A procedure for deciding symbolic equivalence
between sets of constraint systems™

Vincent Cheval®, Hubert Comon-LundhP, Stéphanie Delaune®

“LORIA, CNRS, France
bLSV, ENS Cachan & Université Paris Saclay, France
¢CNRS & IRISA, France

Abstract

We consider security properties of cryptographic protocols that can be modeled using
the notion of trace equivalence. The notion of equivalence is crucial when specifying
privacy-type properties, like anonymity, vote-privacy, and unlinkability.

Infinite sets of possible traces are symbolically represented using deducibility con-
straints. We describe an algorithm that decides trace equivalence for protocols that
use standard primitives (e.g., signatures, symmetric and asymmetric encryptions) and
that can be represented using such constraints. More precisely, we consider symbolic
equivalence between sets of constraint systems, and we also consider disequations. Con-
sidering sets and disequations is actually crucial to decide trace equivalence for a general
class of processes that may involve else branches and/or private channels (for a bounded
number of sessions). Our algorithm for deciding symbolic equivalence between sets of
constraint systems is implemented and performs well in practice. Unfortunately, it does
not scale up well for deciding trace equivalence between processes. This is however the
first implemented algorithm deciding trace equivalence on such a large class of processes.

Keywords: formal methods, verification, security protocols, privacy-type properties,
symbolic model.

1. Introduction

The present work is motivated by the decision of security properties of cryptographic
protocols. Such protocols are proliferating, because of the expansion of digital commu-
nications and the increasing concern on security issues. Finding attacks/proving the
security of such protocols is challenging and has a strong societal impact.

In our work, we assume perfect cryptographic primitives: we consider a formal, sym-
bolic, model of execution. Such an assumption may prevent from finding some attacks;
the relevance of symbolic models is studied in other research papers (see e.g., [1, 2]), but
it is beyond the scope of the present work.

*The research leading to these results has received funding from the ANR project Sequoia.
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In this context, the protocols are described in some process algebra, using function
symbols to represent the cryptographic primitives and symbolic terms to represent mes-
sages. We use the applied pi-calculus [3] in this paper. Many attacks on several protocols
have been found during the last 20 years. For example, a flaw has been discovered (see [4])
in the Single-Sign-On protocol used e.g., by Google Apps. These attacks on formal mod-
els of protocols can of course be reproduced on the concrete versions of the protocols.
Several techniques and tools have been designed for the formal verification of crypto-
graphic protocols. For instance CSP/FDR [5], PROVERIF [6], SCYTHER [7], AVISPA [§]
and others.

Most results and tools only consider security properties that can be expressed as
the (un)reachability of some bad state. For instance, the (weak) secrecy of s is the
non-reachability of a state, in which s is known by the attacker. Authentication is also
expressed as the impossibility to reach a state, in which two honest parties hold different
values for a variable on which they are supposed to agree. In our work, we are interested
in more general properties, typically strong secrecy, anonymity, or more generally any
privacy-type property that cannot be expressed as the (non) reachability of a given
state, but rather requires the indistinguishability of two processes. For instance, the
strong secrecy of s is specified as the indistinguishability of P(s) from P(s’), where s’
is a new name. It expresses that the attacker cannot learn any piece of the secret s.
Formally, these properties, as well as many other interesting security properties, can be
expressed using trace equivalence: roughly, two processes P and @ are trace equivalent
if any sequence of attacker’s actions yields indistinguishable outputs of P and Q.

Some related work. The automated verification of equivalence properties for security
protocols was first considered in [9] (within the spi-calculus). PROVERIF also checks some
equivalence properties (so-called diff-equivalence) [10], which is a stronger equivalence,
often too strong, as we will see below with a simple example. More recently, the approach
behind the TAMARIN verification tool [11] has been extended to check equivalence-based
properties [12]. Actually, the equivalence notion is quite similar to the notion of diff-
equivalence used in ProVerif, and therefore suffers from the same drawbacks. A few
other procedures have been published:

e In [13, 14] a decision procedure for the trace equivalence of bounded deterministic
processes is proposed. Their procedure relies on an other procedure for deciding
the equivalence of constraint systems such as the one developed by [15] or [16].
In particular, the processes are restricted to be determinate and do not contain
(non trivial) conditional branching. Furthermore, the procedure seems to be not
well-suited for an implementation. Regarding primitives, these works allow any
primitives that are defined using a subterm convergent rewriting system.

e [17] gives a decision procedure for open-bisimulation for bounded processes in the
spi-calculus. This procedure has been implemented. The scope is however limited:
open-bisimulation is a stronger equivalence notion, and the procedure assumes a
fixed set of primitives (in particular no asymmetric encryption) and no conditional
branching.

e [18] designs a procedure based on Horn clauses for the class of optimally reducing
theories, which encompasses subterm convergent theories. The procedure is sound
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and complete but its termination is not guaranteed. It applies to determinate
processes without replication nor else branches. Moreover, when processes are not
determinate, the procedure can be used for both under- and over-approximations
of trace equivalence.

Our contribution. Our aim was to design a procedure, which is general enough and
efficient enough, so as to automatically verify the security of some simple protocols,
such as the private authentication protocol (see Example 1) or the e-passport protocol
analysed e.g., in [19]. Both protocols are beyond the scope of any above mentioned
results. An extension of PROVERIF has been developed allowing one to analyse the
private authentication protocol [20]. However, PROVERIF is still unable for instance to
deal with the e-passport protocol.

Example 1. We consider the protocol given in [21] designed for transmitting a secret,
while not disclosing the identity of the sender. In this protocol, a is willing to engage
in a communication with b. However, a does not want to disclose her identity (nor the
identity of b) to the outside world. Consider for instance the following protocol:

A— B : aenc({ng, pub(ska)), pub(skb))
B— A : aenc({ng, (ny,pub(skb))), pub(ska))

In words, the agent a (playing the role A) generates a new name n, and sends it,
together with her identity (here public key), encrypted with the public key of b. The
agent b (playing the role B) replies by generating a new name ny, sending it, together
with ng and his identity pub(skb), encrypted with the public key of a. More formally,
using pattern-matching, and assuming that each agent a holds a private key ska and a
public key pub(ska), which is publicly available, the protocol could be written as follows:

A(ska, pkb) :  vn,.out(aenc((ng, pub(ska)), pkb))
PrivAuthl B(skb, pka) : in(aenc({x, pka), pub(skb))).
v ny. out(aenc((z, (ny, pub(skd))), pka))

We will later write A(a,b) for A(ska,pub(skb)),B(b,a) for B(skb,pub(ska)), and B(b,c)
for B(skb, pub(skc)).

This is fine, as long as only mutual authentication is concerned. Now, if we want
to ensure in addition privacy, an attacker should not get any information on who is
trying to set up the agreement: B(b,a) and B(b,c) must be indistinguishable. This
s not the case in the above protocol. Indeed, an attacker can forge e.g., the message
aenc({pub(ska), pub(ska)), pub(skb)) and find out whether ¢ = a or not by observing
whether b replies or not.

The solution proposed in [21] consists in modifying the process B in such a way that
a “decoy” message: aenc((ny,ny),pub(ska)) is sent when the received message is not as
expected. This message should look like B’s other message from the point of view of an
outsider. More formally, this can be modelled using the following process:

A(ska, pkb) :  vng,.out(aenc({ng, pub(ska)), pkb))
B'(skb, pka) : in(z).vnp.
PrivAuth2 if proj,(adec(z, skb)) = pka
then out(aenc({proj, (adec(z, skb)), (ny, pub(skd))), pka))
else out(aenc({ny, np), pka))
3



Again, we will later write B'(b,a) for B’'(skb, pub(ska)).

Still, this solution is not yet fully satisfactory since, for instance, an attacker could
distinguish B'(b,a) from B’(b,c) by sending a message aenc({H,pub(ska)), pub(skb)),
where H is a huge message, and observing the size of the output. This can be fized,
considering a process B" that, additionally, checks the length of its input and sends the
decoy message if the length does not match its expectation. In this paper, we will assume
perfect cryptography, including length hiding. As shown in [22], the properties of our
algorithm allow to extend the procedure to protocols that include length tests.

With length tests, the above protocol is secure in our model. It is actually also compu-
tationally secure, for an IND-CCA1 encryption scheme, which satisfies key-privacy (see
[23] for instance). When the encryption scheme does not satisfy key-privacy, deciding
the computational security would require to give explicitly to the attacker the capability of
comparing the encryption keys. We do not include this test in our model. It is likely that
it could be added without any significant modification of our decision procedure (extend
the rule EQ-FRAME-FRAME ).

This example shows that the conditional branching in the process B’ is necessary.
However, such a conditional branching is, in general, beyond the scope of any method
that we mentioned so far (though, the extension [20] of ProVerif can handle the above
example).

Another example is the e-passport protocol, that was analysed in [19], for which,
also, conditional branchings are essential for privacy purposes. Another limitation of
the existing works is the determinacy condition: for each attacker’s message, there is at
most one possible move of the protocol. This condition forces each message to contain
the recipient’s name, which is a natural restriction, but it also prevents from using private
channels (which occur in some natural formalisations).

The results presented in the current paper yield a decision procedure for bounded
processes, with conditional branching and non-determinism. It has been implemented
and the above examples were automatically analysed.

Some difficulties. One of the main difficulties in the automated analysis of cryptographic
protocols is the unbounded possible actions of an attacker: the transition system defined
by a protocol is infinitely branching (and also infinite in depth when the protocols under
study contain replications - which is not the case here). One of the solutions consists in
symbolically representing this infinite set of possible transitions, using symbolic constraint
systems. More precisely, deducibility constraints [24, 25, 26] allow one to split the possible
attacker’s actions in finitely many sets of actions yielding the same output of the protocol.
Each of these sets is represented by a set of deducibility constraints. In this framework,
attackers inputs are represented by variables, that must be deducible from the messages
available at the time the input is generated and satisfying the conditions that trigger a
new message output.

Example 2. Consider the protocol PrivAuthl and PrivAuth2given in Example 1. Assume
a has sent her message. The message aenc({ng, (ny, pub(skd))), pub(ska)) is output only
if the attacker’s input © can be computed from the messages available and the attacker’s
initial knowledge {pub(ska), pub(skb)} and satisfies the test. Formally, x is a solution of



the constraint system:

{ pub(ska), pub(skb), aenc((n,, pub(ska)), pub(skb)))* x
proj, (adec(x, skb)) = pub(ska)

The symbol F° s interpreted as the attacker’s computing capability. In our case
(perfect cryptography), the attacker may only apply function symbols to known messages.
This is followed by a normalisation step, in which, for instance, the second projection of a
pair gives back the second component, according to the rule proj,({x,y)) — y. Similarly,
in the protocol PrivAuth2, the message aenc({ny, ny), pub(ska)) is output if x is a solution
of the constraint system:

{ pub(ska), pub(skb), :3enc(<nm pub(ska)), pub(skb))) ¥ x
proj, (adec(z, skb)) #" pub(ska)

Hence, though the variable © may take infinitely many values, only two relevant sets
of messages have to be considered, that are respectively the solutions of the first and the
second constraint systems.

Now, let us consider the trace equivalence problem. Given two processes P and @, we
have to decide whether or not, for every attacker’s sequences of actions, the sequences of
outputs of P and @ respectively are indistinguishable. Again, since there are infinitely
many possible attacker’s actions, we split them into sets that are symbolically represented
using constraint systems, in such a way that the operations that are performed by, say, the
process P are the same for any two solutions of the same constraint system Cp. Assume
first that there is a constraint system C¢ that represents the same set of attacker’s actions
and for which ) performs the same operations. Then P and @) are trace equivalent if and
only if (at each output step) Cp and Cq are equivalent constraint systems: Cp and Cg
have the same solutions and, for each solution of Cp the output messages of P are
indistinguishable from the output messages of (). This indistinguishability property on
sequences of messages is formalised using static equivalence.

Example 3. Let us come back to the private authentication protocol presented in Exam-
ple 1. As explained in [21], the privacy property can be formally expressed as the (trace)
equivalence of the two processes B(b,a) and B(b,c) that formalise the role B, in which,
respectively, b is willing to talk to a and b is willing to talk to ¢ (assuming a,b, and c are
honest and their public keys are known by the attacker).

In the protocol PrivAuthl, the traces of B(b,a) are represented, as explained in Fx-
ample 2, by the constraint system Cp:

_ { pub(ska), pub(skb), pub(skc), aenc((n,, pub(ska)), pub(skb))) 7’ x
proj, (adec(z, skb)) =" pub(ska)

For any solution of the constraint, the trace consists of one message
®p = aenc({proj; (adec(z, skb)), (np, pub(skb))), pub(ska)).

Otherwise, the trace is empty. The traces of B(b,c) are represented in a similar way by
the constraint Cg:

| pub(ska), pub(skb), pub(skc), aenc({n,, pub(ska)), pub(skb))) o
| proj,(adec(z, skb)) =" pub(skc)
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For any solution of the constraint, the trace consists of one message

@ = aenc({proj, (adec(z, skb)), (np, pub(skb))), pub(skc)).
Otherwise, the trace is empty. In this particular case, B(b,a) and B(b,c) are trace
equivalent if and only if:

1. the sets of solutions of the two constraint systems are identical (otherwise, there is
an attacker input, for which one of the traces is empty and the other is not empty)

2. for any solution of either constraint systems, the two output messages are indistin-
guishable (formally, they are statically equivalent).

This is what is formalized (in a general setting) by the equivalence of constraint systems.
In this very example, x = aenc({pub(ska), pub(ska)}, pub(skb)) is a solution of Cp and
not of Cq, thus the sets of solutions do not coincide.

In general, the situation is however more complex since, for two attacker’s actions
yielding two solutions of Cp, the process (Q may move in different ways. This depends in
general on additional properties of the attacker’s input: the actions of the attacker are
split into the solutions of Cf,C3,.... Now, we need to consider not only the equivalence
of constraint systems, but also the equivalence of sets of constraint systems.

Example 4. Consider now the protocol PrivAuth2: the privacy is expressed as the trace
equivalence of B'(b,a) and B'(b,c). The traces of B'(b,a) consist in a single message:

1. the message aenc({proj; (adec(x, skb)), (ny, pub(skb))), pub(ska)) if x is a solution of
the constraint Cy(ska) where:

Ci(a) def [ pub(ska), pub(skb), pub(skc), aenc((nq, pub(ska)), pub(skb))) o
! proj, (adec(z, skb)) =" pub(a)

2. the message aenc((ny, np), pub(ska))) if = is a solution of the constraint Ca(ska)
where:
Ca(a) def [ pub(ska), pub(skb), pub(skc), aenc({n,, pub(ska)), pub(skb))) "’z
2T projy(adec(z, skb)) £ pub(a)
Now, B'(b,a) and B'(b,c) are trace equivalent if, for every x,

1. C1(ska) V Ca(ska) and Cq(skc) V Ca(ske) have the same solutions (when there is an
output on one side, there is also an output on the other side).

2. For any solution of either sets of constraint systems, the output messages are stat-
ically equivalent.

In this very example, the equivalence boils down to the static equivalence of the two
following (sequences of ) messages:

e aenc((proj, (adec(x, skb)), (np, pub(skb))), pub(ska)) (when z is a solution of C1(ska)),

e aenc({ny, np), pub(ska))).



This example shows already the use of sets of constraints. Let us also emphasize an-
other important feature of our (sets of) constraint systems. In the context of equivalence
problems, the relevant notion of solutions of constraint systems are not the assignments
to the free variables (as it is the case in [24, 25, 26] for instance), but the recipes used to
get such assignments, as illustrated by the following example.

Example 5. Consider the following two processes:

P = out({t1,t2)).in(z).if x = t; then out(sy) else if © = ¢ then out(ss)
Q = out((ta,t1)).in(z).if © = t1 then out(s) else if © = to then out(ssz)

where t1,ty are any distinct messages that are statically equivalent, e.g., two random
numbers freshly generated.

Let Ch,C% (resp. Cclg,(%) be the constraint systems associated with the two branches
of P (resp. Q). The same assignments to x satisfy respectively C5\V C% and Cclg\/(%. And
for any such assignment, the output messages are identical. Yet, the processes are trace
equivalent only if s1, so are statically equivalent. Indeed, the attacker may either forward
(as ) the first or the second projection of the first output message. If he forwards the
first projection, he will get s1 in the first experiment and so in the second experiment.
This example shows that the relevant notion of solution of a constraint system is not the
assignment of x, but rather the way x is constructed, which we will call a recipe.

In summary, each constraint system comes with a frame, recording the output mes-
sages. For instance, in Example 3, the constraint system Cp comes with the frame

pub(ska); pub(skb); pub(skc); aenc({(ng, pub(ska)), pub(skb)); ®p
and the constraint system Cgo comes with a frame
pub(ska); pub(skb); pub(ske); aenc((ng, pub(ska)), pub(skbd)); @g.

Later, we will define formally a more general notion of frame.

Two sets of constraint systems S and S’ are equivalent if (and only if) for any solution
of a constraint C € S and any possible way 6 (recipe) to construct this solution, there is a
constraint C’ € 8’ such that 6 also yields a solution of C’ and the corresponding instance
of the frame associated with C is statically equivalent to the corresponding instance of
the frame associated with C'.

In a companion paper [14], we show how the trace equivalence of processes without
replication, but that may contain non trivial conditional branching and non determin-
istic choices, can be effectively reduced to the equivalence of sets of constraint systems.
The focus of this paper is on the decision of the equivalence of such sets of constraint
systems. Though, we will illustrate our techniques using examples coming from process
equivalence problems. In addition, as explained in [27, 28], we will consider constraint
systems that do not contain destructors (no projection nor decryption for instance). For
the cryptographic primitives that we consider, this is not a restriction, since, using a
narrowing technique [29], it is always possible to get rid of them, possibly at the price of
introducing new variables.



Example 6. Consider the constraint Ci(a) in Example 4. The equality constraint
proj,(adec(x, skb)) =" pub(c) contains destructors. It can however be narrowed to elimi-
nate the destructors, replacing the equation with

x="aenc((z1,z2), pub(skb)) A x2="pub(a).

Overview of our procedure. The general idea of our decision algorithm for the equivalence
of (sets of) constraint systems is borrowed from earlier work on deducibility constraints:
we simplify the constraints until we get a simple form, on which the equivalence problem
should be easy. Since we are interested in equivalence properties, there are two main
differences. First, we need to consider pairs of (sets of) constraint systems. The simpli-
fication rules should be applied on both (sets of) systems at the same time; when this
corresponds to guessing an attacker action, it should be the same rule, which is applied
on both (sets of) systems. The second main difference concerns the equivalence check-
ing: we have to keep track of an extended frame, recording some of the deductions of
the attacker, and check the static equivalence of all instances, when the constraints are
in solved form.

In comparison to previous constraint solving algorithms, there are many additional
difficulties, which we will emphasize along the paper. One of the problems is that, when
applying the rules in a naive way, the two (sets of) constraint systems do not necessarily
reach a solved form at the same time. So, we may need to apply further rules, even when
one of the systems is in solved form, which causes termination issues.

Finally, along the algorithm, we guess for instance whether or not a key is deducible.
This introduces negative deducibility constraints, which might be hard to solve. We turn
around the difficulty, keeping track of previous choices (e.g., whether a key was deducible
or not). This yields matrices of constraint systems: the different columns correspond to
constraint systems that share the same structure, but may yield different outputs of the
protocol, whereas the different rows correspond to different guesses of deducibility along
the constraint simplification. This complication in the syntax allows some simplifications
in the algorithm, since we may take advantage of the bookkeeping of different rows.

Outline. In this paper, we decide to focus on the algorithm itself, and we only give
some hints about the soundness, completeness and termination of our algorithm. The
interested reader will find detailed proofs of these results in appendix.

In Section 2, we introduce most of the definitions together with a few examples. The
algorithm is explained in Section 3. We start with single constraint systems, before ex-
tending the rules to pairs of (sets of) constraint systems, and later matrices of constraint
systems. Section 4 is probably the most technical one; it is devoted to the description
of the strategy that is used to ensure soundness, completeness, and termination of our
transformation rules. We describe our strategy and we illustrate the main difficulties
we encountered using several examples. The procedure has been implemented in a tool
called APTE, and we provide with a short summary of the experiments in Section 5.

This paper can be seen as an extended and enriched version of a part of [27]. In [27],
it was shown that trace equivalence is decidable for a large class of processes. The core
of [27] is the design of an algorithm for equivalence of sets of constraint systems. However,
due to space limitations, the algorithm is only briefly presented. In this paper, a detailed
description is given with many examples for illustration purposes. The strategy described
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in this paper is not exactly the same as the one presented in [27, 28]. Actually, we manage
to simplify the last steps of the strategy.

2. Messages, constraint systems, and symbolic equivalence

In this section, we introduce most of the definitions together with a few examples. In
particular, we define formally the problem we are interested in, i.e., symbolic equivalence
between sets of constraint systems.

2.1. Messages

To model messages, we consider an infinite set of names N' = {a,b, ..., sk, k,n,m, ...},
which are used to model atomic data. We consider X! = {z,y, ...} an infinite set of first-
order variables, as well as a signature F, i.e., a set of function symbols. More precisely,
we consider F = F. W Fy where:

F. = {senc/2, aenc/2, pub/1, sign/2, vk/1, ()/2, h/1}
Fa = {sdec/2, adec/2, check/2, proj,/1, proj,/1}.

These function symbols model signature, pairing, hash function, symmetric and asym-
metric encryptions. Symbols in F, are constructors and those in Fy are destructors.

Terms are defined as names, variables, and function symbols applied to other terms.
For any F C F, NC N and V C X!, the set of terms built from N and V by applying
function symbols in F is denoted by T(F,NUV). We denote by vars!(u) the set of (first-
order) variables occurring in a term u. A term u is ground if vars'(u) = (. We denote
by st(u) the set of subterms of u. A constructor term, resp. ground constructor term, is
a term belonging to T (F.,N U X1), resp. to T(F.N). A ground constructor term is
also called a message.

Example 7. Going back to Ezample 1, m = aenc({n,, pub(ska)), pub(skb)) is a message
and t = aenc({proj, (adec(z, skb)), (ny, pub(skb))), pub(ska)) is a non ground term.

In order to take into account the properties of our cryptographic primitives, we con-
sider the following term rewriting system.

sdec(senc(z,y),y) — = proj, ((z,y)) — x
adec(aenc(z, pub(y)),y) — = proj,((z,y)) — y

The rules are standard, for instance, the first column states that the decryption of a
ciphertext with the appropriate decryption key gives back the plaintext. Symmetric and
asymmetric encryptions are respectively considered in each of the two rules. These rules
define a convergent term rewriting system [30], and ¢ denotes the normal form of t.

check(sign(z,y),vk(y)) — =

Example 8. Continuing Example 7, and considering an honest execution (the one where
the attacker does not interfere) of the protocol described in Example 1, the variable x will
be instantiated with the message m = aenc((n,, pub(ska)), pub(skb)), and t{x — m}] =
aenc({ng, (ny, pub(skd))), pub(ska)), which is a message.



We now consider a set X? = {X,Y,...} of recipe variables and we write vars®(-) the
function that returns the set of recipe variables occurring in its argument. A recipe is a
term built on F., Fy, a set of parameters AX = {azy,...,at,,...}, that can be seen as
pointers to the hypotheses (or known messages), and variables in 2. As in the applied
pi-calculus, all the function symbols are public, i.e., available to the attacker. Moreover,
names are excluded from recipes: names that are known to the attacker must be given
explicitly as hypotheses. We denote by II the set of recipes, i.e., I = T(F, AX UX?). A
ground recipe ( is a recipe that does not contain variables (vars?(¢) = 0)). We denote by
param(C) the set of parameters that occur in ¢. Intuitively, a ground recipe records the
attacker’s computation. It is used as a witness of how a deduction has been performed.

