
that z ∈ vars1(vk) and vk|p = z. This implies that (k · p) ∈ π1(µ2.a(M,M′)).
Furthermore, we proved that xσ 6∈ X 1, thus we can denote xσ = f(u1, . . . , um).

If g = f then n = m and we have that (xσ 6=? vσ)↓ = u1 ∨ v1 ∨ . . . ∨ un ∨ vn.
Hence in such a case, we deduce that the same occurrence of z have the position
p ∈ π1(µ2.a(M1,M′1)).

Else g 6= f. In such a case, we deduce that E′σ↓ ∧ [∀ỹ.z.E′′σ ∨ xσ 6=? vσ]↓ = E′σ↓.
Thus, this specific occurrence of z in E(C) is no longer in E(C1).

2. Case E(C) = E′ ∧ [∀ỹ.z.E′′ ∨ x′ 6=? v], x′ 6= x and z ∈ vars1(v): We already
proved that xσ do not contain an universal variable and x 6=? x′ which implies that
x′ 6=? vσ)↓ = x′ 6=? vσ. Hence if p is a position such that vσ|p = z then we also have
that v|p = z which means that p ∈ π1(µ2.a(M,M′)) and p ∈ π1(µ2.a(M1,M′1)).

3. Case E(C) = E′ ∧ [∀ỹ.E′′ ∨ x′ 6=? v] and vars1(v) ∩ ỹ = ∅: Once again, we already
proved that xσ do not contain an universal variable hence vars1(v)∩ ỹ = ∅ implies
that vars1(vσ) ∩ ỹ = ∅

We have shown that the position of an occurrence of an universal variable either stays
the same or decrease. More specifically, we have shown that in Case 1, the position
necessary decreases or the occurrence is no longer in E(C1). Since Case 1 corresponds to
the application condition of the rule Axiom and Cons, we deduce that µ2.a(M1,M′1) <
µ2.a(M,M′).

We now focus on (M2,M′2). By definition of the rule Axiom and Cons, we know
that the only difference between C and C2 is the second order formula EΠ, i.e. EΠ(C2) =
EΠ(C) ∧ root(X) 6=? f in the case of the rule Cons(X, f); and EΠ(C2) = EΠ(C) ∧X 6=? ξ
in the case of the rule Axiom(X, path) with path(ξ) = path and (ξ, j B u) ∈ Φ(C).
Hence we trivially have that πk(µ2.a(M2,M′2)) = πk(µ2.a(M,M′)) with k = 1, 2 and
π3(µ2.a(M2,M′2)) < π3(µ2.a(M,M′)) in the case of the rule Axiom; whereas we have
π1(µ2.a(M2,M′2)) = π1(µ2.a(M,M′)) and π2(µ2.a(M2,M′2)) < π2(µ2.a(M,M′)) in the
case of the rule Cons. We conclude that µ2.a(M2,M′2) < µ2.a(M,M′).

Appendix G.2.2. Steps b and c: matching disequations

Step b alone. This step consists of applying, as long as we can, either an instance of the
rule Cons or an instance of the rule Eq-ded-ded due to the presence of a disequation
x 6=? u in a constraint system C. Moreover, we consider an application where L1

C(x 6=
? u)

is maximum.

L1
C(u) = max

(
{i | (X, i`? x) ∈ D(C) ∧ x ∈ vars(u)} ∪ {0}

)
.

The idea behind the measure that we will use to prove termination of this step is
to over-approximate the number of possible applications of these two rules (Cons and
Eq-ded-ded) along a branch. This can be achieved by looking at the depth at which
names and “faulty” variables occur in disequations for the Cons rule, and by simply
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counting the number of distinct variables for the Eq-ded-ded rule. Actually, we need
to be more precise and to take into account the support at which the rule is applied.

Consider a matrixM and let n be the size of the frames inM. For all i ∈ {1, . . . , n},
we denote by µicons(M) the measure characterizing how many times the rule Cons will
need to be applied with a recipe variables of support i as parameter, and we define it as
follows:

µicons(M) =



 h

C is in M, E(C) = E ∧ (D ∨ x 6=? v),
(X, i`? x) ∈ D(C), root(v) ∈ Fc,
EΠ(C) 6� root(X) 6=? root(v),
either st(v) ∩N 6= ∅ or i < L1

C(v),
h = max{|p| | v|p ∈ N ∨ (v|p ∈ X 1 ∧ i < L1

C(v|p))}




Recall that at this point of the strategy, all the constraint systems in the matrix are in
pre-solved form and in particular all deducibility constraints have a variable as right hand
term. At each disequation x 6=? v of any constraint system of the two matrices where the
rule Cons is applicable (given by EΠ(C) 6� root(X) 6=? root(v) and either st(v) ∩ N 6= ∅
or i < L1

C(v)), we associate an integer that corresponds to the maximal depth at which
either a name or a variable with a support greater than the support of x occurs in v.
A high value for µicons(M) indicates a possible high number of application of the rule
Cons at support i.

For example, assume that we consider the disequation x 6= f(g(a), y) where x and y
have the same support i. This disequation will contribute to the measure µicons(M) by
adding 2 (the depth of the name a in this disequation). As long as the name a is not on
the root of the disequation, an application of the rule Cons will be possible:

x 6= f(g(a), y)
↓ Cons on x

x1 6= g(a) ∨ x2 6=? y
↓ Cons on x1

x3 6= a ∨ x2 6=? y No more Cons

The µicons(M) is an over-approximation of the number of applications of the rule
Cons on the matrixM along a branch. It differs from the number of possible applications
of Cons on M that we denote by µAppcons(M).

We need also to take into account the number of possible applications of the rule
Eq-ded-ded along a branch, denoted by µieqrr(M). First µieqrr(M) = 0 in case M
only contains constraint systems that are reduced to ⊥. Otherwise, let CM be a non ⊥
constraint system in M, µieqrr(M) = |{x ∈ vars1(CM) | L1

CM(x) = i}|. Note that since
all the constraint systems inM have the same shape, this measure does not depend of the
choice of the representant CM in M. The measure µieqrr(M) only calculates how many
variable of index i there are in a constraint system. Once again, this measure differs from
the actual number of possible applications of Eq-ded-ded on (M,M′), that we denote
by µAppeqrr(M).

We can combine these measures as follows:

µ2.b(M) = (µncons(M), µneqrr(M), . . . , µ1
cons(M), µ1

eqrr(M), µAppcons(M), µAppeqrr(M))
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Lemma 69. Let (M,M′) be a pair of matrices obtained during Step b of the second
phase. Let Rule(p̃) be an applicable rule and let (M1,M′1) and (M2,M′2) the two
resulting pairs of matrices obtained by appluing Rule(p̃) on (M,M′). We have that:

µ2.b(M1,M′1) <lex µ2.b(M,M′) and µ2.b(M2,M′2) <lex µ2.b(M,M′)

Proof. First, at this stage, all the constraint systems of the matrix are in pre-solved form
and do not contain universal variable. Hence, the application conditions of the rules
Cons and Eq-ded-ded only depend on E and EΠ. Moreover, we consider w.l.o.g. that
(M1,M′1) (resp. (M2,M′2)) is the pair of matrices on which the guess of the rule is
satisfied (resp. not satisfied).

Case of the branch (M1,M′1). Consider C in (M,M′) and let us denote by C1 the result

in (M1,M′1) by application of the rule Cons or Eq-ded-ded on C. For both rules, a
substitution σ = {x→ u} was applied on E(C) to obtain E(C1), that is E(C1) = E(C)σ↓.
In the case of the rule Cons, u = f(x1, . . . , xn) where x1, . . . , xn are some fresh variables
and in the case of the rule Eq-ded-ded, u is a term without any name. Moreover, in
both cases, we have L1

C(u) ≤ L1
C(x).

Let us assume E(C) = E∧ (D∨y 6=? v) for some E,D, y and v; and let us observe the
influence of the application of σ on the computation of µicons(M1,M′1) for all i ≥ L1

C(x).

Let us assume first that the disequation y 6=? v induces an integer h in the multiset
µicons(M,M′) for some i ≥ L1

C(x).