Example 9. As seen in Example 3, to mount an attack against the simplified version of
the private authentication protocol, the attacker can build the message:

aenc({pub(ska), pub(ska)), pub(skb)).

This is indeed possible using the ground recipe aenc({ax1, ax1), axs) (assuming that ax;
and azy are pointers to pub(ska) and pub(skb)).

2.2. Frames

In [3] (and subsequent papers) a frame is used to record the sequence of messages (or
terms in a symbolic execution) that have been sent by the participants of the protocol.
It can be written, using the formalism that we introduce below, as a sequence

{az1,1 > u1;...; azp,n > up}

where ax; are parameters, 1,...,n are the numbering of successive outcomes (the stages
of the execution) and wug,...,u, are the corresponding output messages. We extend
this notion to record some additional information on attacker’s deductions. Typically
(sdec(X, (), i > u) records that, using a decryption with the recipe ¢, on top of a recipe X,
allows one to get u (at stage i). After recording this information in the frame, we may
rely on this bookkeeping, and no longer consider a decryption on top of X.

With such an extension, members of the frame may look like (,7 > v and the same
stage may appear several times. However, if ( = az;, then we still have ¢ = j. The
recipes ¢ that are added to the frame will always different from the previous ones, which
allows to define a substitution associated with a frame, as we explain below.

Definition 1 (frame). A frame ® (resp. a closed frame) is a sequence of the form
{Cyi1 > urs. s Cnyin D> up b where:

® Uy,...,u, are constructor terms (resp. ground constructor terms),
® i1,...,i, are integers, and
e (1,...,Cn are distinct general recipes (resp. ground recipes).

The domain of the frame ® is dom(®) = AX N {(1,...,C(n}. It must be equal to
{ax1,...,azxy} for some m, and m is called the size of ®. Moreover, we assume that for
all ((,i>u) € ®, 1 <m and if { = az; theni=j.
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The indices i1, ..., i, represent the stages at which a message is known. An attacker
could indeed distinguish two processes, simply because some message can be computed
earlier in one of the processes than in the other: the stage at which messages are available
is a relevant information.

A frame @ of size m defines a substitution on dom(®): if dom(®) = {az1,...,axm}
and, for ¢ = 1,...,m, we have that (az;,i > v;) € ®, then we write again ® the
substitution {azy — v1,..., azy, — vy }. We denote by Init(®) the frame & restricted to
its domain dom(®). A closed frame ® is consistent if, for every ((,i > u) € ®, we have
that ((®)| = u. Lastly, an initial frame is a frame of the form {az1,1 > uq;...; azp, m >
U } where azq,...,azx, € AX, i.e. a frame such that ® = Init(P).

Example 10. Consider the following initial frame:
® = {ax1,1 > aenc({ng, pub(ska)), pub(skd))); azxs,2 > aenc(ny, pub(skb))}

Let & = & W {ax3,3 > skb; adec(azxy, axs),3 > (ng,pub(ska))}. @ is a closed frame.
The intermediate component adec(azy, ars),3 > (ng,pub(ska)) records the deduction
of {ng, pub(ska)) using the recipe adec(az1, axs) at stage 3.

Actually, we do not need to consider recipes that make unnecessary detours, or yield
always junk messages. We introduce therefore a restricted set of recipes Il

I, ={& €Tl | Vf e Fy,V,....6n € TL (&, ..., &) € st(§) = root(&y) & Fet.

where root(u) is the root symbol of w.

Example 11. The recipe sdec(senc(az1, axs), axs) is not in normal form, and thus not
in IL,., whereas sdec(senc(ax1, az1), azs), though in normal form, is not in IL.. Intuitively,
this recipe, when applied to a frame, will either not yield a message or yield the message
pointed by axy. In the latter case, there is a simpler recipe consisting in axi alone.

We define below the static equivalence in a way similar to [3]. We make explicit the
success (or the failure) of decrypting or checking a signature.

Definition 2 (static equivalence). Two closed frames ® and ®' are statically equivalent,
written ® ~ @', if they have the same size m and

1. for any ground recipe ¢ € 11, such that param(¢) C {azxy,...,axm},
CD| € T(Fe, N) if, and only if, (@'} € T(Fe,N)
2. for any ground recipes ¢, (" € II,. such that param({¢,('}) C {az1,...,axm}, and
the terms (@, ('®) are in T (Fe, N),
COL = ("D if, and only, if (B = C'd'].

We could have stated the definition with arbitrary recipes in II. The definition would
have been equivalent (see Lemma 6.7 in [28]). We chose, without loss of generality, to
consider recipes in II,. only, because it simplifies the following.

Example 12. From Example 1, we consider the two closed frames:

o &) = Py {axrs,3 > m; axy,4 > aenc((ng, (ny, pub(skd))), pub(ska))}, and
11



o Oy = Dy {azs,3 > m; ary,4 > aenc(ny, pub(ska))}

with ®9 = {az1,1 > pub(ska); axa,2 > pub(skb)} and m = aenc({n,, pub(ska)), pub(skb)).
They are statically equivalent. Indeed, for any recipe ( € 11,., there is no redex in either

(P or (®y. Moreover, it is not possible to build any ciphertext present in the frame

from its components (since each ciphertext involves at least one fresh nonce which is not

available to the attacker).

Example 13. Assume b, ¢ are names. Consider the two following frames:
O = {az1,1 > a; azxa,2 > senc(b,a)} Oy = {ax1,1 > a; azxa,2 > senc(c,a)}
They are statically equivalent. Though the recipe { = sdec(azq, axs) yields a non
trivial reduction when applied to ®1 (resp. ®2), the results b and c are indistinguishable.
Actually, only trivial equalities can be derived on both sides. Now, if we disclose explic-
itly b (or ¢, or both), as in the frames

(I)&:(I)lL‘H{CLZU;),,?)Db} IQZ‘I)QL‘H{G.Z'g,SDb}
then the frames are not statically equivalent. Choosing the recipes ( = sdec(azq, aza)

and ¢’ = axs, we have that (P|| = ('®| (= b), while (DY # ('D,]. The attacker may
observe an equality on the first frame, which does not hold on the second frame.

The first condition in the definition of static equivalence is also important: the at-
tacker may observe the success of some operation on one of the frames, while it fails on
the other.

Example 14. Consider the two following frames:
Oy = {azxy1,1 > sign(a,b); axa,2 > vk(b)}, and P = {azxy,1 > sign(a,b); axa,2 > vk(c)}.

The attacker can only observe trivial equalities on both frames. However, if we let ( =
check(az1, axa), then (P1] € T(Fe,N) and (Dol ¢ T(Fe, N). The attacker observes
the success of checking the signature in one case and its failure in the other case.

2.8. Constraint systems

As explained in the introduction, our decision algorithm will rely on deducibility
constraints, as a means to represent symbolically sets of traces of a protocol. The fol-
lowing definitions are consistent with [25]. In particular, the so-called monotonicity and
origination properties are expressed through item 3 in the next definition. Since we are
interested here in equivalence properties, we do not only need to represent sets of traces,
but also to record some information on the attacker’s actions that led to these traces.
That is why we also include equations between recipes and a set NoUse of obsolete ele-
ments in the frame; roughly, a component of the frame is obsolete when the attacker used
another recipe to get the message, at an earlier stage. Finally, we also consider negative
constraints, in order to enable splitting the set of traces into disjoint sets.

Definition 3. A constraint system is either L or a tuple (S1; S2; ®; D; E; Err; ND; NoUse)
where:

1. Sy (resp. S2) is a set of variables in X1 (resp. X?);

2. ® is a frame, whose size is some m and NoUse is a subset of ®;
12



3. D is a sequence Xq,i1F t1; ...; Xy, inbF' t, where

e Xi,...,X, are distinct variables in X2

® t1,...,1, are constructor terms

e 1<iy <...<i, <m.

o for every (£,i>t) € ®, vars!(t) C Uij<i vars'(t;);

o forevery (£,i1>t) € ®, param(€) C {az1, ..., azx;} and vars®(€) C { Xy | i < i}.

4. E= N\, up =" vy AN, VZ; - [\/J Us ;é? v; ;] where ug, v, w; j and v; ; are constructor
terms.

5 En=N\;G="¢ N N; & £ &5 A\, root(Br) £ where ¢, CL, §5, &}, Br are recipes
in I, and fx are constructor symbols.

6. ND = \,Vi;.[u; £° Ui\/\/j ki; ¥ w; ;] where u;,v;, w; ; are constructor terms and
ki,j € N.

We say that a constraint system is initial if NoUse = (), ND = (), Exy = 0), vars?(D) = Sy
and @ is an initial frame.

Intuitively, S; is the set of free variables in X!; we may have to introduce auxiliary
variables, that will be (implicitly) existentially quantified, as well as (explicitly) uni-
versally quantified variables. Similarly, Sy is a set of main recipe variables (in X2) of
the constraint. For readability, we will sometimes omit some of the components of the
constraint system, because they are either straightforward from the context or empty.
We also write ®¢ for the frame part of a constraint system C. We will later call the
component D the deducibility part of the constraint system.

Example 15. The constraints, as displayed in Example 2, follow another (simpler)
syntar. Howewver, as already explained, we need not only to reason about the attacker’s
inputs, but also on how he computed these values. Furthermore, as we explained in the
introduction, the terms are assumed to be marrowed, so as to eliminate the destructors;
in the Example 2, the variable x has been narrowed to aenc((xz,y), pub(skb)): for each

occurrence d(s1,...,8y,) of a destructor d, we unify d(s1,...,Sn) with a left hand side of

a rewrite rule d(vy, ..., v,) = w, then replace d(s1,...,s,) with w and add the equations
?

8 =" ;.

According to the syntax of the above definition, the first constraint system of that
example should be written:

® = {azy,1 > pub(ska); aza,2 > pub(skb); axs,3 > aenc((ng, pub(ska)), pub(skb)))}
D= {X, 3" aenc((x,y), pub(skb))}
E = {y="pub(ska)}

Implicitly S1 = {z,y}, S2 = {X}, and the set Er, NoUse and ND are empty. This is an
initial constraint system.

More examples will be given later. From now, vars!(C) will denote the set of free
first-order variables of C (while it was, according to the Section 2.1 the set of all variables
occurring in C).

13



Before defining the semantics of such extended constraint systems, we need first to
consider the components ND, E, and Fr, and also to introduce the notion of path (see
Definition 5). The semantics of ND, E and FEyj is obtained from the interpretation of
atomic formulas, using the usual interpretation of logical connectives. Hence we focus
on the semantics of atomic formulas in the next definition.

Definition 4 (solution of side constraints). Let 6 be a substitution mapping vars*(C) to
ground recipes, and o be a substitution mapping vars'(C) to ground constructor terms.

1. o E (i f'u) if, and only if, there is no ground recipe & € I, with param (&) C
{azq,...,az;}, such that £(Po)] = uol.

2. oF u;«é?v if, and only if, uo # vo.
3. 0F & ="& (resp. 0F & # &) if. and only if, £10 = &0 (resp. £10 # £0).
4. 0 Eroot(&) £ f if, and only if, root(£0) # f.

Note that, in items 2 and 3, we only check that the equalities and disequalities hold
syntactically. Actually, some additional information about systems obtained along our
procedure allow us to ensure that resulting terms are in normal form (and thus rewriting
is not needed here).

Example 16. Let ® = {az1,1 > senc(a,z); aze,2 > b} and 0 = {x — b}. We have
that o = (1 " a) whereas o = (2 F-" a) since sdec(azy, azy)(Po)| = a.

There are possibly several ways to compute the same message, given a frame. All
possible ways of computing a given message are the observable equalities that are used
in the static equivalence. Checking static equivalence will be part of the procedure for
the decision of symbolic trace equivalence. Therefore, we may consider only one way
(a “canonical” recipe) to get a message from a frame. We choose our recipe according
to its path, which is the sequence of destructors applied on its leftmost argument. This
sequence determines the result, regardless of other arguments. Let us make this point
more precise.

Definition 5 (path). Let £ € II,. be such that root(§) & F.. The path of &, denoted
path(€), is a word in the language defined by the regular expression Fj - (AX + X?2) over
an infinite alphabet. In other words, it is recursively defined as follows:

path(§) = & when € € AX U X2, and path(f(&1,...,&,)) = f - path(&1) otherwise.

Note that, if f(&1,...,&,) € I, and f ¢ F,, then root(&;) is a destructor, by definition
of IL,.. Hence, if root(&) ¢ F., path(§) is a sequence of destructors, followed by an element
of AX + X2,

Example 17. Let £ = sdec(sdec(azz, az1),sdec(azy, ax2)). We have that path(§) =
sdec-sdec-axy. Assuming that the computation will lead to a message, this path determines
the result of the computation.

NoUse is a subset of the frame whose use is forbidden, because we changed the canon-
ical recipe. This happens only in the course of our algorithm when we discover that a
message can actually be computed at an earlier stage. The following defines the restric-
tions on the recipes that we consider.

14



Definition 6 (£ conforms to ®). Let @ be a closed frame, NoUse be a subset of ®, and
& be a ground recipe in Il,.. We say that £ conforms to the frame ® w.r.t. NoUse if :

o V(¢ € st(£),V((,i> u) € ,path(() = path(¢') = (= (.
e V((,i > u) € NoUse, ¢ & st(€)
Example 18. Consider the following frame ®:
{az1,1 > (a,b); azs,2 > senc(a,bd); ars,3 > b; axs,4 > a; azxs,b > senc(c,a)}

At some point (stage 2), we may choose a canonical way of computing a, for instance
decrypting the second message with the second component of the first one. Then we
record this choice in the frame ®+ = ® U {sdec(azs, projy(azr1)),2 > a} as well as this
commitment to the recipe used to get a: NoUse = {az4,4 > a}.

The recipe sdec(azs, ars), which yields a, does not conform to ®* w.r.t. NoUse
because of the first condition in the Definition 6. The recipe sdec(azxs, azy) (that yields c)
does not conform to ®T w.r.t. NoUse because of the second condition. However, the
recipes sdec(azs, proj,(az1)), proj; (axz1), and sdec(axs, sdec(aza, projs(azy))) are conform
to ®* w.r.t. NoUse.

Definition 7 (solution). A solution of C = (S1;S2; ®; D; E; Err; ND; NoUse) consists
of a substitution o mapping vars'(C) to ground constructor terms and a substitution 0
mapping vars?(C) to ground recipes in 11, such that:

1. for every X € vars?(C), X0 conforms to ®0c w.r.t. NoUsed);
2. for every X,j+" u in D, X0(®0)] = uol and param(X0) C {az1,...,az;};
3. cENDAFE and 0 E Ex.

We denote by Sol(C) the set of solutions of C. By convention, Sol(L) = 0. A pair (c,6)
that only satisfies the two first items is a pre-solution of C.

Example 19. Consider the constraint of Exzample 15. 0 = {x +— ng,y — pub(ska)},
0 = {X — axs} is the obvious solution of the constraint. Another solution is the pair
(0/,8") with o’ = {x — pub(ska),y — pub(ska)} and 0’ = {X — aenc({az1, az1), az2)}.

Example 20. Consider the frame ® of Example 18, together with
X,5F"senc(z,a); x#£ a Az DAY, ya(x £ (Y1, y2) Az £ senc(y1, y2)).

One possible solution is 0 = {x — c} with 0 = {X — azs}.

2.4. Sets of constraint systems

Before moving to the equivalence of constraint systems, we need to consider sets
of constraint systems, as explained in the introduction. We do not have however to
consider arbitrary sets of constraint systems, but only constraint systems that have the
same structure. Roughly, two systems have the same structure if they correspond to
the same attacker’s actions, but do not necessarily correspond to the same frame nor
the same side constraints. As shown in Example 4, we needed to move from constraint
systems to sets of constraint systems, because of non-deterministic choices and non-trivial
conditional branchings: for the same attacker’s recipes, several outcomes are possible. In
such a case, the different constraint systems share the same structure, as defined below.
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Definition 8 (structure). Let C = (S1; Se; ®; D; F; Eri; ND; NoUse) be a constraint sys-
tem. The structure of C is given by the following sets:

Sa, En, {(X,i) | X,iF'ue D}, {(&1) | &i>ue @} and {(&,4) | €, > u € NoUse}.

Two constraint systems C and C' have the same structure if their underlying structures
are identical. By convention, the constraint system L has the same structure as any other
constraint system.

Definition 9. Sets of constraint systems are sequences of constraint systems sharing the
same structure.

Example 21. Back to Example 4, the initial set of constraint systems is given by the
pair [C1(ska),Ca(ska)]:

O = PyW{azy, 4> m; axs,d > aenc({x, (ny, pub(skd))), pub(ska))}
Ci(a) =4 Dy = {X,4F"aenc({(z,y), pub(skb))}
Ey = {y="pub(a)}

Oy = DyW{azs,4 > m; axs,b > aenc(ny, pub(skb))}
C2(a) = Dy = {X?4'_7 aenc((x,y), pUb(Skb))}
By = {y# pub(a)}

where @9 = {az1,1 > pub(ska); az2,2 > pub(skb); azs,3 > pub(ske)}, and m =
aenc((ng, pub(ska)), pub(skb)). Both constraint systems are initial constraint systems
and they have the same structure.

2.5. Symbolic equivalence

We come finally to the symbolic equivalence, the property that we want to decide.

Definition 10 (symbolic equivalence ~2;). Let S and S’ be two sets of constraint systems.
S Cs S if, for every C € S, for every (0,0) € Sol(C), there exists C' € 8" and a
substitution o’ such that (o/,0) € Sol(C') and ®co ~ Dero’.

IfS Cs 8 and 8’ Cs S, then we say that S and S’ are in symbolic equivalence,
which we write S ~; S'.

Example 22. Using the notations of Example 21, the two sets of constraint systems
[C1(ska),Ca(ska)] and [Ci(skc),Ca(ske)] are symbolically equivalent (this is a non-trivial
equivalence).

The decision of symbolic equivalence between sets of constraint systems (the problem
that is solved in this paper) is exactly the crucial piece for the decision of privacy-type
security properties:

Theorem 1 ([14, 28]). If symbolic equivalence between sets of constraint systems is
decidable, then trace equivalence between processes with non determinism and conditional
branching (but without replication) is decidable.

16



3. Our algorithm

As explained in the introduction, our algorithm which decides symbolic equivalence
between sets of constraint systems is based on transformations of such systems until a
solved formed is reached. We start by defining and explaining these rules on a single
constraint system and then explain how it is extended to pairs of sets (and actually even
matrices) of constraint systems.

3.1. The transformation rules

The transformation rules are split in two parts. They are displayed in Figure 1 and
Figure 2 respectively, and we start by explaining the rules on a single constraint system.
For sake of readability, we only write the components of the constraint system that
are modified by an application of an instance of a rule. Moreover, in all the following
examples, we apply eagerly some simplifications (such simplifications are formalised and
explained in Section 3.2).

The rules of Figure 1 aim at simplifying the deducibility constraints, until they only
involve variables. In some respect, this amounts to enumerate (relevant) recipes. The
only subtle point is that such recipes are constructed both from bottom (DEST) and
from top (Cons, Axiom). Therefore, they may either yield instantiations of the recipe
variables (construction from the top) or new elements in the frame (postpone the in-
stantiation). These rules are necessary, but not sufficient, for the decision of equivalence
properties, because of possible observable identities that hold on a constraint system and
not on the other. The obvious case is an equality between two members of the frame,
but there are more subtle examples. The complementary rules are described in Figure 2
and will be commented further.

Transformation rules for satisfiability (Figure 1). A simple idea would be to guess
the top function symbol of a recipe and replace the recipe variable with the corresponding
instance. When the head symbol of a recipe is a constructor and the corresponding term
is not a variable, we can simplify the constraint, breaking it into pieces. This is the
purpose of the rule ConNs. Cons(X,f) rule simply makes a case distinction on whether
the top symbol of the recipe variable X is a constructor f. Either it is, and then we can
decompose the constraint, or it is not and we add a disequation of the form root(X) #?f
forbidding X to start with f.

Example 23. Consider the constraint Cy(ska) of Example 21:
X, 4+ aenc({(z, pub(ska)), pub(skb))

CoNs(X, aenc) can be applied to the constraint, guessing whether or not the attacker com-
puted the term t = aenc({zx, pub(ska)), pub(skb)) by applying an asymmetric encryption
on two previously computed messages. This yields the two constraint systems:

X1, 4F 2 Xo,4F" 2 X, 4Kt
Ci = t="aenc(z1,72) A y="pub(ska) Cio = y="pub(ska)
X ="aenc(X1, X3) root(X) #" aenc

The first constraint system can be simplified, solving equations and performing replace-
ments, which yields:
X1,4F"(z,pub(ska)); Xo,4+" pub(skb); y="pub(ska); X ="aenc(X1,X>)
17



Sé; X177;|_?x1§"' ;Xn/“_?xn;
ENt="f(21,...,2,);

EnAX="f(X1,...,X
CONSX,A) ¢ Sy X, it 6 Bi By = (X1, X0)
X,iF"t; B; En Aroot(X)#f
where: ® z1,...,x,,X1,... X, are fresh variables, and
e S5 =5U{Xy,...,X,} if X €55 and S5 = S5 otherwise.

®: Enu="v; En ANX="¢
AxioM(X,p): ®; X,iF’u; E; En <
®; X,it'w; E; En AN X £°¢

If @ contains &, j > v with ¢ > j, path(§) = p and (£, 5 > v) & NoUse.

q)a f(gaX277Xn),Z\>’U)7 E/\’U:?ul

XQ,Z'}_?UQ; Xn,zl—vuT“ND
DEST(E,1 — 1,i) : ®; E; ND <

P, F;
NDAV&'[”#UJ\/Z')L?UQ\/...\/Z')’-?un]

If @ contains &,j > v with j < i and (£,7 > v) & NoUse. We denote by & the set of
variables that occur in f(us,...,u,) — w, a fresh renaming of I — r. X,,... X, are
fresh variables.

Figure 1: Transformation rules for satisfiability

The rule AXIOM also makes a case distinction on whether a trivial recipe (a left
member of the frame, typically an axiom az;) can be applied. If so, the constraint can
simply be removed. Otherwise, we also add a disequation between recipes forbidding it.

Example 24. Continuing with the two constraints (respectively named C11 and Ci2),
obtained in the previous example, C11 yields, by application of AXIOM(Xs, axs),

X1,4F"(x, pub(ska)) X1, 4 (x, pub(ska))
Ci11 = pub(skb) =" pub(skb) Ci12 := Xy, 47 pub(skb)
X ="aenc(X1, X2) A Xo =" azy X ="aenc(X1, Xo) A Xo %" azs

Again, C111 can be simplified as follows:
X1, 4F"(x, pub(ska)); X ="aenc(X1, azy) A Xo=' ax,
Trying to apply AXIOM to other deducibility constraints of C11 or using other mem-

bers of the frame yields a failure of unification (we get Xy ;é? axy, Xo 7&? azy,...). When
applied to the constraint C12, the only case where the two branches are non-trivial is the

18



application of AXIOM(X, axy):

Cont aenc((z, pub(ska)), pub(skb)) =" aenc((n,, pub(ska)), pub(skb))
L1 X =" azy A root(X) £ aenc

Con i X, 4+ aenc((z, pub(ska)), pub(skb))
1227 0 X £ azy A root(X) £ aenc

This can be simplified as follows:

r="ng Ay="pub(ska) X, 4+" aenc({z, pub(ska)), pub(skb))
Cio1 = _? Ciz2 = ? 7
X ="axny X # azxy N root(X)#£" aenc

An overview of our procedure applied to the constraint system C; (ska) is given below:

Cons(X, aenc) \

AXIOM(XQ,(I:CQ/ \ Ax10M( X7ax4)

Cons(X1, ()

The constraint systems C1; and Cio are those described in Example 23 whereas the
constraint systems Ci11, C112, C121 and Cioo are given in Example 24. The system Cy21
is actually in solved form (no more rule can be applied) and it admits a solution:

o ={x > ng,y+— pub(ska)} with § = {X — az,}.