If x 6∈ vars(v) and x 6= y then the disequation (y 6=? v) is left unchanged by application
of σ. If x ∈ vars(v) then (y 6=? v)σ↓ is in fact the disequation y 6=? vσ. But, y 6=? v
inducing the integer h in the multiset µicons(M,M′) implies that i = L1

C(y). With the
fact that u does not contain any name, i ≥ L1

C(x) and L1
C(u) ≤ L1

C(x), we deduce that
the heights of names in v and the heights of the variables with strictly bigger support
than y is left unchanged after application of the substitution σ, that is:

max{h(p) | v|p ∈ N ∨ (v|p ∈ X 1 ∧ i < L1
C(v|p))}

=
max{h(p) | vσ|p ∈ N ∨ (vσ|p ∈ X 1 ∧ i < L1

C(vσ|p))}

This allows us to deduce that y 6=? v and (y 6=? v)σ↓ produces respectively the same
integer in µicons(M,M′) and µicons(M1,M′1).

Let us now consider the last case, that is y = x, meaning that i = L1
C(x). In

such a case (y 6=? v)σ is either reduced after normalisation to (a) true; or to (b) z 6=? v
when u is a variable (that we rename z for the occasion); or to (c) a disjunction of
disequation ∨mk=1uk 6=

? vk where uk and vk are respectively strict subterm of u and v

(the fact that ui and vi are strict subterm comes from our knowledge that y 6=? v induces
h in µicons(M,M′) and so that v is neither a variable nor a name).

In case (b), since L1
C(z) ≤ L1

C(x), the disequation z 6=? v either induces the same

integer as x 6=? v in the multiset µicons(M1,M′1) when L1
C(z) = L1

C(x) or else induces an
integer in the multiset µjcons(M1,M′1) with j < L1

C(x).
In case (c), by normalisation, we know that for all k ∈ {1, . . . ,m}, either uk or vk

is a variable. When uk is a variable, the facts that uk is a subterm of u and L1
C(u) ≤

L1
C(x) imply that if uk 6=? vk induces an integer in a multiset µjcons(M1,M′1) then j ≤ i.
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Moreover, because vk is a strict subterm of v, then the induced integer is strictly smaller
than the integer h induced by y 6=? v in the multiset µicons(M,M′). On the other hand,
when vk is a variable, since u does not contain any name and L1

C(u) ≤ L1
C(x) then

uk 6=? vk can only induces an integer in a multiset µjcons(M1,M′1) where j < i.
To summarize the different cases, we showed that the application of σ on y 6=? v where

L1
C(y) = i induces either the same integer h in µicons(M1,M′1) or; induces several integers

in µicons(M1,M′1), all of them strictly smaller than h; or else induces some integers in
µjcons(M1,M′1) with j < L1

C(x). This allows us to deduce that for all k ≥ L1
C(x),

µkcons(M1,M′1) ≤ µkcons(M,M′).
For the rule Cons, we can be more specific by showing that for k = L1

C(x), µkcons(M1,M′1) <
µkcons(M,M′). Indeed, the application conditions of the rule imply the existence of at
least one disequation x 6=? v with names or variables in v with bigger index than x,
meaning that x 6=? v induces an integer h in µkcons(M,M′). But the integers induced by
(u 6=? v)↓ in µkcons(M1,M′1) are all strictly smaller than h. Therefore, µkcons(M1,M′1) <
µkcons(M,M′).

Lastly, we trivially have µkeqrr(M1,M′1) = µkeqrr(M,M′) for all k > L1
C(x), and in

the case of the rule Eq-ded-ded, we also have that µkeqrr(M1,M′1) < µkeqrr(M,M′) for
k = L1

C(x). This allows us to conclude that µ2.b(M1,M′1) < µ2.b(M,M′).

Case of the branch (M2,M′2). Consider C in (M,M′) and let us denote by C2 the result

in (M2,M′2) of the application of the rule Cons or Eq-ded-ded on C.
For the rule Cons with parameter X and f, the only difference between C and C2 is

the addition of root(X) 6=? f in EΠ(C2) which reduces by one the number of application
of Cons. Indeed, the application of Cons with once again X and f would be useless.
Therefore, µAppcons(M2,M′2) < µAppcons(M,M′) and so µ2.b(M2,M′2) < µ2.b(M,M′).

For the rule Eq-ded-ded, a disequation may have been added to C to obtain C2.
However, we know that this disequation is of the form x′ 6=? u′ where u′ does not contain
name and L1

C(x) ≥ L1
C(u
′). Thus, x′ 6=? u′ does not induces an integer in any multiset

µkcons(M2,M′2), for all k, and it also does not trigger the application of an instance
of the rule Cons. Lastly, once the rule Eq-ded-ded is applied with some parameters,
the same instance of the rule becomes useless on (M2,M′2). Hence µAppeqrr(M2,M′2) <

µAppeqrr(M,M′) and so we conclude that µ2.b(M2,M′2) < µ2.b(M,M′).

Step c alone. The measure used to prove termination of Step c is very simple. Indeed,
during Step c, we only apply the rule Axiom which either decreases the number of
deducibility constraints or adds a disequation between recipes. Let (M,M′) be a pair
of matrices, let C0 be a constraint system in M or M′ such that C0 6= ⊥, we define the
lexicographic measure µ2.c(M,M′), as follows:

1. The number of deducibility constraints, i.e. |D(C0)|

2. The number of pair (X, ξ) such that (X, i`? x) ∈ D(C0), (ξ, j B u) ∈ Φ(C0) and
EΠ(C0) 6� X 6=? ξ.

Thanks to this measure, we can now state the termination lemma.

Lemma 70. Let (M,M′) be a pair of matrices obtained during Step c of the second
phase. Let Axiom(p̃) be an applicable rule and let (M1,M′1) and (M2,M′2) the two
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resulting pairs of matrices obtained by application of Axiom(p̃) on (M,M′). We have
that:

µ2.c(M1,M′1) < µ2.c(M,M′) and µ2.c(M2,M′2) < µ2.c(M,M′)

Proof. Direct from the definition of the rule Axiom.

Steps b and c together. We now describe the main measure that will necessarily
strictly decrease after one cycle Step b+ c. For a constraint system C of the matrix, the
application of any of the three rules Axiom, Cons and Eq-ded-ded, transforms E(C) by
either adding a disequation (case of Eq-ded-ded when the guess is not satisfied) or by
applying a substitution σ = {x → u} where L1

C(x) ≥ L1
C(u) (all the other cases). Thus,

we will consider the measure defined in Section 4.2 that characterizes a disequation by the
indexes of its variables, that is L1

C(u 6=
? v). We also extend this measure to disjunction

of disequations as follows:

L1
C(

n∨
i

ui 6=? vi) = max{L1
C(ui 6=

? vi) | i = 1 . . . n}

We use the lexicographic order >lex to compare pairs of integers, i.e. (i1, i2) >lex (j1, j2)
if

• either max(i1, i2) > max(j1, j2);

• or max(i1, i2) = max(j1, j2) and min(i1, i2) > min(j1, j2)

Intuitively, the idea would be to measure all the values L1
C(D) for all disjunctions D

in all constraint system C of the matrix. However, even if this measure will never increase
on a single disjunction of disequations after application of any rule, it is not enough to
ensure termination. Indeed, the rule Eq-ded-ded adds new disjunctions of disequations
in all constraint systems of the matrix when the guess done by the rule is not satisfied.
However, these disequations are all the same up to renaming of first order variables. Thus,
we establish a measure that will avoid counting these particular disequations several
times. For that we will rely on the recipes that were used in parameters of the rule
Eq-ded-ded as follows.

Let us first define the measure L2
C(β) where β is a context of recipes:

L2
C(β) = max{i | (w · axi) ∈ st(β) or (X, i`? x) ∈ D(C) with X ∈ st(β)}

Note that at this stage of the strategy, our matrix contains constraint systems having
the same shapre, and thus the same deducibility constraints up to a renaming of the
first order variables. Hence, given a matrixM containing at least one constraint system
C different from bottom, we denote L2

M(β) = L2
C(β). We can now define our measure

similar to L1
C() but specific to disequations of context of recipes, denoted L2

M() and

defined as follows: L2
M(ξ 6=? β) = (L2

M(ξ);L2
M(β)). We use the same lexicographic order

>lex to compare pairs of integers. Lastly, we also extend this notion to disjunction of
disequations such that:

L2
M(

n∨
i

βi 6=? β′i) = max{L2
M(βi 6=? β′i) | i = 1 . . . n}

174



Even though we defined a measure for any disequations of context of recipes, we do
not want to consider all of them. Remember that these disequations should represent the
disequations between messages that appear into the matrices we consider. In particular,
if D is a disjunction of context of recipes representing the disjunction D in C then we
want that L2

M(D) = L1
C(D). Therefore, we define a set of disjunction of disequations of

contexts, denoted DΠ(M), that satisfy this identity:

DΠ(M) =

 (
∨n
i=1 βi 6=

? β′i)

 

∃j ∈ {1, . . . , n}.X ∈ vars2(βj), X
′ ∈ vars2(β′j) s.t.