The dashed arrows indicate that even if some rules can still be applied, they would
lead to constraint systems with no solution (i.e., 1). The constraint system Cy12 is not
yet in solved form but Ci12 can not be satisfied because the only way to deduce pub(skb)
is to use axy which is forbidden by X 7&? ax2. Regarding the constraint system Ciso the
two possible ways to deduce a term of the form aenc({x, pub(ska)), pub(skb)) is to build
it using aenc (but this is forbidden by the constraint root(X)#" aenc) or to use az4 (also
forbidden due to X ;é? atcy).

Regarding the left branch of the tree, we can apply the rule CoNs(X7y,()) on Cq11 to
obtain the constraint systems Cy111 and Ci112 (which has actually no solution):

X3,4F" x; Xy, 4+ pub(ska); X1,4F"(x, pub(ska));
61111 = X =’ aenc((Xg,X4>, axg) 61112 = X =7 aenc(Xl, axg) .
X5 =7 axa N\ X1 =?<X3,X4> X =7 axg/\root(Xl);é'( >
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Lastly, we may apply the rule AX10M(X4, ax1) on C1111 and obtain on the left branch
the (solved) constraint system Cy1111:

X3,4|—? x; x =’ aenc((Xg, a$1>, G,Jfg) A Xo =7 axa N\ X1 :?<X3, G,J)1> A Xy =’ ary

This system has several solutions among which ¢ = {x — pub(ska), y — pub(ska)} ob-
tained by mapping X35 to azi. This means that the recipe X = aenc({(azi, az1), axs)
can be used to build a message that will satisfy all the requirements: the message
aenc((pub(ska), pub(ska)), pub(skb)) is indeed of the expected form, i.e., of the form
aenc((z, pub(ska)), pub(skb)).

Now, when the top symbol of a recipe is a destructor, we can not apply the same
transformation since the resulting constraint systems will become more complex, intro-
ducing new terms, which yields non-termination. Thus, our strategy is different. We
switch from the top position of the recipe to the redex position using the rule DEST.
If v is term of the frame, that can be unified with a non variable subterm of a left-hand
side of a rewrite rule (for instance v is a ciphertext), we guess whether the rule can be
applied to v. This corresponds to the equation v="1u; occurring in the DEST rule, that
yields an instance of w, the right member of the rewrite rule, provided that the other left
members are also deducible. Typically, in case of symmetric encryption, if a ciphertext
is in the frame, we will give a direct access to the plaintext by adding a new element in
the frame. For this, we have to ensure that the decryption key is deducible. The index i
corresponds to the stage at which we try to deduce the key. Note that a key that is not
deducible at stage ¢ may become deducible later on, i.e., at stage j > i. Thus, we may
need to apply this rule several times on the same frame element (at different stages).

Example 25. Consider the constraint system, that includes the frame
® = {az1,1 > senc({a,b),c); azxs,2 > c; axs,3 > senc(c,a)}

and the constraint X,3+"b. Applying DEST(ax,,sdec(senc(z,y),y) — x,2), we get:

O, sdec(ax1, X2),2 > )
X9, 2F y: X,3F"b X, 3D
senc(z,y) =" senc({a,b), c) Vx,y.(senc(z,y) # senc((a,b),c) V2 F’y)

Basically, we guess here whether the key ¢ can be deduced at stage 2.
The second constraint is unsatisfiable, while the first one can be simplified to:

®, sdec(azy, X2),2 > (a,b)  Xa,2F ¢; X,3F"D

These transformation rules are rather schemes of rules: the side conditions both may
impose some restrictions on the parameters of the rule and on the constraint, on which
it is applied. They also specify the resulting constraint. In other words, we can see the
side conditions as a way to schematize a (possibly infinite, yet recursive) set of rules.

Of course, these transformation rules will not be applied without restriction, other-
wise we would roughly enumerate all possible attackers recipes and, though this would
be complete, this would certainly not terminate. For instance, we will avoid to apply
Cons(X,f) to X,i"t when t is a variable, or DEST(,,1 — 7,4) to &,7 > v when v is a
variable. These restrictions will be explained at the beginning of Section 4.
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Transformation rules for static equivalence (Figure 2). For equivalence proper-
ties, it is necessary to ensure that the observable identities are the same on both systems.
Let us illustrate this point on an example.

Example 26. Consider the frames:
o & ={az1,1 > a; axe,2 > ky1; azs,3 > senc(x, k); azg,4 > senc(senc(a, k1), k)}
o &y ={az1,1> a; azre,2 > ki; azg,3 > senc(z, k); axg,4 > senc(b, k)}.

If x = senc(a, k1), then the two frames are not statically equivalent since ars = azy is
an equality satisfied on the first frame and not on the second. If x # senc(a, k1) on the
first frame, and © # b on the second one, then the two frames are statically equivalent.
If, for instance, the deducibilityy constraint associated with both frames is X,2+" x, then
the rules of Figure 1 will not help in finding the witness of non-equivalence.

Another set of rules, the equality rules described in Figure 2, will be used in such
a situation. The purpose of these equality rules is to distinguish between cases, in
which some equalities hold and cases, in which they do not hold. The relevant equalities
that we have to consider concern the right-hand sides of deducibility constraints and/or
members of the frame. These rules do not correspond to attacker’s actions and they are
not necessary if we are only interested in reachability properties.

The first set of rules allowed roughly to reduce any deducibility constraint to a con-
junction of constraints X, i’z where X,z are variables. It allows further to assume
that any relevant application of destructors to the frame has been recorded in the frame.
We still miss immediately observable equalities between members of the frame: such
equalities must hold (or not) simultaneously on two equivalent contraint systems. This
is the purpose of the rule EQ-FRAME-FRAME, that makes a case distinction, depending
on equalities between members of the frame.

This rule has to be complemented with a rule that computes other deducible subterms,
that are not obtained from the frame by applications of destructors (see Example 30 and
the rule DED-ST).

There are still a few ways to distinguish between two constraint systems:

e if a constraint imposes that two recipes yield the same result, then it must also be
the case in the other constraint (see Example 29). Similarly if a constraint allows
(for some instance of the variables) that two recipes yield the same result, this must
be true on the other constraint (see Example 29 again). This is the purpose of the
rule EQ-DED-DED, which investigates possible equalities relating the members of
deducibility constraints.

e if some instance of a variable can be computed at an earlier stage than what is
imposed by the deducibility constraint, it has to be an an earlier stage also in the
other constraint system. The rule EQ-FRAME-DED therefore investigates whether
or not some member of a deducibility constraint can be obtained at an earlier stage.

As we prove later, this finally covers all the possible situations.
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E/\’Uq:?’u,g

EQ-FRAME-FRAME({1, &) 1 F <

E/\u1 #?UQ
where £1,11 > uq, &9,00 > us € ® for some &1, &,11, 09

EQ-FRAME-DED(¢1, Xo) : E, NoUse <
E ANup 7&? ug, NoUse

where £1,i1 > u; € ® and Xo,is Fluy € D, with 45 < 41 and Xy € Sy for some
513527“17’“‘2

EQ-DED-DED(X, &) : X,iF'u; E; En <
X,iF" g E/\u;é?v; En

where ¢ € T(F.,dom(a)), v=~Ea witha ={Y —w | (Y,jF w) € DAj<iNY € Sa}.
Moreover, we assume that:

E N U1 :? U9, NOUSe U (51’7:1 > Ul)

EANu="v; En NX="¢

e if root(¢) = f then Er  root(X) #"f
e if £ =Y then for all f € F., En E root(X) # f is equivalent to Ey = root(Y) #’ f.

(1); lesmaw |_?Z'1; ) Xnasmaz l_?xn
EANu="f(zy,...,2,); ND

DED-sT(E,f) : ®; E; ND < o B ND

Vi [u f(@1, .. 2n) VSmaz 21V ooV Smaz 7 Ty]

If ® contains &,7 > uw and (£,i > u) € NoUse. The sequences & = x1,...,%,, and
Xi,..., X, are sequences of fresh variables and s,,,, represents the maximal index that
occurs in C.

Figure 2: Additional transformation rules for static equivalence

Example 27. Let us come back to Example 26. Applying EQ-FRAME-FRAME(az3, aZ4)
to the first constraint system, we get:

®, X, 2F' =z o, X, 2H'z
senc(z, k) =" senc(senc(a, k1), k) senc(z, k) #' senc(senc(a, k1), k)

The case x = senc(a, k1) is now distinguished from the case x # senc(a, k1).

Here, we could additionally put the frame element az4 > senc(senc(a, k1), k) of the
first constraint system in the set NoUse (thus forbidding the use of this element). How-
ever, as illustrated by the following example (Example 28), this is not always possible,
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and thus this feature is not present in the rule EQ-FRAME-FRAME contrary to what is
done in the rule EQ-FRAME-DED.

Example 28. Let ® = {azq,1 > (k,senc(k,k))}. After applying some transformation
rules, assume that we reach the frame:

&t = {azry,1 > (k,senc(k,k)); proj;(az1),1 > k; projy(az1),1 > senc(k, k);
sdec(proj,(az1), proj; (az1)),1 > k}.

Applying EQ-FRAME-FRAME(&1, &2) with & = proj, (az1) and & = sdec(proj,(azxy), proj; (ax1)),
we will be tempted to put proj;(azxy) > k in NoUse. If so, in order to deduce k, we now
need to use the recipe &, = sdec(projy(az1), proj; (az1)) which is not conform to ®* since
proj; (az1) € st(&2) (see Definition 6). When we put a frame element in the set NoUse,

we have to be sure that it has not been already used to build another frame element.

Example 29. Consider the two constraint systems:

&) ={ar1,1 > a; ar,2 > b; ar3, 3> 21}, Dy ={X,1F"21; Y,2F 215 Z, 3" 41}
Oy = {azy,1 > a; av,2 > b; ar3, 3> 20}y, Dy ={X, 1 20; Y,2F yo; Z,3F yo}

There are redundant constraints in each individual system. However, we need x1 = y;
and xo = yo in order to get equivalent systems, since the recipes X, Y must yield the same
value, according to the first system (hence xo = y2) and the recipes Y, Z yield the same
value, according to the second system (hence x1 = y1). The rule EQ-DED-DED takes care
of such situations: we guess whether different recipe variables yield the same value and
record the result of the guess in the constraint.

Actually, we sometimes need to apply EQ-DED-DED with a recipe & which is not reduced
to a variable. In particular, this is the case when we have to handle disequations between
terms. Consider the two constraint systems:

Dy := {Z, 1+ 2 Y,2F"y; X,3F" 2}, with Es := x#"(y, 2)
Dy:= {Z 1"z YV,2F y; X,3F" z}

The deducibility constraints are identical in both systems but the disequations in E3
should be satisfied by both constraint systems in order to be equivalent. By applying the
rule EQ-DED-DED with X and & = (Y, Z), we split the solutions of both constraint systems
into two disjoint sets: those that satisfy the equation x="{(y,z), and those that do not
satisfy this equation.

As it is displayed, the rule EQ-DED-DED has infinitely many instances, as the recipe
¢ is an arbitrary constructor recipe. Our strategy will later restrict the situations, in
which the rule has to be applied, so that only specific instances are needed.

Finally, the last transformation rule of Figure 2 investigates the possible deducible
subterms of the frame. This is a necessary step to capture static equivalence in presence
of non-invertible primitives such as hash function and asymmetric encryption.

Example 30. Consider the two constraint systems:
e &, = {az,1 > pub(ska); axs,2 1> aenc(z, pub(ska))} and D1 = {X,1+"z};
e &, = {az,1 > pub(ska); axa,2 > aenc(b, pub(ska))} and Dy = {X, 1+’ x}.
23



Intuitively, the transformation rules we have seen so far do not help in simplifying
any of the two constraint systems. The only relevant possibility would be to try decrypt-
ing aenc(z, pub(sk,)), but the private key ska is not deducible. Nevertheless, the two
constraint systems are not equivalent since the attacker can construct aenc(x, pub(sk,))
(using the recipe aenc(X, axy)) and therefore observe the identity aenc(X, ax1) = aza
on ®1, which is not possible on ®o. This is the reason of the rule DED-ST, that guesses
the subterms of the frame that can be constructed by the attacker. In the above example,
the first constraint system would become:

@y, {X,1F'w; X1,2F x; Xo,2F" pub(ska)}
(the other branch is unsatisfiable), while on the second constraint system, we get:

®y, {X,1Fz; X1,2F"b; Xo, 21" pub(ska)}
Eventually, this last constraint will be proven unsatisfiable, witnessing the non-equivalence
of the constraint systems.

Our rule DED-ST only considers a one-step intruder deduction, in order to incremen-
tally check equalities and disequalities, avoiding unnecessary blow ups.

Now, before explaining how to apply the rules on pairs of sets of constraint systems,
we formalise what we used implicitly in all our examples, i.e., normalisation of constraint
systems after the application of a transformation rule.

3.2. Normalisation

The normalisation consists mainly in simplifying the equations and disequations and
performing the replacements when relevant. The normalisation rules are displayed in
Figure 3. As usual, substitutions are confused with solved conjunctions of equations. We
also switch sometimes the order of the components of a constraint system in order to
ease the display, and omit irrelevant parts of the constraint system.

Here, mgu is a function that maps any conjunction of equations to their most general
unifier. Such a unifier is confused with a solved system of equations, which is either
1L or a conjunction x; ="t; A... Az, ="t,, where z1,...,x, are variables that appear
only once. Furthermore, the variables of mgu(e) are contained in the variables of e and
mgu(mgu(e)) = mgu(e).

The first four rules simplify equations between terms/recipes. The last four rules
simplify the disequations on recipes, removing them when they are trivially satisfied, or
replacing the whole system with | when they are trivially inconsistent. The remaining
rules simplify disequations between (first-order) terms taking care of variables that are
universally quantified. The soundness of the rules follows from complete axiomatisations
of the free term algebra (see e.g., [31]); let us recall that these formulas are interpreted
in the free constructor algebra, according to Definition 4. If the simplification rules are
applied only when they modify a constraint, then the set of rules is strongly terminating,
i.e., any rewriting strategy is terminating.

We further apply two normalisation rules, that are displayed in Figure 4. Before ex-
plaining these rules, we say that the application of the rule Cons(X,f), AxioM(X, path),
or DEST(,1 — r,4) is useless on a constraint system C if such a rule is not applicable or
if a similar instance has already been applied along the same branch. In case of the rule
Cons and AXIOM, by similar, we mean that exactly the same instance has already been
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®: D; Er; ND; NoUse; E' A /\ZL:1 u;="v; ~» ®o;Do;En; NDo;NoUseo; Ec Ao
if o = mgu(Al_, ui ="v;)

®; D; Eyi; ND;NoUse; EA A\J_ui="v;  ~ L if mgu(Aj_ ui="v;) =L

®; D; E; ND; NoUse; Enp A A\, Gi ="¢ ~»  ®0;D;E; ND;NoUsef; Erf A9
if 0 =mgu(Al_, G="&)

®; D; E; ND;NoUse; En A N\, G =T¢ o~ L if mgu(A;_, ¢ ='¢g) =1

EAVEN ui# v] ~ E if mgu(Aj_; ui="v;) =1
EAVE[E'Vu#'u] ~ EAVZ.E

EAVE[E'Vz#'u] ~ EAVE~{z}.Eoif x € Z~ vars'(u) and 0 = {x — u}
EAVENz.E' ~ EAVZ.E if z ¢ vars'(E)
EAYE[E'Vf(ur, .. oun) A (1, ovn)] ~  EAVE[E' VI u £ v
EAuA" vAVE[E'Vu#'v] ~ EAu#'v

EnA(#€& ~ En if mgu(¢,6) = L
EnAC#¢ ~ L

Ern Aroot(f(&1,...,&)) #F ~ L

En Aroot(f(&1,...,8n)) #8 ~ En iff#£g

Figure 3: Normalisation rules for side constraints

EAVE[E'Vz#"al ~E
ifa € N, (X,i-"2) € D, AxtoM(X, path) is useless for any path and
DEST(&,1 — r,4) is useless for any &, — r, and
for all (¢,7 >v) € ®, j <iand v € X! implies ((,j > v) € NoUse

DAX,iF'u ~ L
if Cons(X,f) is useless for all f € F,; and Ax1oM(X, path) is useless for any path; and
DEsT(§,1 — 7,4) is useless for all £, — r; and
for all (¢,j > v) € ®, j <iand v € X! implies ((,j > v) € NoUse

Figure 4: Two additional normalisation rules

applied. In case of the rule DEST, additional instances are actually useless. Indeed, there
is no need to apply e.g., DEST(,l — r,3) on the branch where a “successful” application

25



of DEST(E,1 — r,2) has been considered. We illustrate this concept through an example.

DEsT
2

Example 31. Continuing with the constraint systems named CY™" and CD™", obtained

in Example 25, we have that:

e DEsT(az1,l — 1,2) and DEST(az1,l — r,3) are useless on CY™T since an element
of the form sdec(az1,-),2 > _ is already present in the frame;

e DEST(az1,l — 1,2) is useless on CY™T since the associated non-deducibility con-
straint already occurs in the constraint system;

e DEsT(az3,l — r,1) and DEST(az3,l — 1,2) are useless on both CP™" and CP™*
since they do not contain any frame element of the form azxs,j > _ with j < 2;

where (I,r) = (sdec(senc(z,y),y), ).

Now, we can explain rules displayed in Figure 4. Intuitively, the first rule states that =
cannot be the name a, if it has to be deducible and cannot be obtained by AXiOMm or
DEST. The second rule states that, in order to deduce a message, the attacker has either
to construct it from deducible messages, or retrieve it from the frame and deducible
messages. In other words, any attacker’s ground recipe is built using F., F4 and the az;.

Definition 11 (normalisation). If C is a constraint system, we let C| be an irreducible
form of C, w.r.t. the rules of Figures 8 and 4.

In what follows we assume that every constraint system is eagerly normalised.

3.83. From constraint systems to pairs of sets of constraint systems

Given two constraint systems, we cannot only simplify them independently and then
check for their equivalence, because actions and tests must be performed by the attacker
in the same way in both experiments.

Example 32. Consider the two following frames:
&y ={az1,1 > a; axy,2 > a; axs,3 > b}, and P2 = {az1,1 > a; axs,2 > b; axz, 3 > a}.

For sake of simplicity, assume there are no deducibility constraints. These two frames
are not statically equivalent. Indeed, choosing (1 = axy; and (o = axs, we have that
(1P1l = @®1l, while (; P2l # (2Pal.

On the other hand, we may only apply the EQ-FRAME-FRAME rule, whose (in each
case) one of the branches yields L and on the other branch the constraint system is
unchanged. Hence the rules do not help witnessing the non-equivalence, unless we apply
the same instance of EQ-FRAME-FRAME simultaneously on both frames. For instance
EQ-FRAME-FRAME(az1, axs) applied to &1 and Po simultaneously yields ®1 and L on
one branch, and 1. and ®o on the other.

Intuitively, each transformation rule of Figure 1 corresponds to an action of the
attacker and each rule of Figure 2 corresponds to a test of the attacker. Two constraints
systems are therefore symbolically equivalent if, and only if, applying the same rule on
both systems yields (on each branch) symbolically equivalent constraint systems.
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In the introduction we motivate the need of considering sets of constraint systems,
and more precisely pairs of sets of constraint systems. We explain now how our transfor-
mation rules will be applied in such a setting. Remember that sets of constraint systems
are sequences of constraint systems sharing the same structure (see Definition 9). The
basic idea is to apply the same transformation rule (with the same parameters) on each
constraint system of each set. Note that, the parameters of a transformation rule only
depend on the structure of the underlying constraint system. Thanks to this, the simul-
taneous application of a transformation rule can be defined in a natural way.

Given § = [Cy,...,Cp] and 8’ = [C1,...,C},] two sets of size n (resp. n’) of constraint
systems having the same structure, and RULE(p) an instance of a transformation rule.
The application of RULE(p) on the pair (S,8’) yields two pairs of sets of constraint

systems (S1,87) and (S2, S%) such that:

(8,8

N

([Cl,lv'"vcl,nL[Ci,lw'v Ln’]) =: (81381) (52785) = ([62,1a'~'ac2,n]a[Cé,lv'"vcé,n’])

where:

e for all i € {1...n}, the constraint systems C;; and Cy; are those obtained by
application of RULE(p) on C;; and

e for all 4 € {1...n'}, the constraint systems Cj; and Cj; are those obtained by
application of RULE(p) on C..

3.4. Matrices of constraint systems

The transformation of pairs of sets of constraint systems make successive case distinc-
tions. If we only work with pairs of sets of constraint systems, we loose the relationships
between the two complementary cases. This is harmless when the case distinction roughly
corresponds to attacker’s actions (later called external applications). There are however
situations, in which we wish to remember that two constraints originate from the same
one, and hence are complementary. We give some examples below, as well as in Section 4.

Keeping track of complementary constraints is achieved through matrices of con-
straint systems: each row corresponds to a set (now a sequence) of constraint systems,
while the columns correspond to complementary choices. The matrices can be seen as a
merge of some branches of the case distinction tree of the previous section.

The non-deducibility constraints introduced by the rules DEST and DED-ST allow
us to properly divide the solutions of a constraint system. However, no transformation
rule solves these non-deducibility constraints. When a non-deducibility constraint is
introduced, the idea is to take advantage of informations that are collected, while solving
the constraint in the other branch. This requires however gathering together in the same
structure the constraint systems that result from the application of a rule introducing
non-deducibility constraints.
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Example 33. Let C be a constraint system with the deducibility constraint X, 27 senc(a, a),
and the frame ® = {az1,1 > a; ax2,2 > senc(b,a)}. DEST(axs, sdec(senc(x,y),y) — z,2)
applied on C gives us:

o ®, sdec(az2,Y),2> b o — ®; X,2+"senc(a,a)
YT X 2Fsenc(a,a); Y, 2 a 2T | Vg, mo.[senc(zy, o) £ senc(b,a) V 2 FT xy]

To solve the non-deducibility constraint in Co, we will use the information we get from
the transformation rules applied on Cy. Applying AXIOM(Y, az1) on Cq, we get:

®, sdec(axs, az1),2 > b ®, sdec(ax2,Y),2> b
C3 =< X,2+"senc(a,a) Ci=<{ X,2F’senc(a,a); Y,2+a
Y =7 ax; Yyé? ar

Using successive applications of CONS(Y,f) and AxioMm(Y, path) for any f and path, C4
is eventually reduced to L. Now, the formula Yy, xs.[senc(z1, z2) #" senc(b,a) V2 7 xy]
has no free variable and its negation is a consequence of C1 (since the rule splits the set
of solutions). The satisfiability of Cs therefore implies the unsatisfiability of Cs.

If we wish to perform such an inference, we need to keep in the same structure the
constraints Co and Cs (instead of solving them independently).

As illustrated in Example 33 above, solving the non-deducibility constraints will rely
on the information obtained from the application of the rules on other constraint sys-
tems. That is why we gather together sets of constraint systems, and organise them into
matrices, each row being a set of constraint systems.

Infering the unsatisfiability of Cs in Example 33 requires some properties of Cs, typ-
ically that Cs is in pre-solved form. In more general situations, in which Cy contains
(free first-order) variables that appear also in Cy, we will also be able to apply such an
inference, thanks to an invariant: if C, C’ are two constraint systems in the same column
such that the frame of C is (roughly) a strict superset of the frame of C’, then, for any
assignment o of the free first-order variables of C, the solutions of Co and C’o are disjoint.

This relationship between constraints in the same column is eventually exploited in
the step e of Section 4.