L2
M(
∨n
i=1 βi 6=

? β′i) = L2
M(βj 6=? β′j),

L2
M(βj) = L2

M(X) and L2
M(β′j) = L2

M(X ′)


Note that the normalisation of disjunction of disequations of context of recipes, denoted
by D

 

, is formally defined by the rule:

D ∨ f(ξ1, . . . , ξn) 6=? f(β1, . . . , βn) D ∨ ξ1 6=? β1 ∨ . . . ∨ ξn 6=? βn

Given a constraint system C and a disjunction D =
∨n
i=1 βi 6=

? β′i, we denote FC(D) =(∨n
i βiδ

1(C) 6=? β′iδ
1(C)

)
↓. Thanks to the origination property satisfied by our constraint

systems, we can easily prove that for all constraint system C in M, for all D ∈ DΠ(M),
L2
M(D) = L1

C(D). Moreover, for any disjunction of disequations of context of recipes D,
if D 6∈ DΠ(M) then L2

M(D) > L1
C(D) where D = Dδ1(C)↓.

We define the general measure on matrices, denoted µgen(), as follows. Let (M,M′)
be a pair of matrices of constraint systems. W.l.o.g. let us assume that M contains at
least one constraint system different from bottom. Let S = {C in M or M′}. We have:

µ1
gen(M,M′) =


 L1

C(D)
C ∈ S, E(C) = E ∧D
for some E and some disjunction D
∀D′ ∈ DΠ(C), FC(D′) 6= D




µ2
gen(M,M′) =


 L2

M(D)
D ∈ DΠ(M) and ∃C in M or M′ s.t.
E(C) = E ∧D for some E and
FC(D) = D




µgen(M,M′) = µ1
gen(M,M′) ∪ µ2

gen(M,M′)

Intuitively, µ1
gen(M,M′) represents the measure for the inequations that are not

matched by the Eq-ded-ded rule yet. On the other hand, µ2
gen(M,M′) represents the

measure for the inequation that were matched at one point in the strategy by the rule
Eq-ded-ded.

Lemma 71. Let (M,M′) be a pair of matrices obtained during Step b of the second
phase. Assume that there exists (Mbc,M′bc), different from (M,M′) obtained at the
end of Step c of the second phase such that (M,M′) →∗ (Mbc,M′bc). In such a case,
µgen(Mbc,M′bc) < µgen(M,M′).

Proof. Since (Mbc,M′bc) is different from (M,M′), we can deduce that there exists at
least one instance of a rule Eq-ded-ded, Cons or Axiom that is applied on (M,M′).
Let us denote (M1,M′1) be the pair of matrices obtained by application of such instance
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of rule on (M,M′) and such that (M,M′) → (M1,M′1) →∗ (Mbc,M′bc). Note that
(M1,M′1) may correspond to the case where the guess of the rule is satisfied, as well as
the case where the guess is not satisfied.

The proof of this result will first consist of proving that in general the measure
µgen(M,M′) never increases. In particular:

1. If the rule applied is Cons or Axiom then µgen(M1,M′1) ≤ µgen(M,M′);

2. If the rule applied is Eq-ded-ded and (M1,M′1) corresponds to the case where
the guess of the rule is satisfied then µgen(M1,M′1) ≤ µgen(M,M′)

Thus, one can note that we never show that the measure strictly decrease and the case
of the rule Eq-ded-ded with a guess not satisfied is not covered. In fact, following these
two properties, we will show that since (Mbc,M′bc) is at the end of Step c (i.e. no more
rule Axiom applicable), then

3. If the rule applied is Axiom and (M,M′) is at the beginning of Step c then
µgen(Mbc,M′bc) < µgen(M,M′);

4. If the rule applied is Eq-ded-ded and (M1,M′1) corresponds to the case where
the guess of the rule is not satisfied, then either µgen(M1,M′1) ≤ µgen(M,M′) or
else µgen(Mbc,M′bc) < µgen(M,M′).

The last property is probably the most technical. Indeed, we will show that in some par-
ticular cases, the application of Eq-ded-ded will increase the measure (i.e. µgen(M1,M′1)
> µgen(M,M′)) but in the long run (i.e. at the end of the cycle) the measure will still
strictly decrease (i.e. µgen(Mbc,M′bc) < µgen(M,M′)).