Example 34. Applying DEST(azs,sdec(senc(z,y),y) — x,2) on (the set) [C] given in
Ezample 33, a priori yields two sets [C1] and [C3] where C1,Co are the constraint systems
of Example 33. We group however the resulting systems in the following matriz:

Gy
Co
Applying Axiom(Y, ax1), we get now the following matriz of constraint systems:

Cs
Ca
Co

In order to check the non-deducibility constraint in Co, we only need the information
provided by the constraint systems in the same column as Co. We will see later on how
to exploit this information (see Section 4 - Phase 1 / Step e).
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Note that in Example 34, the constraint systems Cy, Ca, C3, and C4 have the same
set Sy (resp. Sa) of first-order (resp. recipe) variables. Moreover, they have the same
shape according to the following definition.

Definition 12 (shape). Let C = (S1;S2; ®; D; E; Er; ND;NoUse) be a constraint system.
The shape of C is given by Sz, and {(X,i) | X,ir"u € D and X € S»}.

Intuitively, the shape of a constraint system only takes into account the free recipe
variables, i.e., those that represent the actions of the attacker. By convention, we assume
that the constraint system L has the same shape as any other constraint system.

We extend the notion of same structure to matrices of constraint systems as follows:
M (n rows, m columns) and M’ (n’ rows, m’ columns) have the same structure if:

e all the constraint systems stored in M and M’ have the same shape;
e n=n',ie, M and M’ have the same number of rows; and

e for alli € {1...n}, the constraint systems stored in the i*" row of the matrices M
and M’ have the same structure.

In fact, introducing matrices of constraint systems serves a greater purpose than just
solving the non-deducibility constraints. Indeed, deciding the symbolic equivalence of
sets of constraint systems contains two main issues:

e matching an existing solution from one set to the other;
e and deciding whether the two resulting frames are statically equivalent or not.

The idea behind matrices with several rows is to keep all the guesses on static equivalence
into a single matrix. Intuitively, when we guess the form of the solutions, we split the
matrix into two matrices. However, when we guess an equality between terms or a
property on static equivalence, we gather the information in a single matrix. We thus
consider two kinds of application: internal and external.

The transformation rules DED-ST, EQ-FRAME-FRAME, EQ-FRAME-DED and DEST
will be applied internally whereas CoNs(X, f), Ax1om(X, path) and EQ-DED-DED(X, &)
will be applied externally when X € S; and internally otherwise (i.e., X & Ss).

Internal/external application of a transformation rule. Let (M, M’) be a pair
of matrices of constraint systems having the same structure. In particular, M and M’
have the same number of rows, say n. Let M = [S1,...,S,] and M’ = [S],...,S]]. Let
RULE(p) be an instance of a transformation rule and ¢ be an index representing a row,
ie., 1<i<n.

An internal application of RULE(p) to the i*" row of the pair (M, M’) yields a pair
of matrices (M, M') such that:

M = [817 cee ;Sifla 7-1,i»7-2,i78i+138n] MI = [Siv KRS} 7?71) 7-1/,1'77-2171'7 1?+1’S;L]

where (71:,7{ ;) and (72, 75 ;) are the pair of row matrices obtained by applying RULE(p)
on (S;,S]). Note that, since the two matrices M and M’ have the same structure, the
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two sets S; and S; have the same structure too and we have already seen how to apply
a transformation rule in such a situation. We actually obtain two matrices with n + 1
rows. We say that an instance RULE(P) of a rule is internally applicable on (M, M’) on
row 4 if RULE(p) is applicable on (S;, S)).

An external application of RULE(p) on (M, M) yields two pairs of matrices (My, M%)
and (Ma, M5) such that:

-Agllz[trl,lr"'alrl,n] :/1:[71/,1""771/@]
M2:[’TQ,17""’T2W] 12:[ 2/,1""7 2/,11]

where (714, 7/ ;) and (72,75 ;) are the pairs of sets obtained by applying RULE(p) on
(8i,S)) for each i € {1,...,n}. Each resulting pair of matrices has exactly the same
numbers of rows and columns as the original one (M, M).

Remark. Unfortunately, all the constraint systems in M and M’ do not necessarily have
the same structure, but only the same shape. When the external application involved is
an instance of a rule CONS, it is easy to see that having the same shape will ensure that the
rule can be applied on each set, i.e., on each row of the matrix. Regarding an external
application of the rule AX1oM(X,path), we have to be careful. Since the constraint
systems have the same shape and we know that X € Sy, we can ensure that X occurs
in each constraint system. However, it could happen that some rows do not contain
the required frame element. By convention, in such a pair (S;,S;) of row matrices, the

resulting pairs of row matrices are (71,7} ;) & (L, 1) and (72,73 ;) o (Si, S)).
Example 35. All the rules applied in Example 34 are internal rules.

Since our algorithm manipulates matrices of constraint systems, we extend the notion
of symbolic equivalence accordingly. Given a matrix M having n rows and m columns,
we denote by M, ; the constraint system stored in the " row and j* column, and we
denote by @, ; its associated frame.

Definition 13 (symbolic equivalence ~). Let M and M’ be two matrices of constraint
systems having the same structure and of size (nxm) and (nxm’) respectively. We have
that M Cg M’ if for all 1 <i <n, for all 1 < j <m, for all (c,0) € Sol(M, ;), there
ezists 1 <k <m' and a substitution o’ such that (o',6) € Sol(M, ;) and ®; jo ~ @’ o’.

IfMCy M and M' Cg M, then we say that M and M’ are in symbolic equivalénce,
denoted by M =~y M’.

In the following section, we will describe a quite complex strategy S that always
terminates on sets of initial constraint systems. Before describing it, we state some
soundness and completeness results, and we explain the test that is performed on the
leaves to decide symbolic equivalence.

Our transformation rules yield a finite tree labeled with pairs of matrices of constraint
systems. Actually, if we follow the strategy S, we can show that our notion of equivalence
is preserved through application of our transformation rules: for any transformation rule,
we have that symbolic equivalence holds for the father if, and only if, symbolic equivalence
holds for the children. Formally, we distinguish the case of an application of an internal
rule from the one of an external rule.
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Theorem 2. [soundness and completeness for internal rules] Let My, M) be two ma-
trices of constraint systems obtained from a pair of sets of initial constraint systems by
following the strategy S. Let RULE(DP) be an internal transformation rule applicable on
(My, M}) on the i™" row. Let (Ma, Mb) be the resulting pair of matrices of constraint
systems obtained by the application of RULE(p). We have that:

My~ MY is equivalent to My ~, M)

Theorem 3. [soundness and completeness for external rules] Let M, M’ be two matrices
of constraint systems obtained from a pair of sets of initial constraint systems by following
the strategy S. Let RULE(D) be an external transformation rule applicable on (M, M').
Let (My, M}) and (Mg, M%) be the two resulting pairs of matrices of constraint systems
obtained by the application of RULE(p). We have that:

My =g MYy and Ma =, MY is equivalent to M =g M’

The proof of the soundness and completeness theorems stated above are done by a
case analysis on the transformation rules. Basically, we assume the existence of a solution
for a given constraint system (satisfying some properties due to our strategy 5), and we
show how to transform this solution to obtain a solution for a slightly different constraint
system (typically we consider a solution of a given constraint system and we have to show
that, after application of a transformation rule, this solution still exists in one of its sons).
In most cases, the transformation consists in replacing a recipe by another one that allows
one to deduce the same message. The main issue of this replacement is to guarantee that
the new recipe also satisfies all the needed properties (e.g., the recipe has to be in II,,
conformity of the recipe w.r.t. the frame, ...).

Example 36. Consider the following constraint system C.

c_ azy,l > a; axs,2 > senc(a, a); azxs, 3> a
“ 1 X,1Fsenc(a,a); Y,3Fa

A solution of such a constraint system is 8 = {X — senc(az1, az1); Y — sdec(aza, ax3)}.
Note that the recipes are in 11, and conform to the frame.

Applying the rule EQ-FRAME-DED(azq, X), the frame element axs,2 > senc(a,a) is
added to the set NoUse, and thus now we have to replace axy by X0 (note that both
deduce the same term senc(a,a)).

In such a situation, Y0 will become sdec(senc(az1, az1), axs) which is not a recipe
in II, anymore. To cope with this problem, we have to replace axs by senc(azy, axy), but
also YO by axy. Thus, we get 8’ = {X — senc(az1,az1); Y — az1}.

3.5. Test on leaves

By applying the rules on a pair of sets of initial constraint systems, we obtain a tree
whose nodes (including the leaves) are labeled by a pair of matrices. The idea behind
our transformation rules (given in Figure 1 and Figure 2) is to transform constraint
systems into simpler ones, so that deciding symbolic equivalence will become trivial.
Typically, as it is done in [32], we want to consider systems in which right-hand sides
of deducibility constraints are distinct variables. However, in presence of disequations,
putting the systems in such a form does not guarantee anymore that the two resulting
systems will be in symbolic equivalence. Let us illustrate this using a simple example.
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Example 37. Consider the pair (C,C") of sets of initial constraint systems given below
(each set is reduced to a singleton):

® = {az;,1>a}; X,1F'z

={ ®= 1 ;X 1F ' = ’ v

C { {az1,11> a}; X, T C { x;«é?(a,a>

Although these two systems have the expected form, they are not in symbolic equiv-

alence. To see this, consider for instance the substitution 8 = {X — (ax1,az1)}. We

have that 6 € Sol(C) but 6 & Sol(C") due to the presence of the disequation.

Thus, once the system is put in this kind of “pre-solved form”, the basic idea will
be to continue to apply our transformation rules to “match” disequations of each con-
straint system. For this, we need to transform the disequations in which some names or
universally quantified variables occur until obtaining disequations that only contain free
variables and public function symbols. This will guarantee that there exists a recipe as-
sociated to this term and this gives us the way to match it in another constraint system.
Once the system is transformed into such a new kind of “solved form” (i.e., distinct vari-
ables on the right-hand side of deducibility constraints as well as matched disequations),
we can now easily conclude. Indeed, since we also take care of static equivalence on
the resulting frames, disequations that correspond to public disequality tests are easily
transferable from one constraint system to another without any additional checks.

Example 38. Continuing Example 37 and assuming that the pairing operator is the only
constructor symbol, we will go on, applying CONS(X, ( )). The resulting pair on the left
branch will be the pair (C1,Cy) where:
P; X:<X1’X2> / > X?_<).(1’X2> ?
Cl{X 1F? 2y: Xo, 1F 2 Gi=9 XulF o X 1w
1s 1; A2, 2 212 aV iz £l a

Now, by applying the AXIOM rule twice, the resulting pair on the left branch will be

the pair (C11,C1,) where:

Ci1 ={®; X = (azxy,az1) Ci, = {<I>; X = (azy, az1); a;«é?a\/a;«é?a

The disequations occurring in Ciy are trivially not satisfied, thus we have that Cj;| = L.
These two constraint systems are trivially not in symbolic equivalence.

As illustrated above, our goal is to reach pairs of (sets) of constraint systems in solved
form. Each constraint system is either | or satisfies the following conditions:

1. forall X,iF"u € D, we have X € Sy and u is a variable distinct from the right-hand
side of any other deducibility constraint;

2. the set E does not contain any variable that is universally quantified, and for all
U #? v in E, we have that u, v do not contain any names. Moreover, the disequations
are “the same” on each constraint system occurring in the pair.

The first phase of our strategy consists in applying transformation rules to fulfil the first
condition (without taking care of the disequations) and obtain a system in pre-solved
form, whereas the second phase of our strategy will reduce the constraint systems into
solved form. The next section is dedicated to the description of the strategy S that has
been designed with a lot of care to ensure the termination of our procedure.
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Once solved forms are reached, the test performed on each leaf labeled (M, M)
consists of checking that for each row of the matrices, either both matrices contain a
constraint system different form L, or both matrices contain only 1 on the whole row.
More formally, we have that:

Definition 14 (test LeafTest). Let (M, M) be a pair of matrices of constraint systems
with n rows and m (resp. m') columns. LeafTest(M, M’) = true if and only if for each
row i € {1...n}, we have that:

3j €{1,...,m} with M, ; #L if, and only if, 35" € {1,...,m'} with M; ;, #L .

Theorem 4. Let (Mg, M) be a pair of sets of initial constraint systems and (M, M)
be a leaf of the tree whose root is labeled with (Mo, M) and which is obtained following
the strategy S. We have that M ~; M’ if, and only if, LeafTest(M, M') = true.

The proof of this theorem is done relying on the two following properties that are
satisfied by each leaf (M, M) of the tree.

1. Any constraint system C occurring in M (resp. M’) different from 1 admits a
solution, i.e., Sol(C) # 0.

2. For any constraint systems C, C’ that occur in the same row (possibly of the same
matrice) and that are different from L, we have that C =4 C’.

Corollary 1 (main result). Let S and S’ be two sets of initial constraint systems. We
have that S ~; 8" if, and only if, LeafTest(M, M') = true for any leaf of the tree whose
root is labeled with (S,S’) and which is obtained following the strategy S.

4. Strategy

Our goal is to reduce (matrices of) constraint systems to solved forms. We proceed
in two steps: first reduce the (matrices of) constraint systems to pre-solved forms, i.e.,
taking care on deducibility constraints only and then reduce them to solved form, con-
sidering the disequality constraints. Let us consider the first step. We may restrict the
rules applications, as long as there is always at least a rule that can be applied when
(some) constraint system is not in pre-solved form. That is how we design our strat-
egy; we restrict the rules applications, while ensuring that an unsolved contraint system
can be reduced by at least one rule. This is what we later call “strong application”.
Such a strategy is terminating when applied to a single constraint system, and yields a
pre-solved form.

We are however working on pairs of (matrices of) constraint systems. In that case, we
must focus on one unsolved constraint system. Otherwise, since the same rule is applied
on all the constraint systems of the pair, we may go back and forth and never reach
a pair in which all the systems are in solved form. We will give an example of such a
phenomenon: we could go back and forth forever, simplifying alternatively the left and
the right component of a pair. That is why, we need to design a more elaborate strategy
on pairs of matrices. It will, roughly, require to focus on one unsolved constraint system,
and to ensure that the rule is a strong application for this system. Once this system is in
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pre-solved form, other rule applications (applied to put the other systems in pre-solved
form) may not, as a side effet, impair this pre-solved form.

We say that a rule is strongly applicable on C = (S1; Sa; ®; D; E'; Erp; ND; NoUse) when
the following extra conditions are fulfilled:

e Rule CONs(X,f): either the term t is not a variable, or there exists an atomic
statement (root(X)#’g) in Ep such that g € F, and g # f;

e Rule AXIOM(X, path): the term v is not a variable or there exists f € F, such that
(root(X) #"f) in Epy;

e Rule DEST: the term v is not a variable;

e Rule DED-ST: the term u is not a variable;

¢ Rule EQ-FRAME-FRAME: no additional condition;

e Rule EQ-FRAME-DED: the terms ui, us are the same variable.

e Rule EQ-DED-DED: £ € vars?(D), and u and v are the same variable.

Since we have to apply simultaneously our transformation rules on several constraint
systems, we can not guarantee that each application will be a strong one. As illustrated
by Example 39, this yields some termination issues.

Example 39. Consider the pair (C,C') of sets of initial constraint systems given below
(each set is actually reduced to a singleton):

C={ @ X, 1+ senc(z1,22); Y,2F" 2, C'={ & X, 1+ y;; Y, 2" senc(y1,y2)

We may apply CONS(X,senc) on the system C yielding (on the left branch):

®; X ="senc(X1, X2) ®; X ="senc(Xy, X>)
Ci — X1,1F?$1 C, _ Xl,lk? Z1;
1= Xg,ll_?CCQ 1 Xg,ll_? Z9
Y, 2F x4 Y, 2 senc(senc(z1, 22), y2)

Then, again using a strong application of CONS(Y, senc) on the system C}, we obtain (on
the left branch):

®; X ="senc(X;, X3) ®; X ="senc(Xy, X>)
Xl,l}—? senc(xn,xlg) Xl,ll—? 21
Cii — XQ,].}_? To C, _ Xg,ll_? z9
H Y ="senc(Y1,Ys) 1 Y ="senc(Y1,Ys)
Y1, 2 214 Y1,2F" senc(z1, 22)
Ya, 2" 210 Y2, 2 o

Thus, we get back to a subproblem of the original deducibility constraints.
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4.1. Taking care of deducibility constraints

The first phase of our strategy consists of applying transformation rules to put con-
straint systems in “pre-solved” form. As depicted below, this first phase is a cycle of
several steps.

s:=s54+1

if no rule of Step b

/\ . .
8*114 Step a '24 Step b | | Step ¢ }ﬂ)@ﬁk:—w)@a

if s = spax

k:=k+1

The integer s indicates the support of the rules that are applied during the cycle.
This notion of support of a rule is formally defined as follows:

e the support of CoNs(X,f) (resp. AXIoM(X, path), EQ-DED-DED(X,¢)) is ¢ where
X,i+"u e D;

e the support of DEST(,¢ — 7,4) (resp. DED-ST(X,§)) is @ (resp. Smaq i-€., the
maximal index that occurs in C);

e the support of EQ-FRAME-FRAME(¢1, &5) is max(iq,i3) where &1,41 > up € ® and
&a,19 D> ug € D

e the support of EQ-FRAME-DED ({1, X2) is 41 where &1,i1 > uy € ®;

The integer n (resp. n') is the number of columns in matrix M (resp. M’) and m
is the size of the frames that occur in M and M’. The integer k indicates the column
of the matrix on which we are currently working. By convention, when k > n, i.e., k is
strictly greater than the number of columns in the matrix M, this means that we work
on the (k —n)™ column of the matrix M’.

We now explain in more detail each of these steps.

Step a: frame analysis. We apply the rules DEST and EQ-FRAME-DED, with support
equal to s, as long as possible with priority on the rule EQ-FRAME-DED. The application
of those rules has to be a strong application for at least one constraint system that
occurred in the row of the matrix on which we apply the rule.

The main idea is to work on the frame to learn the deducible subterms (this is
the purpose of the rule DEST). However, when we encounter a frame element of the
form &,7 > x, we can not apply the DEST rule on it. The purpose of using the rule
EQ-FRAME-DED is to “discard” this frame element by adding it into the set NoUse. To
ensure that rule EQ-FRAME-DED will be applicable each time we are in such a situation,
it is important to work by increasing support. Indeed, by definition of constraint system,
we know that the variable x will appear in a deducibility constraint of support less than .
Putting deducibility constraints of support less than 4 in pre-solved form allows us to
ensure that there exists X, j 'z with j < 4, and thus EQ-FRAME-DED is applicable.
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In order to satisfy some necessary properties, when DEST(p) or EQ-FRAME-DED(p)
is applied on one row of the matrix, we will apply the same rule with similar parameter
on each row of the matrix. More specifically,

e if DEST({, ¢ — 7, s) is applied on a row (S,8’) of (M, M’) where (§,7) (with ¢ < s)
belongs to the structure of the constraint systems in (S,8’), then for each row
(T,T") of (M, M) where there exists & such that (£,7) belongs to the struc-
ture of the constraint systems in (7,7") and path(¢’) = path(§), we also apply
DEsT(¢',¢ — r,s) on (T,T).

e if EQ-FRAME-DED(, X) is applied on a row (S,S’) of (M, M’) where (£,4) belongs
to the structure of the constraint systems in (S,S’), then for each row (7,7") of
(M, M') where there exist ' such that (£’,¢) belongs to the structure of the con-
straint systems in (7, 7") and path(§’) = path(€), we apply EQ-FRAME-DED(¢’, X)
on (T,7").

At the end of Step a, the frame of any constraint system is fixed for the support s.
The existing frame elements (for support s) could be further instantiated, but no frame
element will be added (for this support).

To avoid the non-terminating behaviour mentioned in Example 39, we break the
symmetry between the different components. The idea is to focus on one column of the
matrix and to reduce the constraint systems until reaching “pre-solved form” (distinct
variables on the right-hand sides of the deducibility constraints), and then move to the
next column of the matrix.

Example 40. Going back to Example 39, and assuming that ® = {az1,1 > a; azs,2 >
b}, we can first observe that there is nothing to do regarding Step a. The idea will be
to apply CONS(X,senc) as in Example 39, but then we will be forced to work on the
constraint system C1. We can apply EQ-DED-DED(Y, X1) yielding (on the left branch)
the pair (C11,Cl) where:

Cii = ‘I), Xl,ll_?.l?l; X2,2|_?J)2
B0 X ="senc(X, Xo) AY =7 X3

and C;, = L. Indeed, the equality zy =" senc(senc(z1, z2),y2) can not be satisfied.

More formally, we have a cycle of three different steps. The parameter of this cycle is
the index of the column on which we are currently working. Fach of this cycle alternates
Step b and Step ¢, and then ends with Step d.

Steps b and c: dealing with internal deducibility constraints. The purpose of
this cycle (Steps b and ¢) is to deal with internal deducibility constraints (of support s),
i.e., the constraints of the form X, s+’ u with X ¢ S,. During Step b, the idea is to put
internal deducibility constraints in “pre-solved” form, whereas during Step ¢, the main
goal is to remove them. At the end of Step ¢, all the internal deducibility constraints
would have disappeared.
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Step b. We apply the internal applications of the rules EQ-DED-DED, EQ-FRAME-FRAME,
Cons, AxioM, and DED-ST with support less than s, as long as possible. To be applied
on e.g., the i*® row, the application of the rule has to correspond to a strong application
w.r.t. the constraint system located at the i*" row and &' column.

Step c. Given a constraint system C = (S1; So; ®; D; E; Er; ND; NoUse), we consider the
set X¢ defined as follows:

Xe={zx e X' | (Y,jF’ x) € D, and Y & Sy}

The purpose of this set is to contain all the first-order variables that occur on the right-
hand side of an internal deducibility constraint. We apply by order of preference:

1. The internal rule EQ-DED-DED(X,Y) with X ¢ S5 when the rule is strongly appli-
cable on one constraint system of the k" column.

2. The external rule CONs(X,f) when a variable in X¢ occurs in the deducibility
constraint X, i+’ w. This has again to correspond to a strong application.

3. The external rule AX10M(X, path) on X, i’ u if this correspond to a strong appli-
cation and ¢ is minimal.

Intuitively, the purpose of Step c is to discard the internal deducibility constraints
using the rule EQ-DED-DED. However, when this is not possible (e.g., because the variable
that occurs on the right-hand side of the internal constraint does not appear as a right
member of an external deducibility constraint), we will try break the term u that contains
such a variable using the rule CONS with the hope to be able to apply EQ-DED-DED once
the variable will appear at the root position. Once this is done, and if an application
of EQ-DED-DED is still not possible, we will use the rule AXIOM to instantiate some
variables. Doing this at the end allows us to ensure that the variables that will be
introduced during the replacement will be “smaller” (i.e., the deducibility constraints
that introduce each of these variables have a support smaller than the variables that are
removed thanks to the AXIOM rule).

Step d: dealing with external deducibility constraints. Now, we have to put the
external deducibility constraints in “pre-solved” form. For this, we apply the external
application of the rules EQ-DED-DED, CONS and AXIOM as long as they are strongly
applicable on the constraint system M;  (or M, ;_, when k > n) by increasing order
on the index 7 of the row. For instance, if RULE;(p1) is strongly applicable on M, k,
RULE;(p2) is strongly applicable on M;, i, and i1 < iy then we apply the rule RULE; (1)
on (M, M").

Step e: solving non-deducibility constraints. This last step consists of solving the
non-deducibility constraints that occur in the matrices. This is done by replacing some
constraint systems with L. Intuitively, we only keep the constraint systems that have a
frame which is “maximal” (i.e., a frame which contains a maximal number of elements).

Formally, for each constraint system C in the matrix (with its associated frame @),
if there exists a constraint system C’ (with its associated frame ®’) in the same column
as C, a recipe &, such that (£, s > u) € ® for some u, whereas ® does not have such an
element — i.e., for all (¢/,s > v) € ®, we have that path(§) # path(§’) — then we replace
the constraint system C in the matrix by L.
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The fact that C does not contain a frame element for path(§) means that C contains
some non-deducibility constraints instead. However, since C’ is in pre-solved form, we
know that the deducibility constraints introduced by the DEST rule have been solved, and
thus the non-deducibility constraints in C’ can not be satisfied. During Step e, each con-
straint system that is replaced by L does not have a solution due to the non-deducibility
constraints. The same applies to solve the non-deducibility constraints introduced by
the rule DED-sT. We illustrate this through an example.

Example 41. Consider the constraint system C presented in Example 33 as well as the
constraint system C' made of the deducibility constraint X,2+" senc(a,a) and the frame
&' = {azr1,1 > a; azxa,2 > b}. We consider the matrices M = [C] and M’ = [C']. In
Ezample 33, we have seen that applying the rule DEST(az2,sdec(senc(z,y),y) — x,2)
on C yields C1 and Co. The application of this rule on C' yields after normalisation the
constraint system L and the following constraint system C:

ol — ®'; X,2+"senc(a,a)
27 Vap, . [senc(zy, 20) £ bV 2 F7 a)

Thus the application of the rule DEST(azq,sdec(senc(z,y),y) — x,2) on M and M’
yields the pair of matrices (M, M}):

la ;[ L

M1_|:CQ:| Ml__Cé
Then, we may apply the rule AXIOM(Y, az1) internally (on the first row of the matriz),
and we obtain:

Cs L
My =| C My=1| L
Cs ¢

On the constraint system Cy, the successive applications of CONs(Y,f) and Axiom(Y, path)
for any f and path will yield after normalisation the constraint system 1. All these rules
are internal, and thus we obtain the following pair of matrices:

Cs 1
1 1
Ms=| ... Mi=1| ...
1 1
Cs ¢

Then, the successive applications of the rules CONS and AXIOM on Ms and MY (to
solve the remaining deducibility constraints in Cs, Co, and Ch) will yield in particular a

leaf (Mg, M))) where:

Cs L
1 L
My=| ... M= | ..
L L
Cs cl

where the constraint systems Cs, Cg and Cg are as follows:
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c ®; X ="senc(azry, ax;)
®, sdec(azxy, az1),2>b  ° { Va1, zo.[senc(zy, x2) #° senc(b,a) V 2 7 1]
Cs ={ X ="senc(azy, ar)
Y ="az; o ®’; X ="senc(azy, ar)
67 { Vxl,xg.[senc(arl,xg) #?b\/Q )L? 332}

Now, following the transformation explained above, the system Cg will be replaced
by L. Indeed, there exists Cs in the same column as Cg that contains the frame element
sdec(azq, az1),2 > b, and for which there is no counterpart in Cg. Instead, in Cg, we
have a non-deducibility constraint that is actually unsatisfiable.

Indeed, the existence of a solution for the constraint system Cs implies that the recipe
sdec(azs, axy) yields a message, thus axs is a ciphertext whose key is deducible at stage 2,
and so the non-deducibility constraint of Cg can not be satisfied.

4.2. Taking care of disequations

After the first phase of our strategy S, the rules DEST, EQ-FRAME-DED, EQ-FRAME-FRAME
and DED-ST will never be applicable anymore for any parameter. Thus, the only rules
that can be applied during the second phase are CONS, AXiOM and EQ-DED-DED. Fur-
thermore these rules will always be applied as external rules. As already explained, the
purpose of this phase is to take care of the disequations. For this, we need to match
them, and ensure that the same disequations occur in each constraint system. As de-
picted below, this second phase is made up of three steps.

if no rule of Step b
is applicable

N
| Step b | | Step ¢ |—>
N

Step a: getting rid of universally quantified variables. In order to be able to
match the disequations, we have to get rid of variables that are universally quantified.
For this, we apply the rules CONS(X, f) and AXIOM(X, path) as long as, for at least one
constraint system occurring in the matrix, this corresponds to a strong application of
the rule or there exists an atomic statement u#’ w in E (where w is such that X, iF"u —
actually at this stage u will be a variable) for which there exists a variable y € vars! (w)
which is universally quantified. At the end of this Step a, variables that are universally
quantified would have been removed.

Example 42. Let ®* = {az1,1 > a; axs,2 > (b, a); proj, (azx2),2 > b; proj,(azs) > a},
and consider the following constraint system:

C={o% Y, 1-y; Ve y# (x,a)

For sake of simplicity, we will assume that () is the only constructor symbol. In order
to get rid of the variable x, the strategy will tell us to apply CONS(Y, ()). This gives us:

Ot Yy, 1F yy; Yo, 1y ot Y, 1H"y

?
G = Vm-?y#?ﬁc,a) , Co=q Vo.y# (z.a)
y="(y1,y2); Y ="(¥1,Y2) root(Y) #" ()
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Using our simplification rules, the first system will be simplified as follows:

®+; Y1»1|_?Z/1; }/Za]-'_?yZ
Cll=1{ w#'a
y="(y1,y2); Y ="(¥1,Y2)

Note that C1l] does not contain any quantified variable anymore. Considering the con-
straint system Co, in order to get rid of the variable x, we can for instance apply the rule
AxioM(Y, ax1). We obtain (after some simplifications):

O+ Y, 1 y; Vo, y £ (z,a)
C — (I)+; Y — : — C — y 4 ) )
2 =1 sy =a 22 { root(Y) £ (Y A Y £ azy

The system Ca1 does not contain any quantified variable anymore. We can pursue like
this using CONS(Y, axa) on Caa. We obtain (after some simplifications) Coo1 = L and

OH Y1 y; Vo y £ (z, )
Cozo = ? ? ?
root(Y) £ () AY #" ax1 ANY # axo

We can continue with CONS(Y, proj; (az2)) and CONS(Y, proj,(azz)). The resulting sys-
tems on the left branches will not contain any disequations (they are actually trivially
satisfied) whereas on the right branch the constraint system will be turned to L following
the simplification rule given in Figure 4. Thus, at the end, all the quantified variables
have been removed.

Steps b and c: matching disequations. To ensure that we will reach a solved form
in which all the disequations are matched, the rule EQ-DED-DED plays an important role.
The rule EQ-DED-DED allows one to “externalise” the disjunctions, splitting disjunctive
disequations, each of which will appear in different matrices. However, it may happen
that the rule EQ-DED-DED can not be applied to get rid of a particular disequation. In
such a situation, we will first use the rules CONs and AXI0M to simplify it, and allow
eventually the application of the rule EQ-DED-DED. The only rules that can be applied
during these two steps (b and c¢) are CONS, AXIOM and EQ-DED-DED. However, as
illustrated by Example 43, to ensure termination we can not apply them in any order.

Example 43. We consider a constraint system in “pre-solved” form such that:

E=x1# yVas £ al ANy# ((z1,22),b).

For sake of simplicity, we do not described ® and D. We simply assume that the
frame contains the terms a and b. First, we apply AXIOM on xo (with a), on one
branch we will obtain z1 4"y A y¢?<<z1,a>,b>. Then applying CONS twice, we obtain
a1 £ (1, y2) ys) A1 2 21 Ve # aVys# b]. Lastly, applying AXIOM on ys (with b),
we obtain:

o1 A (Y1, 2),b) Aly1 #° 1 Vg £ d

getting back to the original set of disequations.

To avoid such a situation, the main idea is to postpone the use of the AXIOM rule.
We apply as long as we can the rules CONs and EQ-DED-DED, and only after that we
can move to Step ¢ and apply the AXIOM rule.
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Example 44. Going back to Example 43 and following our strategy, we will first apply
EQ-DED-DED to deal with the disequation xq 7£? y. On the left branch, i.e., assuming the
equality x1 = y 1s satisfied, the disequation y ;«fé’?((acl7 x2),b) becomes y ;é?((y, z2),b), and
disappears since it is trivially satisfied. Hence, we obtain two constraint systems that
respectively contains:

22 # a a1 # yAy# ((z1,22),b)

Then, on the resulting system on the left branch, we have no choice, we have to apply
an AXI0M rule. On the right, we pursue using the CONS rule on y allowing us to simplify
(on the left branch) a bit more the disequations — the name b is now at the root position:

21 2 (Wi, y2) A fyn £ (w1, 22) Vya £ 8]
Then, we may apply EQ-DED-DED to deal with y; 75?<ac1,x2>, We get

Y2 #£ b 1 75?<y1,y2> ANy 7é?<$17932>

Again, on the left, the disequation 1 75?<y17y2> has disappeared since after replacing y;
with (x1,x2), it is trivially satisfied. On the right, the disequations now contain free
variables and public function symbols and applying EQ-DED-DED will be useless. On the
left, we now have to apply an instance of the AXIOM rule. Thus, this strategy avoids the
non termination issue mentioned in the previous example.

Step b. During this step, we apply as long as we can the rules CONS and EQ-DED-DED.
However, as illustrated with the following example, due to the fact that we have to apply
simultaneously our transformation rules on several constraint systems, we can get some
termination troubles.

Example 45. Consider the pair (C,C') of sets of initial constraint systems given below
(each set is actually reduced to a singleton):

a1, 1> a az1,1>a
_ [y 17 r_ 15
C=q XiFa ity ¢ {X71}—?x;Y,1l—?y

£ h(y) Aoy

We could apply CONS(X, h) replacing x with h(z") to simplify the disequation z# h(;z/)
into o’ 74? y. However, this operation will transform the other disequation, namely r#"y
into h(x') %" y. More precisely, this gives (on the left branch):

ari,1 > a w1 a

X' 12 Y, 1 L .
Co=1 Lo Sohrt Ch=4 XLIEaS YiEy

r#Ey (517)7é Yy X:?h()(/)

X ="h(X')

This pair (Co,C{) is made up of two systems on which the CONS rule is again applicable,
and we can go on forever with CONS.

The main idea is to favour the application of EQ-DED-DED. However, given a par-
ticular disequation, necessarily of the form x;é"u at this stage, it may happen that
EQ-DED-DED can not be applied for two main reasons:

1. either a name occurred in the disequation, i.e., u contains a name;
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2. or a “faulty” variable occurred in the disequation, i.e., u contains a variable whose
support is greater than the support of z.

In both cases, the idea is to apply the CONS rule to bring the name or the “faulty”
variable at the root position. Thus, we authorise the application of the rule Cons(X, f)
on X, igF’ t during Step b (actually ¢ is a variable at this stage) if there exists a constraint
system C on which the rule CoNs(X,f) is not useless, and such that:

1. either CoNs(X,f) is strongly applicable on C (at this stage, since ¢ is a variable,
this means that there exists an atomic statement (root(X) # g) in Er(C) such that
g € F. and g # f);

2. or there is a disequation of the form ¢ # u with root(u) = f, and u contains a name
or a “faulty” variable, i.e., io < max{i | 2 € vars*(u) and (X,i+"z) € D(C)}.

Example 46. Going back to Example 45. Applying CONS(X,h) is now forbidden. In-
stead, we may apply EQ-DED-DED(X, h(Y")). This leads us to the pairs (L;C}) and (C;C})
where:

ar1,1 > a ari1,1 > a
Cr={ Y, 1y Ch={ X, 1F'z; Y1y
z="h(y); X ="h(Y) z#" h(y)

From the pair (L;C}) we will conclude that symbolic equivalence does not hold. Regarding
the pair (C;Ch), we can go on and reach a solved form by applying EQ-DED-DED(X,Y)
obtaining again two pairs of constraint systems. The first one will be of the form (L;C%)
and the second one will contain two systems in which all the disequations are matched.

We have shown that applying the rules CoNs (under the additional conditions men-
tioned above) and EQ-DED-DED in any order will terminate (for Step b). However, to
ensure termination of the cycle made of Step b and Step ¢, we have to work on a dise-
quation which is mazimal, i.e. one that involves variables whose supports are maximal.
The necessity of this extra condition and its formal definition will be discussed later on
(actually after the description of Step c).

Step c¢. In this last step, we apply the rule Axiom(X, path) as long as possible, i.e.,
as long as there is at least one constraint system C in the pair of matrices on which
AX10M(X, path) is strongly applicable on it. Note that, at this stage, the term ¢ in
the constraint X,iF"t is necessarily a variable. Thus a strong application means that
(root(X) # f) € Ep(C) for some f. When no more instance of the AXIOM rule can be
applied, we go back to Step b. It is quite easy to see that Step ¢ alone will terminate.
The number of variables decreases on the left branch, and at some point all the possible
instances of the AX10M rule would have been considered.

However, to ensure termination of the cycle made of Step b and Step ¢, we have to
restrict the order on which the rules CONS and EQ-DED-DED are applied during Step b.
We prove termination of this cycle under the hypothesis that we always work on the
maximal disequation. The measure associated to a disequation u;«é?v occurring in a
constraint system C is a pair of integers defined by L£&(u#’ v) = (£&(u); LE(v)) where:

L(u) =maz ({i| (X,iF z) iQD(C) and z € vars(u)} U {0}).



We use a “lexicographic” order to compare those pairs, and to decide on which dise-
quation we will work. We have that (i1,42) >ex (j1,72) if

e cither max(i1,i2) > maz(j1, jo);
o or max(iy,iz) = max(j1, jo) and min(iy,iz) > min(j1, j2)
Note that, using this order, we have that £} (u#" v) = L (v#" u) for any terms u and v.

Example 47. Let (C,C’) be two constraint systems obtained at the end of Phase 2/
Step a that only differ by the content of their frame. For sake of simplicity, we also
assume that f is a function symbol of arity 2 and the only one that we consider here.
(this symbol could be mimicked in our setting using h and {( , )). Moreover, regarding
disequations, we assume that they contain:

x #f(y,z) x#z root(Y') # f.

Note that CONS and EQ-DED-DED can not be applied, but due to the presence of
root(Y) # f, the rule AXIOM is strongly applicable on Y. Consider the left branch
during such an application, and assume that such an application will instantiate y with
f(f(a,a),w) on C, and y with f(w,f(a,a)) on C'. Let (C1,C}) be the resulting pair. Such
a scenario is possible since even if C and C' have the same structure, they may differ on
the content of their frame. The constraint systems C1 and Cj will now have different sets
of disequations. In particular, we have that

?

C = x#f(f(f'(é?; a),w),z)  C={ z# f(f(u.),.f.(a,a)),z)

Here a is a name whereas w is variable, and we necessarily have that W, i, F w (but
also Y, jy F?y) occurs in both C and C', and we have also that i, < iy. Now, on this
branch, we have nothing to do regarding Step c, and we go back to Step b. We have
still nothing to do regarding the second disequation of each constraint system, but we can
apply the CONS rule on the first one. Consider the left branch during such an application
of CoNs(X,f), we get (C11,C1y) where:

Ci1=4{ 1 £ f(f(a,a),w) V xy £’ 2 Cii={ =1 £ f(w,f(a,a)) Vay £ 2
f(a1,m2)# 2 fay,22) % 2
Now, depending on the values of i, and i,, we may have a choice. We can either apply
CoNs to simplify x1 # f(f(a,a),w) (and x1#" f(w,f(a,a))) or apply EQ-DED-DED on

To 75? z. We consider here the first option (to respect mazimality, this is only possible if
iw > 1), and we get (on the left branch) the pair (Ci11,Cly1) where:

Cip1 =< Zu ;é? f(a,a) V 12 ;é?w\/xg #?z Ciyy =14 Tn ;é?w\/xlg ;é? f(a,a) V o sé?z
f(f($11>$12)79€2) 7’5?2 f(f($11,$12),$2) 7’5?2
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Now, we may still have some choice, but it is not possible for instance to consider an
application of the CONS rule on x11 # f(a,a). Indeed, L} (x11 +"f(a,a)) is not mazimal
since L (f(a,a)) = 0 in any constraint system C. This remark is important to avoid non
termination. Indeed, applying CONs(X11,f) would allow us to add root(X11) # f on the
constraint systems on the right branch, and then applying EQ-DED-DED on x12 75? w, and
then on o 7&? z, and considering the pair of constraint systems obtained along the right
branch, we will eventually obtain a pair of constraint systems that will contain:

I12 ;E?w Xr12 #?w
Cright = T2 7é? z I{ight = 2 ?A? z )
f(f(z11,212), T2) 7&?2 f(f((Elhmlg),.’Bg)#?Z
root(Xi2) # f root(Xis) # f

Assuming that x, y, and z have the same support, i.e., X, i, x, Y, iy Fy and
Z,i V' 2z are in C and C' with i, = iy = i, the situation is quite similar to the pair
of constraint systems we consider at the very beginning of this example. We may apply
a similar sequence of transformation rules leading to a termination issue. Note how-
ever that this sequence does mot respect our maximality condition. The application of
Cons(X1,f) on (C11,Cy) does not respect our mazximality condition. Indeed, by defini-
tion of a constraint system, we have that i,, < i,, and together with the hypothesis that
iy = 1y = 1, this would contradicts the fact that i, > 1.

Relying on this strategy, we are now able to prove termination of our algorithm.

Theorem 5. (termination) Applying the transformation rules on a pair of sets of initial
constraint systems and following the strategy S always terminates.

5. Implementation

This decision procedure has been implemented in a tool called APTE. The tool is
implemented in Ocaml (around 12 000 lines). APTE is an open source software and is
distributed under GNU General Public Licence 3.0. The tool as well as the description
of the protocols we have analysed using it are available at:

http://projects.lsv.ens-cachan.fr/APTE/.

As expected, APTE checks trace equivalence for processes that use standard primi-
tives (e.g., pairing, signatures, hash functions, symmetric and asymmetric encryptions).
We can model in particular conditionals (with non-trivial else branches), private chan-
nels, and non-deterministic choices, but we consider processes without replication. In
case of failure when establishing trace equivalence, APTE provides a witness of non-
equivalence. In terms of protocols, APTE has been used to analyse several protocols
among them the private authentication protocol, and some protocols issued from the
e-passeport application as described in [33].

Our implementation closely follows the transformation rules that are described along
the paper. However, for efficiency reasons, some optimisations have been implemented.
In particular, the strategy described in the previous section imposes us to apply the rule
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AXIOM on each frame element and the rule CoNs for each constructor symbol. Thus,
giving the attacker some useless capabilities, e.g., by adding some fresh names in the
frame, or considering some additional hash functions, will considerably increase the ex-
ecution time of our algorithm. To cope with these issues, we adapt the strategy: only
the relevant instances of the rule CONs and AXIOM are applied. We manage to obtain
a quite efficient algorithm for checking symbolic equivalence between sets of constraint
systems. However, the interleaving step, that is required for moving from symbolic equiv-
alence to trace equivalence, is expensive from the computation point of view. Actually,
we are faced with the usual interleaving explosion problem. For example, using such
an approach, deciding anonymity for one session of the private authentication protocol
amounts to solve 15 symbolic equivalences between pairs of sets of constraint systems
(each pair containing between 2 and 8 constraint systems). Around 200 symbolic equiv-
alence have to be solved to deal with 2 sessions, and more than 900 when we want to
analyse 3 sessions of this protocol. Moreover, it is worth mentioning that the size of the
constraint systems but also the number of constraint systems in each set are increasing,
and we thus rapidly reach the limit of the tool.

To illustrate this exponential blow up, we report on Table 5 and Table 6 some experi-
ments that we have performed to analyse the private authentication protocol for 1 and 2
sessions respectively. We indicate the number of symbolic traces of each length, and since
a given symbolic trace may lead to several constraint systems, we also indicate this num-
ber (on the average). For instance, considering symbolic traces of length 6 (i.e., traces
made up of 6 input/output actions), there are 4 different symbolic traces of this length.
On the average, one such trace leads to 6 constraint systems, and we will have to launch
our algorithm 4 times for checking symbolic equivalence between pairs (S,8’) of sets of
constraint systems (each pair containing 6 constraint systems in average). Checking one
symbolic equivalence will require the applications of 428 transformations rules (most of
the rules are applied internally) and this will be done in less than a few milliseconds.

# traces # systems # rules int.-ext.  time (s)

(in average per trace) | (in average per symbolic equivalence)
1 1 2 6 83%-17% 0.00
2 1 2 14 86% - 14% 0.00
3 1 2 25 88%-12% 0.00
4 2 2 41 90%-10% 0.00
) 2 6 182 93%- 7% 0.00
6 4 6 428 94%- 6% 0.00
7 4 6 1734 95%-5% 0.01

Figure 5: Results obtained when analysing 1 session of the private authentication protocol.

As indicated in Table 6, analysing two sessions of the private authentication protocol,
we reach the limit of our tool. In particular, checking trace equivalence for traces up to
length 9 requires us to launch our algorithm for checking symbolic equivalence between
pairs of sets of constraint systems more that 90 times. The total time to get an answer
is around 1500 seconds but it still remains around one hundred of symbolic equivalences
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to check and the underlying sets of constraint systems become very huge, e.g., for traces
of length 10, each pair contains 360 constraint systems in average.

# traces # systems # rules int.-ext.  time (s)
(in average per trace) | (in average per symbolic equivalence)
1 1 2 6 83%-17T% 0.00
2 1 2 14 86%-14% 0.00
3 1 2 25 88%-12% 0.00
4 2 4 41 90%-10% 0.00
5 4 12 129 90% - 10% 0.00
6 6 41 793 93%- 7% 0.03
7 12 87 2468 94% - 6% 0.29
8 18 204 13324 96% - 4% 4.67
9 36 280 39292 96% - 4% 40.19
10 54 360
11 54 373

Figure 6: Results obtained when analysing 2 sessions of the private authentication protocol.

The results summarised in Table 5 and 6 correspond to what we obtain when enu-
merating all the symbolic traces and then applying our procedure for checking symbolic
equivalence on each resulting symbolic trace. Since checking trace equivalence requires
to consider partial symbolic traces, we managed to optimise the tool by exploiting the
result of our algorithm launched on symbolic traces of size n when analysing the symbolic
traces of size n+ 1. This avoids us to apply some transformations that have already been
applied during the analysis of the traces of size n and push a bit the boundaries of our
tool but an analysis of the private authentication protocol for 3 sessions is still out of
reach.

6. Conclusion

Trace equivalence is a central notion for expressing privacy-type properties. It has
been shown that trace equivalence can be reduced to checking equivalence between sets
of constraint systems (see e.g., [14]). This reduction result is very general and holds
for arbitrary processes (without replication) and for arbitrary equational theories. In
this paper, we present a procedure to automatically check equivalence between sets of
constraint systems. Altogether, this gives us an algorithm for checking trace equivalence
in the applied pi-calculus. The procedure described in this paper has been implemented
and performed well on constraint systems. However, the interleaving step that is required
for moving from symbolic equivalence to trace equivalence, is performed in a rather naive
way and it appears that this step is expensive from the computation point of view.

To cope with the interleaving problem mentioned above, we would like to propose
some optimisations to reduce the number of interleavings that have to be considered, and
so the number of equivalence between sets of constraint systems that have to be checked.
This problem has already been studied in the context of reachability properties [34]
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but seems to be more challenging for trace equivalence (see e.g., for some preliminary
results [35]).

Although our procedure is tailored to a fixed set of primitives, it can probably be
extended to primitives that are described by subterm convergent rewriting systems. Sim-
ilarly, adding more tests (such as equal encryption keys or equal lengths) should not be a
problem. We would also like to enrich our algorithm to deal with less standard primitives
such as blind signatures or trapdoor commitment functions that are crucial in the context
of e-voting protocols but do not fall in any existing decidability results. Handling other
associative-commutative primitives, such as exclusive-or, or modular exponentiationm,
seems to be extremely challenging for the class of protocols that we consider: for the side
constraints only (quantified disequalities) there is no quantifier elimination procedure.