Therefore, by Properties 1,2 and 4, we can apply a simple induction on the length
of derivation (M,M′) →∗ (Mbc,M′bc) proving that µgen(Mbc,M′bc) ≤ µgen(M,M′).
Moreover, if no rule Axiom was applied in the derivation then it means (Mbc,M′bc) is
in solved form or else by Property 3 we have that µgen(Mbc,M′bc) < µgen(M,M′).

We first focus on the evolution of µgen(M,M′) by application of an instance of a rule
Cons, Eq-ded-ded or Axiom when the guess is satisfied.

Let us consider a disequation that induces an element in µ1
gen(M,M′). Hence,

w.l.o.g., consider C ∈ M such that E(C) = E ∧ D for some E and some disjunction
D and such that for all D ∈ DΠ(M), FC(D) 6= D. Moreover, let us denote C1 the con-
straint systems obtained from C after application of the rule and assume that C1 is the
constraint system. For any instance of any of these rules, a substitution σ = {x→ u} is
applied on C to obtain C1 where L1

C(x) ≥ L1
C(u). Thus, we obtain that L1

C(D) ≥ L1
C(Dσ↓).

Hence, if Dσ↓ induces an element in µ1
gen(M1,M′1), then it is smaller than the element

induced by D in µ1
gen(M,M′). Moreover, since we know that for all D ∈ DΠ(M),

L2
M(D) = L1

C(FC(D)), then even if Dσ↓ induces an element in µ2
gen(M1,M′1) through

some disjunction D ∈ DΠ(M), this element would still be smaller than the one induced
by D in µ1

gen(M,M′).
Let us now consider a disequation that induces an element in µ2

gen(M,M′). In
such a case, there exists D ∈ DΠ(M) and some constraint systems C1, . . . , Cn in M
or M′, and disjunctions D1, . . . , Dn such that for all i ∈ {1, . . . , n}, FCi(D) = Di and
E(Ci) = Ei ∧Di for some Ei. Moreover, let us denote C′1, . . . , C ′n the constraint systems
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in (M1,M′1) resulting of the application of the rule on respectively C1, . . . , Cn. As
we already mentioned, for any instance of the rules Cons, Eq-ded-ded or Axiom,
for all i ∈ {1, . . . , n}, a substitution σi = {xi → ui} is applied on E(Ci). We will
show that either (a) there exists θ such that Dθ

 

∈ DΠ(M1), L2
M1

(Dθ
 

) ≤ L2
M(D) and

Diσ↓ = FC′i(Dθ

 

) for all i = 1 . . . n; or else (b) L1
C′i

(Diσ↓) < L2
M(D) for all i = 1 . . . n.

By definition of the rule Cons, Eq-ded-ded and Axiom, we know that there exists
X ∈ X 2 such that (X, k `? xi) ∈ D(Ci) for all i ∈ {1, . . . , n}. Moreover, there also exists a
context of recipes β such that for all i ∈ {1, . . . , n}, ui = βδ1(Ci) and L2

M1
(β) ≤ L2

M(X).
Typically, when the rule is Axiom with path as parameter, then β is path; when the
rule is Cons with f as parameter, then β is f(Y1, . . . , Ym) with Y1, . . . , Ym the fresh
recipe variables created by the rule; and when the rule Eqrr is applied with parameter
ξ then β = ξ. Therefore, we can easily deduce that L2

M1
(Dθ

 

) ≤ L2
M(D) and for all

i ∈ {1, . . . , n}, Diσ↓ = FM1
(Dθ

 

).
If Dθ

 

∈ DΠ(M1) then we satisfy point (a). Else let us assume that Dθ

 

6∈ DΠ(M1).
But in such a case, we know that L1

M1
(FM1

(Dθ

 

)) < L2
M1

(Dθ

 

). Hence we can deduce
that for all i ∈ {1, . . . , n}, L1

C′i
(Diσ↓) < L2

M(D) hence we satisfy point (b).

Let us now focus on the evolution of µgen(M,M′) by application of a rule Cons or
Axiom when the guess is not satisfied. When these rules are applied, the disequations
are either not modified by the rule or some of them are removed by normalisation. Thus,
in such a case, we trivially have that µgen(M1,M′1) ≤ µgen(M,M′). This allows us to
conclude that Properties 1 and 2 hold.