Lastly, we would like also to pursue the study of the constraint systems that are
generated by our algorithm. The matrices of constraint systems obtained at the end
(i.e., on the leaves) enjoy some nice properties (e.g., existence of a “constructor” solution,
one-to-one equivalence between constraint systems that occur on the same row, ...). We
think that these properties can be further exploited to decide some more fine grained
notion of equivalence. Actually, relying on these nice properties, it has already been
shown that the notion of length trace equivalence, a notion of equivalence that takes into
account the length of messages [22], is decidable (relying on the algorithm presented in
this paper).

References

[1] V. Cortier, S. Kremer (Eds.), Formal Models and Techniques for Analyzing Security Protocols,
Vol. 5 of Cryptology and Information Security Series, IOS Press, 2011.

[2] V. Cortier, S. Kremer, B. Warinschi, A survey of symbolic methods in computational analysis of
cryptographic systems, Journal of Automated Reasoning 46 (3-4) (2010) 225-259.

[3] M. Abadi, C. Fournet, Mobile values, new names, and secure communication, in: Proc. 28th Sym-
posium on Principles of Programming Languages (POPL’01), ACM Press, 2001, pp. 104-115.

[4] A. Armando, R. Carbone, L. Compagna, J. Cuéllar, M. L. Tobarra, Formal analysis of SAML 2.0
web browser single sign-on: breaking the SAML-based single sign-on for Google apps, in: Proc. 6th
ACM Workshop on Formal Methods in Security Engineering (FMSE’08), ACM, 2008, pp. 1-10.

[5] P. Ryan, S. Schneider, M. Goldsmith, G. Lowe, B. Roscoe, The Modelling and Analysis of Security
Protocols, Addison Wesley, 2000.

[6] B. Blanchet, An Efficient Cryptographic Protocol Verifier Based on Prolog Rules, in: Proc. 14th
Computer Security Foundations Workshop (CSFW’01), IEEE Comp. Soc. Press, 2001, pp. 82-96.

[7] C. Cremers, The Scyther Tool: Verification, falsification, and analysis of security protocols, in:
Proc. 20th International Conference on Computer Aided Verification (CAV’08), Vol. 5123/2008 of
LNCS, Springer, 2008, pp. 414—418.

[8] A. Armando, et al., The AVISPA Tool for the automated validation of internet security protocols and
applications, in: Proc. 17th International Conference on Computer Aided Verification (CAV’05),
Vol. 3576 of LNCS, Springer, 2005, pp. 281-285.

[9] H. Hiittel, Deciding framed bisimulation, in: Proc. 4th International Workshop on Verification of
Infinite State Systems INFINITY’02, 2002, pp. 1-20.

[10] B. Blanchet, M. Abadi, C. Fournet, Automated verification of selected equivalences for security
protocols, Journal of Logic and Algebraic Programming 75 (1) (2008) 3-51.

[11] S. Meier, B. Schmidt, C. Cremers, D. Basin, The tamarin prover for the symbolic analysis of security
protocols, in: Proc. International Conference on Computer Aided Verification (CAV’13), Springer,
2013, pp. 696-701.

[12] D. Basin, J. Dreier, R. Sasse, Automated symbolic proofs of observational equivalence, in: Proc.
22nd Conference on Computer and Communications Security (CCS’15), ACM, 2015, pp. 1144-1155.

[13] V. Cortier, S. Delaune, A method for proving observational equivalence, in: Proc. of 22nd Computer
Security Foundations Symposium (CSF’09), IEEE Comp. Soc. Press, 2009, pp. 266-276.

47



(14]
(15]
[16]

(17]

(18]

(19]

20]

(21]

(22]

(23]
[24]
25]
[26]

27]

28]

29]

(30]
(31]

(32]

(33]

(34]

(35]

(36]

V. Cheval, V. Cortier, S. Delaune, Deciding equivalence-based properties using constraint solving,
Theoretical Computer Science 492 (2013) 1-39.

M. Baudet, Deciding security of protocols against off-line guessing attacks, in: Proc. 12th ACM
Conference on Computer and Communications Security (CCS’05), ACM Press, 2005.

Y. Chevalier, M. Rusinowitch, Decidability of symbolic equivalence of derivations, Journal of Au-
tomated Reasoning.

A. Tiu, J. E. Dawson, Automating open bisimulation checking for the spi calculus, in: Proc. 23rd
IEEE Computer Security Foundations Symposium (CSF’10), IEEE Computer Society Press, 2010,
pp- 307-321.

R. Chadha, §. Ciobaca, S. Kremer, Automated verification of equivalence properties of crypto-
graphic protocols, in: Proc. 21th European Symposium on Programming (ESOP’12), Vol. 7211 of
LNCS, Springer, 2012, pp. 108-127.

M. Arapinis, T. Chothia, E. Ritter, M. Ryan, Analysing unlinkability and anonymity using the
applied pi calculus, in: Proc. 23rd IEEE Computer Security Foundations Symposium (CSF’10),
IEEE Computer Society Press, 2010, pp. 107-121.

V. Cheval, B. Blanchet, Proving more observational equivalences with Proverif, in: Proc. 2nd
International Conference on Principles of Security and Trust (POST’13), LNCS, Springer, 2013,
Pp. 226-246.

M. Abadi, C. Fournet, Private authentication, Theoretical Computer Science 322 (3) (2004) 427—
476.

V. Cheval, V. Cortier, A. Plet, Lengths may break privacy — or how to check for equivalences with
length, in: Proc. 25th International Conference on Computer Aided Verification (CAV’13), Vol.
8043 of LNCS, Springer, 2013, pp. 708-723.

G. Bana, H. Comon-Lundh, A computationally complete symbolic attacker for equivalence proper-
ties, in: Proc. ACM Conference on Computers and Communications Security, 2014.

J. Millen, V. Shmatikov., Constraint solving for bounded-process cryptographic protocol analysis,
in: Proc. of 8 h ACM Conference on Computer and Communications Security, 2001.

H. Comon-Lundh, V. Cortier, E. Zalinescu, Deciding security properties of cryptographic protocols.
application to key cycles., Transaction on Computational Logic 11 (2).

H. Comon-Lundh, S. Delaune, J. Millen, Constraint solving techniques and enriching the model
with equational theories, in: V. Cortier, S. Kremer (Eds.), Formal Models and Techniques for
Analyzing Security Protocols, Vol. 5 of Cryptology and Information Security Series, IOS Press,
2011, pp. 35-61.

V. Cheval, H. Comon-Lundh, S. Delaune, Trace equivalence decision: Negative tests and non-
determinism, in: Proc. 18th ACM Conference on Computer and Communications Security
(CCS’11), ACM Press, 2011, pp. 321-330.

V. Cheval, Automatic verification of cryptographic protocols: privacy-type properties, These de
doctorat, Laboratoire Spécification et Vérification, ENS Cachan, France (Dec. 2012).

H. Comon-Lundh, S. Delaune, The finite variant property: How to get rid of some algebraic proper-
ties, in: Proc. 16th International Conference on Rewriting Techniques and Applications (RTA’05),
Vol. 3467 of LNCS, 2005.

N. Dershowitz, J.-P. Jouannaud, Rewrite systems, in: Handbook of Theoretical Computer Science,
Vol. B, Elsevier, 1990, Ch. 6.

H. Comon, P. Lescanne, Equational problems and disunification, Journal of Symbolic Computation
7 (3/4) (1989) 371-425.

V. Cheval, H. Comon-Lundh, S. Delaune, Automating security analysis: symbolic equivalence of
constraint systems, in: Proc. 5th International Joint Conference on Automated Reasoning (IJ-
CAR’10), Vol. 6173 of LNAI, Springer-Verlag, 2010, pp. 412-426.

V. Cheval, Apte: an algorithm for proving trace equivalence, in: Proc. 20th International Confer-
ence on Tools and Algorithms for the Construction and Analysis of Systems (TACAS’14), LNCS,
Springer, 2014.

D. Basin, S. Mddersheim, L. Vigano, Constraint Differentiation: A New Reduction Technique for
Constraint-Based Analysis of Security Protocols, in: Proc. 10th ACM Conference on Computer and
Communications Security (CCS’03), ACM Press, New York, 2003, pp. 335-344.

D. Baelde, S. Delaune, L. Hirschi, A reduced semantics for deciding trace equivalence using con-
straint systems, in: Proc. 3rd Conference on Principles of Security and Trust POST’14, LNCS,
Springer, 2014.

H. Comon, C. Delor, Equational formulae with membership constraints, Information and Compu-
tation 112 (2) (1994) 167-216.

48



The appendices are dedicated to the proofs of Theorem 5 and Corollary 1. This task
is difficult and highly technical task due to several reasons:

e The proofs of the intermediate results are often done relying on a case analysis
considering each rule one by one, and this tends to lengthen the proofs. This is
even more true for the termination proof since we have to consider the different
rules but also the different phases and steps of the strategy.

e The constraint systems are composed of several elements which make them difficult
to manipulate in the proofs.

e The technicality of the proofs comes also from the fact that the soundness and
termination proofs overlap. A good example is Step e of the first phase of the
strategy which is a necessary step for the soundness of our algorithm.

Outline. In Appendix A, we give the different invariants that are satisfied by the pairs
(of matrices) of constraint systems obtained during the algorithm. We prove the com-
pleteness of our transformation rules in Appendix B. However, the soundness of our
transformation rules also depends on the strategy we use. Hence, before proving the
soundness of the rules in Appendix D, we show some additional invariants related to
the strategy in Appendix C. We conclude the proofs of soundness and completeness by
proving Theorems 2 and 3 in Appendix E. We also show the soundness and completeness
of our final test on a pair of matrices of constraint systems,i.e. the proof of Theorem 4,
in Appendix F. In Appendix G, we establish termination.

Notations. Note that given a pair of sets of initial constraint systems, the maximal index
that occurs in the constraint systems will be the same along the procedure, and we will
denote it s,,4z-

Appendix A. Some invariants

We establish in this section some invariants that are independent from the strategy S.
We start by showing that our transformation rules preserve the fact that matrices share
the same structure.

Lemma 1. Let (M, M’) be a pair of matrices of constraint systems such that M and M’
have the same structure. Any internal (resp. external) application of a rule in Figure 1
and/or Figure 2 transforms the pair (M, M’) on a pair (Mq, M) (resp. two pairs
(My, M) and (Mz, M%) of matrices having the same structure.

Proof. Let C and C' be two constraint systems. Recall that the transformations rules
DEST, EQ-FRAME-FRAME, EQ-FRAME-DED and DED-ST are applied internally whereas
the rules Cons(X,f), AxioM(X,path) and EQ-DED-DED(X, &) are applied externally
when X € S and internally otherwise (i.e. X ¢ S5).

Let RULE(p) be a rule and let C1,Cq (resp. Ci,C5) be the two constraint systems
obtained by application of R on C (resp. C"). We assume that the application of RULE(p)
is done simultaneously on C and C’ (i.e. the possible fresh recipe variables created are
the same in both applications). We show that :
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1. if C and C’ have the same structure (resp. shape) then Cy,Ci and Cy,C) have the
same structure (resp. shape);

2. if RULE(p) is applied internally on C, then C,C; and Cs have the same shape.

With theses properties, the result directly holds. We prove theses properties by
case analysis on the rule RULE(p). To simplify the notation, we will use the notation
S51(C), S2(C), ®(C), ... while we refer to the different elements of a constraint system C.

Case RULE(p) = CoNs(X,f): We assume that the application of RULE(p) was done si-
multaneously, thus if ar(f) = n, we denote by X, ..., X,, the fresh recipe variables used
in C; and Cj.

Assume first that C and C' have the same structure. Thus we have that S2(C) =
S2(C"). By definition of CoNs(X,f), we have that S3(C) = S2(Cs) and S3(C’) = S2(C5)
which means that S3(C2) = S2(C5). Furthermore, If X € S5(C) = S3(C’), then S3(Cy) =
So(C) UA{Xy,....,Xn} = S2(C) U{Xy,..., X} = S2(C]). Otherwise, we have that
S2(Cq) = 52(C) = S2(C") = S2(CY).

We also have that Ey(C) = En(C’). But by definition of Cons(X,f), En(C;) =
En(C) AN X ="f(X1,...,X,) and En(C;) = En(C’) A X ="f(X1,...,X,). Thus we have
that Fr(Cy) = En(Cy). Similarly, we have that Er(Ca) = En(Ch).

Since the frame is not modified by the rule Cons(X,f), then we have {(&,7) | £,i >
B(C)} = {(£,1) | €1 > @(C')} implies that {(£,7) | £ > B(C)} = {(6,1) | €1 > (C))}-
The same holds for Cy and Cj.

At last, we have D(C;) = D(C) U {Xy,iF" x1,..., X, i 2,} and D(C;) = D(C') U
{(Xy1,iF 2, X, i 2} where zy, ..., 2, @), . .., o, are fresh variables. Thus, {(X,17) |
X,ir'u € D(C)} = {(X,i) | X,iF"u € D(C')} implies that {(X,q) | X,iF"u €
D(C1)} = {(X,i) | X,iF"u € D(C})}. The case for C; and C is trivial since D(Cq) =
D(C) and D(C}) = D(C").

We can conclude that if C and C" have the same structure then C; and Ci (resp. Ca
and C}) also have the same structure. Similarly, we show that if C and C’ have the same
shape then C; and C} (resp. C2 and Cj) also have the same shape.

At last, if Cons(X,f) is applied internally (i.e. X ¢ S2(C)), then we have that
S2(C) = S3(C1) = S2(Cs). Furthermore since Xi,..., X, are fresh then Xi,..., X, &
S2(C) and so C,C; and Cy have the same shape.

Case RULE(p) = AxioM(X, path): The rule AX1oM(X, path) does not modify Sy and ei-
ther it does not modify D, in the case of C5 and Cj, or it removes this constraint in the
case of C1, and Cj. Thus, we easily have that if C and C’ have the same shape, then
C1 and Cj (resp. Cy and C}) also have the same shape. Furthermore, in the case of an
internal application of Ax1oM(X, path), we have that X ¢ S»(C). If (X,i"u) € D(C),
then we have that (X,q) & {(Y,5) | (Y,iF v € D(C)AY € S5(C)}. Thus we can also
deduce that C,C; and Cy have the same shape when the rule AX1oM(X, path) is applied
internally.

At last, assume that C and C’ have the same structure. Thus, we have that {(&,1) |
i uedC) ={(1i)]&i>ue &)} But if there exists (£,i > u) € ®(C) with
path(§) = path then it implies that there exists u’ such that (¢,i > u') € ®(C’). With
this, we can deduce that Er;(C;) = En(C)AX =" ¢ and En(C)) = En(C’) A X =" €. Since
En(C) = En(C’), we can conclude that Er(C;) = En(Ci) and so C; and Cf have the
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same structure. A similar reasoning allows us to conclude that C; and Cj have the same
structure.

Case RULE(p) = DEST(E, £ — 7,¢): The application of this rule on C (resp C’) only adds
a new non deducibility constraint on Cy (resp. C5). Thus, we trivially have that C,Cs
have the same shape; and C,C’ have the same structure (resp. shape) implies that Ca,C}
have the same structure (resp. shape).

We consider now the constraint systems C; and Cj. Since DEST({, ¢ — 7,4) is

applied simultaneously on C and C’, then there exists Xs,..., X, fresh recipe vari-
ables such that D(C;) = D(C) U {Xa,iF ug; ...; Xp,,iF u,} and D(C;) = D(C') U
{Xo i ul; ooy Xp,iF"ul,} where f(ug,...u,) — w and f(u},...,u),) — w' are

fresh renaming of £ — r. Thus we can deduce that {(X,i) | X,iF"u € D(C)} = {(X,1) |
X,i+"u € D(C")} implies that {(X,i) | X,iF"u e D(C))} = {(X,i) | X,iF"u e D(C})}.

Furthermore, we also have that ®(C;) = ®(C)U{f(¢, X2, ..., X,),i > w} and ®(C]) =
D(C) U {f(&, Xa,...,Xy),i > w'}. Thus, we deduce that {(£,i) | £,i > u € ®(C)} =
{(&,%) | &i > uw € ©(C')} implies that {(&,7) | &1 > uw e D(C1)} = {(§,9) | {,i> u e
()}

Since S3(C) = S2(C1) and S3(C’) = S3(Cf) by definition of DEST, we can conclude
that if C,C’ have the same structure then Cy,C] also have the same structure.

At last, the facts that S3(C) = S52(C1) and Xs,..., X, are fresh variables (i.e.
X, ..., Xy & S2(C)) also imply that {(X,4) | X,iF u € D(C)A X € S2(C)} = {(X,i) |
X,iF"u € D(C;) A X € S2(C1)}. Thus, we can conclude that C,C; have the same shape.

Case RULE(p) = EQ-FRAME-FRAME(&1, &2): This rule only modifies E(C) and E(C’) thus
the result trivially holds.

Case RULE(p) = EQ-FRAME-DED(&1, X2) : The application of this rule modifies E(C),
E(C') and adds an frame element on NoUse(C) and NoUse(C’). Hence, it is easy to see
that the rule does not modify the shape of the constrain systems. Assume now that C
and C’ have the same structure. It implies that {£,i | (£,4 > u) € NoUse(C)} = {&,7 |
(&,i> u) € NoUse(C')} and {£,i | (§,i>w) € ®(C)} = {1 (&i> u) € ®(C')}. Hence,
we have that there exists w, v’ such that (&1,41 > u) € ®(C) and (&1, > o) € ().
Thus, by definition of the rule, we have that NoUse(C;) = NoUse(C) U {&1,41 > u} and
NoUse(C;) = NoUse(C') U {&1,41 > u'}. Tt implies that {£,4 | (£,4 > u) € NoUse(C1)} =
{&,4] (&,i> u) € NoUse(Cq)} and so Cy, Cj have the same structure.

Since only E(C2), E(CS) are modified from FE(C), E(C'), we easily deduce that Cs,Co
have the same structure.

Case RULE(p) = EQ-DED-DED(X, §) : By the application of this rule on C and C’, we
have that Fr(Cy) = En(C) A X =7¢ and En(C)) = En(C’) A X =" ¢. Furthermore, the
constraint X,i"u € D(C) (resp. X,iF"u' € D(C")) is removed in D(Cy) (resp. D(Cz)).
Thus, we can easily see that if C,C’ have the same structure (resp. shape) then Cy,C}
and Cq, C} also have the same structure (resp. shape).

In the case were EQ-DED-DED(X, &) is applied internally, we have that X & S5(C)
which means that (X,i) & {(Y,5) | Y,jF"v € D(C)AY € S5(C)}. Thus, we have that
{(V,5)|Y,jF v € DIC)ANY € So(C)} = {(Y,5) | Y,jF v € D(C) AY € So(C1)}. This
allows us to conclude that C and C; have the same shape when EQ-DED-DED(X, ) is
applied internally. The result trivially holds for Cy and C5.
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Case RULE(p) = DED-ST(E, f): The application of this rule on C (resp C’) only adds a
new non deducibility constraint on Cs (resp. C}). Thus, we trivially have that C, Co have
the same shape; and C,C’ have the same structure (resp. shape) implies that Ca, C} have
the same structure (resp. shape).

We consider now the constraint systems C; and C;. Since DED-sT(,f) is applied
simultaneously on C and C’, then Xj,...,X,, fresh recipe variables such that D(C;) =
D(C)U{X1,Smaz " 215 -3 Xn,Smaz - Tn} and D(C}) = D(C")U{X1, Smax = 15 - - -5
X0, Smaz ' n} where x1,...,x, are fresh variables. Thus we can deduce that {(X,1) |
X,i'u € D(C)} = {(X,i) | X,iF’'u € D(C")} implies that {(X,i) | X,iF"u €
D(C1)} = {(X,q) | X,i"u € D(C})}.

Since S3(C) = S2(Cq) and S2(C’') = S3(C}) by definition of DED-ST, we can conclude
that if C,C’ have the same structure then Cy,C] also have the same structure.

At last, the facts that S2(C) = S2(C1) and Xo,...,X, were fresh variables (i.e.
Xo, ...y, X € So(C)) also imply that {(X,4) | X,iF u € D(C) A X € So(C)} = {(X,19) |
X,iF"u € D(C;) AN X € S(C1)}. Thus, we can conclude that C,C; have the same
shape. O]

Initially, we consider two row matrices of initial constraint systems. By applying our
rules, the constraint systems we consider become more and more complex. Nevertheless,
we will show that the strategy and the rules ensure several invariants on constraint
systems that will be used in the proof of completeness, soundness and termination. A
constraint system satisfying all the invariants will be called well-formed (see Definition 18
stated later on). Before to state this definition, we introduce the notions of context w.r.t.
a frame, direct access mappings and mazimal parameter of a recipe.

Intuitively, the context of a recipe w.r.t. a frame represents part of the recipe that
are not directly defined by the frame.

Definition 15 (context w.r.t. ®). Let ® be a frame and & be a recipe in IL,.. The context
of € w.r.t. ®, denoted C|&]e, is a term in T(F,F; - AX UX?) and is defined recursively
as follows:

o C|&]o = path(€) if there ezists (¢',i > u) € ® such that path(€) = path(¢');
o Clélo=¢ifEeX?;
o Cl¢Jo =f(Cl&1]a,---,Clén]o) if E=1(&1,- -, &n)-

For sake of clarity, when ® is clear from the context, we denote it by C|£].

Definition 16 (direct access mappings). Let C = (S1;S2; ®; D; F; Eni; ND; NoUse) be
a constraint system. We define the direct access mapping of C, denoted §*(C) (resp.
§2(C)), to be a mapping from (Fj; - AX) U X? to constructor terms (resp. recipe in I1,.)
where:

e for all (X,iF"u) € D, we have that X6'(C) = u (resp. X6%(C) = X)
o for all (£,i > u) € ®, we have that path(£)d1(C) = u (resp. path(£)§2(C) = &).

52



Example 48. Let C = (51;52;®; D; E; Erp; ND; NoUse) be a constraint system where
NoUse = ), D = {X,1F"(z,a) ; Y,2F"b}, ® = {az;,1 > senc(a,b) ; azy,2 >
b ; sdec(az1,Y),2 > a}. Let &,& and &5 three recipes such that & = (X,Y), & =
sdec(az1,Y) and &3 = senc(X,sdec(axy, azs)). We have :

o Cl&] = (X.Y) and C[£0%(C) = ((v,a),b)
o C|&| =sdec azy and C|&d(C) =a
o C|&s] =senc(X, sdec- azy) and C|&3]8Y(C) = senc({x, a), a)

Note that for all ground recipe & conforms to a ground frame ®, C|£]40%(C) = €. This
illustrates the fact that the context of a recipe represents the canonical way to represent
a recipe. Moreover, if ® is consistent then C|&]361(C)) = £P].

Definition 17 (maximal parameter of a recipe). Let C = (S1; Sa2; ®; D; E; Err; ND; NoUse)
be a constraint system and let & € 11, such that vars(§) C vars®(D). We define the maz-

imal parameter of & in C, denoted param$,,, (€), such that:

param®,,. (€) = max{i | az; € st(€) or (Y,i,F v) € D with Y € st(€)}

max

Most of the invariants stated below in Definition 18 are about structural properties
of the frame, and are direct consequences of the application of the rules DEST, AXIOM
and CoNs. For example, the first property states that for any frame element (£,7 > u),
the path of the recipe ¢ is defined and closed. For all constraint systems C, we denote
by mgu(E(C)) (resp. mgu(Er(C))) the most general unifier of all the equations in E(C)

(vesp. mgu(Em(C))).

Definition 18 (well-formed). Let C = (S1;S2; ®; D; E; Ern; ND; NoUse) be a constraint
system. We say that C is well-formed if it satisfies the following properties:

Invariants on the frame ®: for all (§,i > u) € @,

1. path(§) exists and is closed. Moreover, for all distinct frame elements (£1,41 > uq)
and (§2,12 > uz) in ®, we have that path(&;) # path(&s).

2. if path(§) = f - w then there exists (&',j > v) € ® such that j < i, path(¢') = w,
¢ e st(§) and u € st(v).

3. param$, (&) <i

4. for all X € vars®(€), for all x € vars'(X61(C)), there exists (¢, k > w) € ® such
that k < i and x € vars'(w).

5. for all ground substitution X, if for all X € vars®(£), we have that (X\)®A\| = v\
where (X, jFv) € D, then (€X)(®N)] = ul.

Other invariants: let @ = mgu(Er)
6. any inequation in Er are:

o cither of the form X # & and there exists i € N and a term u such that
(&3> u) € D;
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e or of the form root(X) # f with f € F,.

7. for all X € wvars*(C), C|X0|e € T(Fe, Fj - AX U X?) and for all ( € st(X0),
path(¢) € Fji - AX implies that there exists j and v such that (¢,j > v) € @

8. For all (¢,i > u) € NoUse, there exists X € vars®(C) such that C| X600 (C) = u
and param®_ (X0) < i

max

9. for all (&,i > u) € ®, for all & € st(§), Cl¢]o € T(Fe, Fj - AX U X?) and if
path(¢') € F} - AX then there exists j and v such that ({',j > v) € ®

10. for all (X,iF"u) € D, X & So(C) implies that for all x € vars'(u), there exists
(Z,jF"v) € D such that i < j and x € vars*(v).

We will conclude this appendix by showing that our transformation rules transform
a well-formed constraint system into a pair of constraint systems that are also well-
formed. To be able to prove this result, we first need to show the following two properties
(Lemma 2 and Lemma 3).

Lemma 2. Let £,¢ € 11, and let X € X%, Let 0 and © be two substitutions such that
0 ={X — (} and © = {X s path(¢)}. The following property holds:

path(¢6) = path(€)©
Proof. We prove this result by induction on |path(&)|:

Base case |path(¢)| = 1: In such a case, either £ € AX or £ € X2, If £ € AX, then
&0 = &, path(§) = € and €O = & Thus, we have path(£0) = path(£)©. Otherwise
€ € X% and path(§) = £. We distinguish two cases: € = X or &€ # X. If £ = X then
path(X6) = path({) = X© = path(X)O. Else, we have that £0 = £. But path(§) = ¢
and so path(£)© = path(¢). Thus we conclude path(£6) = path(£)0©.

Inductive step |path(§)| > 1: Otherwise, there exist &1,...,&, € Il and f € F such
that € = f(&1,...,&,) and path(§) = f - path(¢§y). Thus €0 = f(&6,...,£,0) and so
path(£6) = f - path(£16). Using our induction hypothesis on path(£;), we have that
path(£10) = path(£;)0, and therefore path(£6) = f - path(£1)© = path(£)©. O

Lemma 3. Let C be a well formed constraint system and ® its associated frame. Let
¢ €11, such that C|¢|e € T(Fe, Fi - AX UX?). Let 0, © be two substitutions such that
0={X —¢},0={X—>Cl¢le} and C|¢'|e € T(Fe, F} - AX U X?). The following
property holds:

Clebls = Cl€] 40

Proof. We prove this result by induction on |C|{]s]:

Base case |C|&]o] = 1: In such a case, either C|{|p € (F; - AX) or £ € X2 If
€ € X2 {X}, then €0 = ¢ and so C|€0)s = & = C|¢]4O. Thus the result holds. On
the other hand, if £ = X, then £ = ¢’ and C|¢]e = X and so C[&0]e = C|¢']o = XO.
Assume now that C|¢]e € (F - AX). In such case, there exists (¢, > u) € ® such
that path({) = path(§). But since path(§) € (F; - AX), we also have that path(¢) =
path(£0), which means that C[£0|s = C|¢]o = C[£]4O.
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Inductive step |C|€] | > 1: By hypothesis, we know that C|¢|e € T (Fe, Fjj - AX U X?),
thus, we have that root(C|¢]e) € F. and so root(§) € F.. Assume that & =f(&y,...,&,).
By definition of a context, we have: C|&|e = f(C|&1]s,-..,Clén]a). Thus we can
applied our inductive hypothesis on ¢;, for ¢ € {1...n}. This allows us to deduce that
Cl&f]s = C|&i]O. Hence, we have that

Clé0le = Clf(&,..-,6n)0]a

= f(Cl&0b]s,...,Clén0]s)
f(Cléila, .-, Clénla)O
C|_f(§17 cee 7£n)J<I>9
= C[{Je®

This allows us to conclude. O

We can now prove that our rules preserve the well-formedness of contraint systems.

Lemma 4. Any rule in Figure 1 and Figure 2 transforms a normalised well-formed
constraint system into a pair of constraint systems that are also well-formed after nor-
malisation. For the rule DEST, we assume that its application is not useless.

Proof. Let C = (S1; S2; ®; D; E; Erp; ND; NoUse) be a normalised well-formed constraint
system and let RULE(p) be a rule. Let C; and C be the two constraint systems obtained
by application of RULE(p) on C. In the case where the normalisation of C; and Cs is L,
the result trivially holds thus we will assume that C;] #1 and Ca] #1. We show the
result by case analysis on the rule RULE(p).

Case RULE(p) = CoNs(X, f): The rule Cons only adds root(X) # f on Er(Cz). Thus, we
have that Co] = Co and Cs trivially satisfies all the properties of Definition 18, except for
the property 6. But Er(Ce) = Epn(C) A root(X) # f. Since C is a well-formed constraint
system, then Ep(C) satisfies Property 6. Furthermore, since f € F,, then root(X) # f
also satisfies Property 6. We can conclude that Cs is a well-formed constraint system.

On the other hand, we have that Fr(C;) = En(C) A X ="f(X1,...,X,), D(C1) =
DEO\{X,iF t} U{Xy,iF x5 ... Xp,iF 2.}, B(C) = E(C) At="f(x1,...,7,) and
®(C) = ®(C1). Let 0 = mgu(t="f(z1,...,2,)) and 0 = mgu(X =" f(X1,...,X,,)). By
hypothesis, we know that C is normalised which means that X ¢ dom(mgu(Er(C))) and
vars'(t) Ndom(mgu(E(C))) = 0. Since X1, ..., Xp,Z1,...,T, are fresh variables, we can
deduce mgu(Er(Cy)) = mgu(En(C))0 and mgu(E(Cy)) = mgu(E(C))o.

Furthermore, C normalised also implies that ®(C)mgu(Er(C))mgu(E(C)) = ®(C) and
also that D(C)mgu(E(C)) = D(C). Thus, we can deduce that ®(C1)) = ®(C)fo and
D(Cy)) = D(Cy)o. We now prove the different properties one by one.

Let (&,5 > u) € ®(C1]). Since ®(C1]) = ®(C)fo, we know that there exists (¢/,7 >
u') € ®(C) such that £ =¢£'0 and u = u'o.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.
2. this property is direct from Lemma 2 and C being a well-formed constraint system.
3. We know that & = &0 where § = mgu(X ="f(Xy,...,X,)). But param{,,, (X) =

i = param$yi(X;), we deduce that param§,,, (&) = param$yi(¢’). Since C is well-

max

formed, we have param,,, (&) < j and so param$i (&) < j.
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4. Let Y € vars?(€) and y € vars*(Y6(C1))). f Y € {X1,..., X, } then there exists
z such that y € vars!(zo) and z € vars!(t). Thus z € vars'(X§1(C)). But £ = ¢£'6
thus it implies that X € wvars?(¢’). Since C is well formed, we deduce that there
exists ((,k > w) € ®(C) such that z € vars'(w) and k < j. We already showed
that ®(C1)) = ®(C)fo hence y € wars'(wo) with (¢0,k+ wo) € ®(C1)). The
result holds

Y ¢ {X1,...,X,}, then Y € vars?(¢’) and Y # X. Hence Y € vars?*(D(C)).
Since D(C1l) = D(Cy)o, ®(C1l) = ®(C)fo and C is well-formed, we deduce the
result.

5. Let A be a ground substitution such that for all Y € vars?(£), (Y A)®(C1l)A] = v\
where (Y, k" v) € D(C1{). Let X' the substitution such that ' = 6o\. We show
that for all Z € wvars?(¢'), (ZN)®(C)N] = w)\ where (Z, k" w) € D(C). Let
Z € vars®(¢"). Since £ = £'0, we have to distinguish two cases :

e Either Z = X: In this case, we have that Z\ = X0c\ = f(Xy,..., X))\
But in such a case, we have that Xi,..., X, € vars?(¢) and so by hypoth-
esis, we have that (XpA)®(Cil)Al = zpA, for all & € {1,...,n}. Since
®(C1l) = ®(C)fo, we can deduce that (Xp\)P(C)N'] = xxA = xpXN. Thus
(ZNY(@COON)M =f(z1,. .., z0) N =tN.

e Or Z € vars®(€)\{X1,...,X,}: In such a case, we have that Zfo = Z and so
ZX = Z\. Furthermore, we know that ®(C;]) = ®(C)fo and so ®(C1})A =
®(C)N. Thus, we have that (ZX)P(C)N] = (ZX\)®(C1))A\|. By hypothesis,
there exists Z, k" v € D(Cy]) such that (ZA\)®(C1})\| = vA. But D(C1}) =
D(Cy)o and D(Cy) = D(C)\{X,iF "t} U{Xy,iF x5 ...; Xp,iF"2,}. Thus
there exists Z, k"o € D(C) such that v = v'¢ and so v\ = v'\. We can
conclude that (Z\)®(C)\'| =o'\ with Z, k70" € D(C).

By hypothesis, we know that C is a well-formed constraint system and so we deduce
that (&'N)(@(C)N)d = uw'N. But &N =X, v/ N = ul and ®(C)N = &(C14)A. Thus
we conclude that (EN)®(C1d)A = uA.

6. Let (¢4 #° ¢2) € En(Cil). By the normalisation, we know that there exists (¢} #° ¢4) €
Ern(Cy) such that ¢10 = ¢ and (46 = (. Moreover, by the rule CONs, the sets of
inequations of Fry(C) and Er(Cy) are the same thus (¢} £’ ¢}) € En(C). Since C is
well formed, we deduce that ¢ € X2 and there exists k € N and a term u such that
(5, k> u) € ®(C). Since ®(C1l) = (C)fo, we deduce that ({2, k > uo) € D(C11).

But path({3) exists thanks to C being well-formed (Property 1) thus root(¢}) ¢ F.
Since f € F. and ¢; = (16, we deduce that ¢; # X otherwise the inequation would
have disappeared by the normalisation rule. Thus ¢; € X2 and so the result holds.

Let (root(¢) #’ g) € En(Ci1l). Thanks to the normalisation, we know that ¢ € A2
otherwise the inequation would have disappeared by the normalisation rules. Hence
the result holds.

7. Let Y € vars?(C1)). If Y € {X1,...,X,}, then since 6 = {X ="f(Xy,...,X,)}

and Y is fresh, we have Ymgu(Ern(C1))) = Y and so C|Ymgu(Eu(Cil))]aoc,y) =

Y € T(F., F; - AX U X?). Otherwise, we have that Y € vars?(C). Note that C
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10.

is well-formed, thus we deduce that C|Ymgu(En(C))|ac) € T (Fe, Fjj - AX U X?).
But the path of any recipe in ®(C) is closed which means that any context with
®(C1]) and ®(C) are the same. More specifically, we have C|Y mgu(En(C))|sc) =
ClYmgu(En(C))|ac,y)- Note that mgu(En(Cil)) = mgu(Eu(C))0, 6§ = {X —
f(X1,...,X,)} and f € F.. Thus by Lemma 3, we have C|Ymgu(En(C1l))]a(c,y) =
CLYmgu(EH(C))Jq,(c)G €T (Fe, Fj - AX U X2).

Let ¢ € st(Ymgu(En(Cil)) such that path(¢) € F - AX. Since § = {X —
f(X1,...,X,)} with f € F. and mgu(En(C1)) = mgu(E(C))d, then there exists
¢" € st(Ymgu(En(C))) such that ¢ = ¢’6. Since C is well-formed, then there
exists k and w such that (¢',k > w) € ®(C). But ®(C1}) = ®(C)fo. Hence
(¢, k > uo) € ®(C1d). Hence the result holds.

Assume that (£,7 > u) € NoUse(C1)). Since NoUse(C1l) = NoUse(C)fo, we have
that (£/,7 > w') € NoUse(C). Since C is a well-formed constraint system, we
deduce that there exists Y € vars?(C) such that C|Y mgu(Eu(C))]ac)d' (C) = v
and param$,,. (Ymgu(En(C))) < j. We have seen that C|Ymgu(En(Cil))]ac,)) =
ClYmgu(Em(C))]a(c)f when proving the previous item. Furthermore, we know that
D(Cli) = D(Cl)U and D(Cl) = D(C)\{X,Z}_? t} @] {Xl,’“_? L1y -3 Xn,“_? {I?n}
Thus, we deduce that §'(C)o = 661(C1)). This allows us to conclude that u =
u'o = C[Ymgu(En(C))]ac)05" (Cid) = ClY mgu(En(Cid)) o, )0 (Cid)-

At last, we already have that Ymgu(En(Ci1))) = Ymgu(En(C))§. Thus, since
param®,. (X) = param$} (f(Xyq,...,X,,)) = 4, then param$_ (Y mgu(En(C))) < j

implies that paramCit (Ymgu(En(Cil)) < j.
Similar to Property 7

Let (Z,kF"u) € D(C1|). Assume that Z ¢ S3(C;) and let z € wars'(u). If
X € S5(C) then it implies that there exists (Z, k' ') € D(C) such that u = v/o.
There exists a variable z such that x € vars'(zo) and 2 € wars!(v/). Since C
is well-formed, we deduce that there exists (Y,pF’w’) € D(C) such that z €
vars'(w') and p < k. Thus € vars'(w'c). If Y # X then we deduce that
(Y,pF"w'c) € D(C1l) and so the result holds. If Y = X, then ¢t = w’ and p = i.
Since o = mgu(t ="f(21,...,2,)), we deduce that there exists £ € {1...,n} such
that = € vars®(z¢0). But (X, i’ 24) € D(C1) with k < i and so the result holds.

Assume now that X & So(C). If Z & {X1,..., X, } then the proof is similar to the
case where X € S5(C) and so the result holds. If X € {Xq,...,X,} then there
exists £ € {1,...,n} such that « € vars'(x,0). Since 0 = mgu(t="f(z1,...,2,)),
we deduce that x € vars'(to). Hence, there exists z such that z € vars'(zo) and
z € vars'(t). Once again, thanks to C being well-formed, there exists (Y, pF’w') €
D(C) such that p < k and 2z € vars'(w') and so x € vars'(w'c). But (Y,pH w'o) €
D(C41]) thus the result holds.

Case RULE(p) = AX1oM(X, path): By definition of AX10M, we have X,iF’u € D(C) and

&J > v in ®(C) such that ¢ > j, path(§) = path and (§,5 > v) & NoUse(C). The
rule AXIoM only adds the inequation X #° ¢ on Ep (C2). Thus, we have that Co) = Co
and Cy trivially satisfies all the properties of Definition 18, except for the property 6.
But Er(Cs) = En(C) A X #° €. Since C is a well-formed constraint system, then Er(C)
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satisfies Property 6. Furthermore, X ;é?f also satisfies Property 6 by definition. We can
conclude that Cy is a well-formed constraint system.

On the other hand, we have that Er(C1) = En(C)AX =7¢, D(C1) = D(C)\{X, i+’ u},
E(C) = BE(C) Nu="v and ®(C) = ®(C;). Let 0 = mgu(u="v) and § = mgu(X ="¢).
By hypothesis, C is a normalized constraint system which means that ({X}Uwvars?(£))N
dom(mgu(Er(C))) = 0 and vars'(u,v) N dom(mgu(E(C))) = 0. Thus, we can deduce
mgu(Er(C1)) = mgu(En(C))0 and mgu(E(Cy)) = mgu(E(C))o. Since C is normalized,
we have that ®(C)mgu(Ern(C))mgu(E(C)) = ®(C) and D(C)mgu(E(C)) = D(C). Thus,
we can deduce that ®(C1)) = ®(C)fo and D(C1) = D(C)o\{X,i+" uc}. We now prove
the different properties one by one.

Let (¢, k > w) € ®(Cy)). Since ®(C1l) = ®(C)fo, we know that there exists (', k >
w') € ®(C) such that ¢ = ¢’ and w = w'o.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.
2. this property is direct from Lemma 2 and C being a well-formed constraint system.

3. We know that ¢ = ('0 where § = {X — £}. But C is a well-formed constraint
system hence we deduce that param¢, (£) < j. Since paraml_ (X) =i > j >
param&_ (&), we deduce that param$it (¢) < param¢, (¢’) < j. Hence the result

holds.

4. Let Y € wars?(¢) and y € vars!(Y6(C1l)). Y € vars?(D(C1l)) which means that
Y € vars®(D(C)). Since D(C1)) = D(C1)o, ®(C1)) = ®(C)fo and C is well-formed,
we deduce the result.

5. Let A be a substitution such that for all Y € vars?(¢), (YA)®(C14)A| = 7\ where
(Y,£+"r) € D(C1|). Let X the substitution such that A’ = o X. We show that for
all Y € vars?(¢’), (YN)®(C)N] = r)\ where (Y,£F"r) € D(C). Let Y € vars?((').
Since ¢ = (’#, we have to distinguish two cases :

e Either Y = X: In this case, we have that £ € st(¢). Thus, by hypothesis,
we have that for all Z € vars?(€), (ZA\)®(C1J)A = tA, where (Z,mF"t) €
D(C1])). But (Z,mF"t) € D(C1]) implies that there exist ¢’ such that (Z, m "
ty € D(C) and t = t'o. Since ®(C1)) = P(C)fo, we can deduce that
(ZND(C)NL = ol = /N, At last, 0 = {X — &} implies that Z0 = Z
and so ZXA = ZX. Thus we have that (ZX)®(C)N'] = t\. Since C is a
well-formed constraint system, we can deduce that (X )®(C)N'] = vN. Since
X6 = £ and N = 6o\, we have that £ = X)\. With uoc = vo, we can
conclude that (X\)®(C)N| = uN.

e Or Y € vars?(¢): In such a case, we have that Yo =Y and so Y\ = Y \.
Furthermore, we know that ®(C1J) = ®(C)fc and so ®(C1{)A = ®(C)N'. Thus,
we have that (YN)®(C)N] = (YA)®(Ci1l)A]. By hypothesis, there exists
Y, 07 € D(Ci)) such that (YA)®(C1{)A\l = rA. However, we have that
D(C1)) = D(C)o\{X,iF’us} and Y # X. Thus there exists Y, £’ 7" € D(C)
such that » = 7’0 and so rA = r’X’. We can conclude that (YN)P(C)N'] = r'N
with Y, ¢+ € D(C).
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10.

By hypothesis, we know that C is well-formed and so (¢'\)(®(C)N)) = w'N. We
have that ¢'N = ¢\, w'X = wX and ®(C)N = ®(C1})\. Thus we conclude that
(VBN = wh.

Let (¢ #° ¢2) € En(C1l). By the normalisation, we know that there exists (¢} #’ ¢4) €
Ern(Cy) such that €16 = (3 and 40 = (5. Moreover, by the rule AX10M, the sets of
inequations of Ey(C) and Er(Cy) are the same thus (¢} #° ¢}) € En(C). Since C is
well formed, we deduce that ¢ € X2 and there exists k € N and a term u such that
(4, k> u) € ®(C). Since ®(C1]) = ®(C)0o, we deduce that (C2,k > uo) € B(C1).

But thanks to C being well-formed (Property 1), path(¢}) and path(¢) exists, are
closed and if path(¢) = path(¢’) then ¢4 = ¢&'. But £ = £'0, (; = (40 path({}) =
path({2) and path(¢) = path(¢’). Thus we deduce that ¢, = £ implies that (; # ¢
otherwise C1] =1 by the normalisation rule.

Moreover, by definition of the path of recipe, path(§) # path((2) implies £ # (.
Thus we deduce that (; # £ otherwise the inequation would have disappeared by
the normalisation rule. Thus ¢; € X2 and so the result holds.

Let Y € wars?(C1}). We have mgu(En(C1))) = mgu(En(C))0 with 6 = {X ~
¢}. Furthermore, we know that path(§) € Fj - AX since C is well-formed. Let
© = {X > path(§)}. By Lemma 3, we have that C|Ymgu(En(Cil))]|ac,y) =
CLYmgU(EH(C))Jlb(Cl,L)@- HOWGVGI“, CLYmgu(EH(C))Jq)(ClU = CLYmgu(EH(C))J(p(c)
and since C is well-formed, we also have that C|Ymgu(En(C))]ecy € T (Fe, F -
AX U X?). Since path(§) € Fj; - AX, we conclude that C|Y mgu(Ern(Cil))]ec,y) €
T(Fe, Fj - AX U X?).

Let ¢ € st(Ymgu(Er(Cil)) such that path(¢) € F; - AX. Since § = {X +— £} and
mgu(Emn(C1)) = mgu(Er(C))0, then (a) either ¢ € st(&) with (£,i > v) € ®(C) and
(&,i > vo) € ®(C1]) or (b) there exists (' € st(Ymgu(Ern(C))) such that ¢ = ¢’6.
In both cases, since C is well-formed (Property 7), then there exists k and u such
that (¢',k > u) € ®(C). But ®(C1}) = ®(C)fo. Hence (¢, k > uo) € O(C1]).
Hence the result holds.

Assume that (¢, k > w) € NoUse(C1l). Since NoUse(C1l)) = NoUse(C)fo, we have
that (', k > w’) € NoUse(C). Since C is well-formed, we deduce that there exists
Y € vars?(C) such that C|Ymgu(Ern(C))]sc)0'(C) = w’ and param&,,, (Y mgu(Er(
C))) < k. We have seen that C|Ymgu(En(Cil))]ac,y) = ClYmgu(En(C))lsc)©
when proving the previous point. We have that path(£)§'(C)o = vo = uo =
X6 (C)o. Thus, we deduce that ©5'(C)o = 6(C)o. Furthermore, we know that
D(C1}) = D(C)o\{X,iF"uo} and ®(C;)) = ®(C)fc which means that 6'(C)o =
©6'(C11). This allows us to conclude that w = w’'o = C[Y mgu(E(C))]e(c)0* (C)o =
ClYmgu(En(Ci)]a(e,1)8" (C1d).

Lastly, since C is a well formed constraint system, we know that for all Z € vars?(€),
param$, (Z) < j < i = param$,, (X). Since Ymgu(Er(C1l)) = Ymgu(En(C))4,

then param¢_ (Ymgu(E(C))) < k implies that paramSit (Ymgu(Ern(Cil))) < k.

max max
Similar to Property 7
Let (Z,kF"t) € D(C1l). Assume that Z € S5(Cy) and let x € vars'(u). It implies

that there exists (Z, k') € D(C) such that t = #'c. Hence, there exists a variable
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z such that x € vars'(z0) and 2 € vars!(t'). Since C is well-formed, we deduce
that there exists (Y,pF’w’) € D(C) such that z € vars'(w’) and p < k. Thus
r € vars'(w'o). If Y # X then we deduce that (Y,pH’ w'o) € D(C1l) and so
the result holds. If Y = X, then v = w’ and p = i. Since ¢ = mgu(u="v), we
deduce that = € vars(vo). But (&,7F vo) € ®(Cyl) with j < i. Thus by the
origination property of a constraint system, there exists (Ya,psF’ ws) € D(Cy1l)
such that py < j and z € vars®(wz). Since ps < j < i < k then the result holds.

Case RULE(p) = DEST(, ¢ — r,4): By definition of DEST, we have that (£,j > v) € ®(C)
such that j <1, (£, > v) &€ NoUse(C), Xa, ..., X, fresh variables and f(uy,...,u,) = w
a fresh renaming of ¢ — r. The rule DEST only adds a non-deducibility constraint in Cs.
Hence, we have that Co] = Co and since C is well formed, we easily deduce that Cs is also
well-formed.