We now focus on Property 3 hence we assume that the rule Axiom is applied on
(M,M′). Let us observer the state of any disjunction D = ∨ni=1xi 6=

? ui in any constraint
system C in M or M′: Either D is in fact a unique disequation D = x1 6=? u1 where u1

does not contain names and L1
C(u1) ≤ L1

C(x1); or else for all i ∈ {1, . . . , n}, one of the
following properties holds:

• ui ∈ N .

• ui ∈ X , EΠ(C) � root(Xi) 6=? f and EΠ(C) 6� root(Yi) 6=? g for all f, g ∈ Fc where
Xiδ

1(C) = xi and Yiδ
1(C) = ui.

• root(ui) ∈ Fc and for all f ∈ Fc, EΠ(C) � root(Xi) 6=? f where Xδ1(C) = xi.

These properties are consequences of the rules Cons and Eq-ded-ded not being appli-
cable anymore. Note that these properties are given by Lemma 30.

One can notice that either ui is a name or EΠ(C) satisfies the disequations root(Xi) 6=? f
where Xiδ

1(C) = xi. This means that the rule Axiom will be applied with all the vari-
ables X1, . . . , Xn unless D becomes trivially true or false by normalisation. Let us de-
note σ the substitution corresponding to the different applications of the rules Axiom
from (M,M′) to (Mbc,M′bc), meaning that either Dσ↓ is either true, or false, or is
in E(Cbc). But in the latter case, the origination property satisfied by all the con-
straint systems ensures us that L1

Cbc(xiσ) < L1
C(xi) for all i ∈ {1, . . . , n}. Hence, we

deduce that L1
Cbc(Dσ↓) < L1

C(D). Also note that even if D was inducing an element in
µ2
gen(M,M′) through a disjunction D, since we know that L1

C(D) = L2
M(D), we have

that L1
Cbc(Dσ↓) < L2

M(D). Moreover, since the same reasonning can be applied on all
disjunction D′ in any other constraint system C′ such that D′ = FC′(D), we deduce that
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the element L2
M(D) in µgen(M,M′) is in fact replaced by several strictly smaller elements

in µgen(Mbc,M′bc). This allows us to conclude that µgen(Mbc,M′bc) < µgen(M,M′).

Let us now focus on the last property, that is when the rule Eq-ded-ded is applied
and the guess is not satisfied. Once again, we do a case analysis on the disequation that
triggered the application of the rule Eq-ded-ded.

Assume first that the disequation induces an element in µ1
gen(M,M′). Hence, w.l.o.g.,

consider C ∈ M such that E(C) = E ∧D for some E and some disjunction D and such
that for all D ∈ DΠ(M), FC(D) 6= D. Moreover, assume that D = D′ ∨ x 6=? u for
some disjunction D′ and for some terms x, u such that x 6=? u triggers the application of
Eq-ded-ded with parameters X and ξ. By definition of the rule Eq-ded-ded, we know
that Xδ1(C) = x and ξδ1(C) = u. Moreover, the application of the rule on C will add
the disequation x 6=? u in E(C) but will also remove the disjunction D by normalisation
(x 6=? u implies D′ ∨ x 6=? u). Hence, E(C1) = E ∧ x 6=? u and so the element L1

C(D) in

µ1
gen(M,M′) is replaced by L2

M1
(X 6=? ξ) in µ2

gen(M1,M′1). Note that since in any other

constraint systems C′ of the matrices, only the disequation Xδ1(C′) 6=? ξδ1(C′) is added.
Hence they are captured by the element L2

M1
(X 6=? ξ) in µ2

gen(M1,M′1). But L1
C(D) ≥

L1
C(x 6=

? u) = L2
M1

(X 6=? ξ) hence we deduce that µgen(M1,M′1) ≤ µgen(M,M′).
Assume now that the disequation induces an element in µ2

gen(M,M′). In such a case,
there exists D ∈ DΠ(M) and constraint systems C1, . . . , Cn inM orM′, and disjunctions
D1, . . . , Dn such that for all i ∈ {1, . . . , n}, FCi(D) = Di and E(Ci) = Ei ∧Di for some
Ei. Moreover, w.l.o.g we can assume that D1 = D′1 ∨ x 6=

? u where x 6=? u triggered the
application of the rule Eq-ded-ded. We have to consider whether or not D = D′∨X 6=? ξ
such that Xδ1(C1) = x and ξδ1(C1) = u.

When such decomposition of D exists, then it implies that for all i ∈ {1, . . . , n}
there exists D′i such that Di = D′i ∨ (Xδ1(Ci) 6=? ξδ1(Ci)). Thus, the application of the
rule Eq-ded-ded on Ci will add the disequation Xδ1(Ci) 6=? ξδ1(Ci) but also remove the
disjunction Di by normalisation. Hence, the element L2

M(D) in µ2
gen(M,M′) will be

replaced by the element L2
M1

(X 6=? ξ) in µ2
gen(M1,M′1). Since D = D′ ∨X 6=? ξ and so

L2
M1

(X 6=? ξ) ≤ L2
M(D), we deduce that µgen(M1,M′1) ≤ µgen(M,M′).

Now let us assume that such decomposition of D does not exist. It implies in fact
that the disequation x 6=? u is derived from a disequation of context of recipe of the form
path 6=? ξ, meaning that (path δ1(C) 6=? ξδ1(C))

 

= D′′1 ∨x 6=
? u for some D′′1 . Intuitively, it

indicates that the disequation x 6=? u was generated by the application of a rule Axiom
during the previous cycle. Thanks to the origination property satisfied by constraint
systems, we can also deduce that L2

M(path 6=? ξ) > L1
C1(x 6= u). In summary, we have

that D = D′ ∨ path 6=? ξ and D1 = D′1 ∨ x 6=
? u such that L2

M(path 6=? ξ) > L1
C1(x 6= u).

Moreover, the application of Eq-ded-ded will add the disequation x 6=? u and remove
the disjunction D1 due to the normalisation in C1.

The main difficulty here is that in all the other constraint system C2, . . . , Cn, the
normalisation will not necessarily remove the disjunctions D2, . . . , Dn. Hence, L2

M(D)

will continue to be in µ2
gen(M1,M′1) and we also added the element L2

M(X 6=? ξ) in
µ2
gen(M1,M′1), all of that implying that µgen(M1,M′1) > µgen(M,M′) meaning that

the measure does not decrease at this step and even increase. In fact, we can show that
even if the measure increases after application of the rule Eq-ded-ded, the measure will
strictly decrease at end of Step c, i.e., after applying the different instances of the rules
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Axiom.
Indeed, by definition of D ∈ DΠ(M), we know that there exists Y 6=? β such that D =

D′′ ∨ path 6=? ξ ∨ Y 6=? β for some D′′ and such that L2
M(path 6=? ξ) ≤ L2

M(Y 6=? β). But
we also know that we only apply the rules Eq-ded-ded and Cons on the disequations
with the biggest value L1

M() first. Therefore, since the application of Eq-ded-ded was

possible on x 6=? u where L1
C1(Y δ1(C1) 6=? βδ1(C1)) > L1

C1(x 6= u), we can deduce that

neither Cons or Eq-ded-ded were applicable on Y δ1(C1) 6=? βδ1(C1). By definition of
the two rules, it implies that the disequation root(Y ) 6=? f for all f ∈ Fc are in EΠ(C1).
Thus, during Step c, either the disjunction D2, . . . , Dn will all have become trivially true,
or trivially false, or else the presence of root(Y ) 6=? f will trigger the application of the
rule Axiom on Y . As we previously shown during the proof of Property 3, triggering
applications of the rule Axiom implies that the disjunctions Dbc

i in (Mbc,M′bc) obtained
fromDi in (M,M′) satisfy L1

Cbci
(Dbc

i ) < L1
Ci(Di) for all i ∈ {2, . . . , n} and where Cbci is the

resulting constraint system by the successive applications of rules on Ci. This allows us to
conclude that the element L2

M(D) in µ2
gen(M,M′) was replaced by several strictly smaller

elements L1
Cbci

(Dbc
i ) in µ1

gen(Mbc,M′bc), and so that µgen(Mc,M′c) < µgen(M,M′).

Proposition 2. Let (M1,M′1) be a pair of matrices obtained at the end of Phase 1 from
a pair of sets of initial constraint systems (by following the strategy S). Applying the
transformation rules on (M1,M′1) following strategy S as defined in Phase 2 terminates.

Proof. The proof of termination of Phase 2 of the strategy is directly given by Lem-
mas 68, 69, 70 and 71 which respectively prove the termination of Step a, Step b, Step c
and finally termination of the cycle Steps b/c.
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