On the other hand, we have that D(C;) = D(C)\{Xa,iF u2; ...; Xn,iF"u,},
E(C) = E(C) ANup="v and ®(C;) = ®(C) U {f(§, Xa,...,X,),i > w}. By hypothe-
sis, we know that C is normalised which means that vars'(v) N dom(mgu(E(C))) = 0.
Let 0 = mgu(u; =" v). Since f(uy,...,u,) — w is a fresh renaming of ¢ — 7 and for all
ke {1,...,k}, vars'(uy) C vars'(uy), we can deduce mgu(E(Cy)) = mgu(E(C))o. Fur-
thermore, C normalised also implies that ®(C)mgu(E(C)) = ®(C) and D(C)mgu(E(C)) =
D(C). Thus, we can deduce that ®(C1)) = ®(C)o U {f({, Xs,...,X,) > wo} and
D(C1l) = D(C)o U{Xs,iF" ugo; ..., X, i u,0}. We now prove the different proper-
ties one by one.

Let (¢,k > u) € ®(C1]). Since ®(C1l) = ®(C)o U {f(&, Xa,...,X,) > wo}, we know

that either there exists u’ such that (¢,k > u') € ®(C) with v'o = u, or ({,k > u) =
(f(§7X27 s 7X7L)37: > ’UJO')

L If (¢ k> u) = (f(¢, Xa, ..., X,),i > wo), we have that path(¢) = f - path(£). Since
C is well-formed, we have that path(¢) exists and is closed. Thus path(¢) exists and
is closed.

Furthermore, since the rule DEST is never applied if its application is useless, then
we deduce that the frame ®(C) does not contain (&, (s,...,(,),j > w' and j < i
and root(¢) = f. Thus, with C being well formed hence satisfies Property 1, we
can conclude that for all distinct frame elements (£1,41 > uq) and (€2,42 > ug) in

®(C1l), path(&1) # path(&2).

2. If (¢, k> u) = (f(&, X2, ..., Xpn),i > wo), since we know that (§,j > vo) € ®(C1),
the result trivially holds. Otherwise, we have that (¢, k > u') € ®(C) and since C
is well-formed, we easily conclude.

3.1 (Ck B u) = f(€ Xa,...,X,) then param&i(¢) = max(paramSi(€),i). But

max max
param&it (&) = param&, (&) thus since C is well-formed, we deduce param$it (€) < 5.

max

Since j < i by definition, we conclude that param$y (¢) = i thus the result holds.

max

4. Let Y € wars?(¢) and y € vars'(Y6'(C1))). IfY € {Xa,...,X,} then y €
vars'(vo). Indeed, our rewrite rule satisfies vars®(us,...,u,) C vars'(u;) thus
with o = mgu(uy,v) and y € vars!(ugo, ..., u,o) the result holds.
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10.

IfY ¢ {Xa,...,X,} then Y € vars?(D(C)) and so there exists z such that y €
vars'(z0) and z € vars'(Y6(C)). Since C is well-formed, we deduce that there
exists (B, m > t) € ®(C) such that m < k and z € vars'(t). But (3,m > to) €
®(Cy)) hence y € vars!(to). Thus the result holds.

Let A be a substitution such that for all Y € vars?(¢), we have that (Y A)®(C1))A\] =
rA where (Y, kF'7) € D(C1l). Let N = o). Actually, Y € vars?(¢) and (C k>
u') € ®(C) implies that there exists r’ such that (Y,k+’7') € D(C) and 7’0 =
r. Since YoA = YA and ®(C1]) = ®(C)o U {f(§, X2,..., X)) > wo}, we can
deduce that (YN)®(C)oA]l = (YA)P(C)N | = r'N. Since C is well-formed, we have
that (CN)(@(C)N)d = w'N. Since (oA = (A and v/N = u), we can deduce that
(CNB(CAL = u

En(Cid) = En(C) thus the result trivially holds.

Let X € vars?(C1). We have that Fr(C1)) = En(C). Let § = mgu(En(C)). We
show that C| X0 |gc,)) € T (Fe, Fj-AXUX?). If X € {Xs,..., X, }, then the result
trivially holds. Otherwise, we have that X € vars?(C). Since C is a well-formed
constraint system, we know that C| X0 ]gc) € T(Fe, Fjj- AXUX?). Thus for all ¢’ €
st(C|X0]a(c)), root(&) € Fy. Since ®(C1l) = ®(C)o U {f(§, Xa,..., Xy) > wo}
and f € Fy, we conclude that C| X0,y = C| X0 o) € T(Fe, Fj - AX U X?).

Let 8 € st(Xmgu(En(Cil))) and path(8) € Fj - AX. Since mgu(En(Cil)) =
mgu(Em(C)), then § € st(Xmgu(En(C))). Thanks to C being well-formed, we
deduce that there exists k,u such that (8,k > u) € ®(C) and so (8,k > uo) €
®(C1]). Hence the result holds.

Assume that (¢, k > u) € NoUse(C1l). Since NoUse(C1)) = NoUse(C)o, we know
that there exists u' such that ((,k > u') € ®(C) and v'o = u. Since C is a
well formed constraint system, we know that there exists X € vars?(C) such that
ClX0]pc)0'(C) = v and paramf,, (Xmgu(En(C))) < k. Since mgu(En(C)) =
mgu(En(Cli)) and D(C)o C D(C1]), we deduce that paramSit (Xmgu(En(Cy1l))) =
paramC, (Xmgu(Fri(C))) < k

In the previous point, we have shown that C| X0y = C|[X0]g(c,y). Further-
more, we have §'(C1)) = 0'(C)o U {f - path(¢) — wo; X + ugo; ...; X,
uno}. Actually, C|X0|s) = C[X0]g(c,,) implies that f-, path(¢), Xo,..., X, &
St(CLXGJQ(Cli)) Hence7 we have that CLXQJCD(CLL)él(Cl\L) = CLXGJ@(C)(S:L(C)U =

u'o = u.
Similar to Property 7

Let (Z,kF"u) € D(C1|). Assume that Z ¢ S5(C;) and let z € wars'(u). If
Z & {Xs,...,X,} then there exists (Z, k') € D(C) such that u = u’c. There
exists a variable z such that x € va,rsl(zo') and z € wvars!(v'). Since C is well-
formed, we deduce that there exists (Y, pF t') € D(C) such that z € vars! (') and
k < p. Thus = € vars'(t'c). But (Y,pF"t'c) € D(C1/) hence the result holds.

If Z € {Xa,...,X,} then there exists £ € {2,...,n} such that x € vars'(z40).
Since o = mgu(u; =" v), f(u1,...,u,) — w is a renaming of £ — r and vars' (u,) C
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vars'(u1), we deduce that # € vars'(ve). By the origination property of a con-
straint system, (¢, > vo) € ®(C1l) and x € vars!(vo) implies that there exists
(Y,pr"t) € D(C1)) such that p < j and @ € vars'(t). But j < i hence p < i =k
and so the result holds.

Case RULE(p) = EQ-FRAME-FRAME({1,&2): The rule EQ-FRAME-FRAME only adds the

inequation w ;é? ug in Cy. Since C is well-formed, we easily deduce that Col is also
well-formed.

On the other hand, we have that ®(C;) = ®(C), D(C;) = D(C), NoUse(C;) =
NoUse(C), En(C) = En(C1) and E(Cy) = E(C) A up="uy. Since C is a well formed
constraint, we have vars'(uy,u2) N dom(mgu(E(C))) = 0. Let o = mgu(u; =" uy). We
have that ®(C1]) = ®(C)o, D(C1)) = D(C)o and NoUse(C1)) = NoUse(C)o. We have
also that 6%(C1}) = §'(C)o. Thus, we easily deduce that C;/ is a well-formed constraint
system.

Case RULE(p) = EQ-FRAME-DED(&1, X5): This case is similar to the rule EQ-FRAME-FRAME.
Let o = mgu(u1 =" uz). We have that ®(C1]) = ®(C)o, D(C1]) = D(C)o and §*(C1l) =
§1(C)o. On the other hand, we have that NoUse(C1l) = NoUse(C)oU{¢&1, i1 > ujo}. Thus

C; easily satisfies all the properties of Definition 18 except the property 8. We know that
w0 = upo and Xo,is " uso € D(C1)). Furthermore, since C is normalised, we have
that Xgmgu(En(C)) = szgU(EH(Cl\l,)) = Xg and so CLXngU(EH(CI\L))J ®(C1l) = XQ.
Lastly, since X»6'(C1) = uz0, we deduce that C|Xomgu(Ern(C1l))]a(c, )0 (Cid) = uio.
Moreover, by definition of the rule EQ-FRAME-DED, i; > iy hence we deduce that
param@it (Xy) < 4;.

For any frame element other than (£1,41 &> u10) the result holds since C is well-formed,

®(C1)) = ®(C)o, D(C1) = D(C)o and §*(C1]) = 6*(C)o.
Case RULE(p) = EQ-DED-DED(X, {): By definition of the rule EQ-DED-DED, we have
that X,i-"u € D(C), & € T(F.,vars®(D(C)), and £5*(C) = v. The rule EQ-DED-DED
only adds the insequation u;é?v in E(C3). Thus, we have that C3] = Cs. Since C is
well-formed, we also have that Co| is a well-formed constraint system.

On the other hand, we have that Fr;(C;) = En(C)AX =" ¢, D(C1) = D(C)\{X,i" u},
E(C1) = E(C) Au="v and ®(C) = ®(C;). By hypothesis, C is normalised which means
that ({X }Uvars?(€))Ndom(mgu(Ern(C))) = 0 and vars! (u, v)Ndom(mgu(E(C))) = 0. Let
o = mgu(u="v) and 0 = mgu(X ="¢). We deduce that mgu(En(C1)) = mgu(En(C))0
and mgu(E(Cy)) = mgu(E(C))o. Furthermore, since C is normalized, we have that
®(C)mgu(En(C))mgu(E(C)) = ®(C) and D(C)mgu(E(C)) = D(C). Thus, we can deduce
that ®(C1}) = ®(C)fo and D(C1)) = D(C)o\{X,iF"uc}. We now prove the different
properties one by one.

Let (¢, k > w) € ®(C1d). Since ®(C1])) = ®(C)bo, we know that there exists (¢, k >
w') € ®(C) such that ¢ = ¢’0 and w = w'o.

1. this property is direct from Lemma 2 and C being a well-formed constraint system.
2. this property is direct from Lemma 2 and C being a well-formed constraint system.

3. We know that ¢ = ¢’ where = mgu(X =" ¢). By definition of the rule EQ-DED-DED,

param¢,.. (€) < param$,, (X) = i. Since C is a well-formed constraint system hence

we deduce that param@i (¢'0) < param§,,, (¢') < j. Hence the result holds.

max max
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4. Let Y € wars?(¢) and y € wvars'(Y6'(C1l))). Y € wvars*(D(C1))) implies that
Y € wars?(D(C)). Since D(C)o C D(Cil), we deduce that there exists z €
vars*(Y§1(C)) such that y € wvars'(z0). Since C is well-formed, we deduce that
there exists (3,j > v) € ®(C) such that j < k and z € vars'(v). Hence (30,j >
vo) € ®(C1)) and y € vars! (vo). Thus the result holds.

5. Let A be a substitution such that for all Y € wars?(¢), (YA)®(C1l)\] = rA where
(Y,£F"7) € D(C1]). Let X the substitution such that A’ = fo\. We show that for
allY € vars?(¢'), (YN)®(C)N'| = r) where (Y,(F’7) € D(C). Let Y € vars®({').
Since ¢ = ('0, we have to distinguish two cases :

e Either Y = X: In this case, we have that £ € st(¢). Thus, by hypothesis,
we have that for all Z € vars?(€), (ZA\)®(C1J)A = tA, where (Z,mF"t) €
D(C1])). But (Z,mF"t) € D(Cy1]) implies that there exist ¢’ such that (Z, m "
t') € D(C) and t = t'o. Since ®(C1|) = ®(C)bo, we deduce that (ZN\)P(C)N'] =
t'oX =t'N. Moreover, § = {X — &} implies that Z0 = Z and so Z\ = ZN.
Thus we have (ZX)®(C)N'| = t'N = Z5*(C)N. Since & € T (F, vars*(D(C))),
we deduce that (EN)®(C)N] = &6H(C)N = v). Since X0 = € and X = O,
we have that EN = XX, With uo = vo, we can conclude that (XA)®(C)N| =
uX.

e Or Y € wars?(¢): In such a case, we have that Yo =Y and so Y\ = Y \.
Furthermore, we know that ®(C;}) = ®(C)fc and so ®(C1})A = P(C)N.
Thus, we have that (YA)®(C)N] = (YA)®(Cil)A\]. By hypothesis, there
exists Y, ¢F"r € D(Ci1l) such that (YA)®(Ci})Al = rA. Since D(C1l) =
D(C)o\{X,iF uo} and Y # X, there exists Y,/F'r' € D(C) such that
r = r'o and so rA = r’A'. We can conclude that (YA)®(C)N| = r'\ with
Y, 0F 1 € D(C).

By hypothesis, we know that C well-formed. Hence, we have that (¢'\)(®(C)N)] =
w'A. Since (' = (A, w'N = wh and ®(C)N = P(C1))\, we conclude that
(CB(CLLA = wA.

6. We know that £ € T(F., AX) hence this case is similar to the proof of Property 6
for the rule CONS.

7. Let Y € vars?(C1l). We have mgu(FEr(C1l)) = mgu(En(C))0 with 6 = {X ~ &}
Furthermore, we know that £ € T(F,vars*(D(C))) and so C|{]pe,y) = & €
T(FC,X2). By Lemma 3, CLYmgu(En(Cli))jq)(clJ/) = CLYmgu(EH(C))J(p(cw)H
Hence C[Y'mgu(En(C))]ac,y) = CLY mgu(En(C))]ac) and C|Ymgu(En(C))|ac) €
T(Fe, Fi- AXUX?) (since C is well-formed). Since we have & € T (F,, vars?(D(C))),
we conclude that C|Ymgu(En(Cil))]ac,y) € T(Fe, Fj - AX U X2).

Let ¢ € st(Ymgu(Emn(C1l))) such that path(¢) € F;-AX. We have mgu(Er(C1l)) =
mgu(FEr(C))f. But § = mgu(X =" ¢) with & € T(F,, AX). Hence path(¢) € Fj;-AX
implies that there exists ¢’ € st(Ymgu(Er(C))) such that ¢ = ¢’6. Since C is well-
formed, we deduce that there exists k, w such that (¢',k > w) € ®(C). Thus
(¢'0,k > wo) € ®(C1]) and so the result holds.

8. Assume that (¢, k > w) € NoUse(C1)). Since NoUse(C1)) = NoUse(C)fc, we have
that (', k > w’) € NoUse(C). Since C is well-formed, we deduce that there exists
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Y € wars*(C) such that C|Ymgu(Ewn(C))]e()5'(C) = w’ and param$,, (Y mgu(Er(
C))) < k. As shown in the previous point, we have that C|Y mgu(E£(C1l))|ac,y) =
ClYmgu(En(C))]ac)f. Furthermore, we have £5'(C)o = vo = uo = X6'(C)o.
Thus, we deduce that 05'(C)o = §'(C)o. Moreover, we know that D(C;)) =
D(C)o\{X,iF" uc} and ®(C;]) = ®(C)fc which means that §'(C)o = 051 (C1).
We can conclude C| Y mgu(Er(C1l))] o, )0 (C1)) = C[Y mgu(En(C))]ec)d" (C)o =
w'oc = w. Lastly, for all Z € vars?(€), param$, (Z) < i = param®_ (X). Since

Ymgu(En(Cil)) = Ymgu(En(C))f, we conclude that param_ (Y mgu(FEr(C))) < k
implies that param$it (Ymgu(En(Cil))) < k.

9. Similar to Property 7

10. Let (Z,kF"t) € D(C1l). Assume that Z ¢ S»(C1) and let = € vars!(u). It implies
that there exists (Z, k') € D(C) such that t = #'c. Hence, there exists a variable
z such that z € vars(zo) and z € vars'(t'). Since C is well-formed, we deduce
that there exists (Y,pF’w’) € D(C) such that 2z € vars'(w’) and p < k. Thus
r € vars'(w'o). If Y # X then we deduce that (Y,pH’ w’c) € D(C1]) and so the
result holds. If Y = X, then v = w’ and p = i. Since 0 = mgu(u=""v), we deduce
that = € vars'(vo). Moreover, by construction of v, it implies that there exists
(Y p'F ') € D(Cyl) such that Y’ € vars?(¢), p’ < i and = € vars'(u’). Since
p' <i=p <k, we deduce that p’ < k and so the result holds.

Case RULE(p) = DED-ST(E, f): The rule DED-ST only adds a non-deducibility constraint
in Co. Thus, we have that Co] = Co and since C is a well formed constraint system, we
easily deduce that Cy is also well-formed.

On the other hand, we have that ®(C;) = ®(C), D(C1) = D(C)U{X1,Smax =" 215 - . -;
X Smaz ' n}, NoUse(Cy) = NoUse(C), Fri(C) = En(Cy) and E(Cy) = E(C) Au="f(xy,

...,Ty) where x1,...,x, are fresh variables. Since C is well-formed, we deduce that
vars'(u) N dom(mgu(E(C))) = 0. Let 0 = mgu(u='f(z1,...,7,)). We have that
®(C1)) = ®(C)o and D(C1)) = D(C)o U {X1,Smax ™ 210; ...; Xn,Smax Tp0} and

NoUse(C1)) = NoUse(C)o. Since the variables Xi,...,X,, do not appear in the frame,
the facts that C is well-formed and o = mgu(u="f(x1,...,7,)) implies that C;| is also
a well-formed constraint system. O

Appendix B. Proof of completeness

This section is devoted to completeness whose proof does not rely on our strategy S.
As explained in Section 3, our algorithm transforms a pair of matrices of constraint
systems into one or two pairs of matrices of constraint systems. The main idea behind
the soundness and completeness is to locally prove that our transformation preserves
the symbolic equivalence between matrices of constraint systems. Since we have several
rules, we will need to prove the local preservation of the symbolic equivalence for each
rule.

Let C = (S1;S2;®; D; E; En; ND; NoUse) be a constraint system. We denote by C
the constraint system (S7; Sa; ®; D; E; Erp; 0; NoUse), i.e. the constraint system obtained
from C by removing the non-deducibility constraints. This notation is extended as ex-
pected to matrices of constraint systems.
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Lemma 5. Let C be a normalised and well-formed constraint system and RULE(D) be a
transformation rule applicable on C. Let C1 and Co be the two resulting constraint systems
obtained by applying RULE(p) on C. We denote by ®, ®1 and P2 the respective frames
of C, C1 and Cy and we denote by Sy the set of free variable of C.

For all i € {1,2}, for all (0;,60;) € Sol(C;), (0,0) € Sol(C) and Init(®)o = Init(P;)o;
where o = gi|varsl(C) and 6 = Gi‘var.@(C)

Variation: For all i € {1,2}, for all (0;,0;) € Sol(C;), (0,0) € Sol(C) and Init(®)o =
Init(®;)o; where 0 = 04|, and 0 = 0,42 G-

Proof. We prove this lemma by case analysis on the transformation rule that is used to
transform C on Cy, Cs. In each situation where some conditions are added on the resulting
constraint system (without modifying the conditions that are already present in C), the
result trivially holds. This remark allows one to conclude for the rules EQ-FRAME-FRAME,
EQ-FRAME-DED, DED-ST, DEST, and the case ¢ = 2 for the rules Cons, AXioM and
EQ-DED-DED. Therefore, it remains to prove the result for the remaining cases, i.e. rule
CoNs when ¢ = 1, rule AXiIoM when ¢ = 1 and rule EQ-DED-DED when i = 1.

Let C = (S1;52; ®; D; E; Er; ND; NoUse). We consider the remaining cases using the
notation introduced in Figure 1.
Rule CONS(X,f), i = 1 : Assume that X, k't € D(C) and so D(C1) = { X1,k 215 ...;
X, kF 2, UD(C)N{ X, k" t}, E(C1) = E(C)At="f(21,...,2,) and E(Cy) = En(C)A
X ="f(Xy1,...,X,), ®(C) = ®(C;) with x1,...,z, and X1, ..., X,, fresh variables.

Let (01,601) € Sol(C1). By definition of a solution of a constraint system, we know
that:

1. (X;61)(®(C1)o1)d = o1l and param(X;61) C {az1,...,az;} forany j € {1,...,n};
2. 01 E EQC)At="f(21,...,2,) A ND(C) and so toy| = f(z101,...,2,01)!;
3. 00 E En(C) AN X ="f(X1,...,X,) and so X0, = f(X161,...,X,01).

Hence, we have that:

(Xel)(q)(C)Jl)J, = f(X191,,Xn91)(<I>(C)01)¢
= f((X191)<I>(C)01¢,,(Xn91)¢>(C)01¢)¢
= f(zioul,. . znod)d
= f(z101,...,2001)}
= toil
Moreover, thanks to param(X;601) C {az1,...,az;} for j € {1,...,n}, we have that
param(X0:1) C {axy,...,ar;}. This allows us to conclude that (o1 |yarst (c)s O1]vars2(c)) €

Sol(C).
Rule Ax1oM(X, path), i = 1. Assume that (X,kF"u) € D(C) and (§,j > v) € ®(C)
with j < k and path(¢) = path. Thus, we have Er(Ci) = En(C) A X ="¢, E(C) =
E@C)Au="v, D(C;) = D(C) ~ {(X,kF"u)} and ®(C;) = ®(C)

Let (01,61) € Sol(C1). By definition of a solution of a constraint system, we know
that:

1. o1 E E(C) Au="v A ND(C), and so uoy = vo.
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2. 01 ': EH(C) AX=" &, and so X6, = £6,.

Hence, we have that (X01)(®o1)] = (£601)(Poy)). Moreover, since C is well-formed
(Definition 18, item 3), we deduce that param,, (£) < j hence for all Y € vars?(€), there
exists ¢ < j and w such that (Y,¢-"w) € D(C). Since X an ¢ are unifiable, we also
deduce that X ¢ wars?(¢). Hence (Y,qF w) € D(C;). Thanks to (o1,601) € Sol(Cy),
Y60,9(C1)o1l = woy. Hence, thanks to C being well-formed (Definition 18, item 5) and
®(Cy) = ®(C), we deduce that £6;P(C)o1l = vo1 = uoy.

At last, since param$,, (&) < j and for all Y € wars?(€), (01,601) € Sol(Cy) also
indicates that param(Y6:) C {az1,...,az;} and so param(£61) C {az1,...,az;}. At
last, with j < k and X6; = £6;, we conclude that param(X0;) C {az,...,axy}. This

allow us to conclude that (o1|yarst (c), 1 |vars2(c)) € Sol(C).

Rule EQ-DED-DED(X, €), i = 1. Assume that (X, k" u) € D(C) and ¢ € T(F.,dom(c))
with a = {Y — w | (Y,jF'w) € D(C)Aj <iAY € Sp}. Thus, we have Er(C;) =
En(C)ANX ="¢, E(C1) = E(C)Au="v, D(C;) = D(C)~{(X, k" u)} and ®(C;) = ®(C).

Let (01,01) € Sol(C1). By definition of a solution of a constraint system, we know
that:

1. o1 E EAu="v A ND, and so uo1| = voy|.
2.0, EEq AX="¢, and so X0, = £6;.

Hence, we have that (X6,)(®(C1)o1)d = (£61)(®(C1)o1)d. Moreover, according to
Figure 2, we have that £ € T (F.,dom(«)) and v = £«

Since (01,601) € Sol(Cy), we have that for all (Y,jF’ w) € D(Cy), (Y01)®(C)o1l| =
waoy. Since & € T (Fe, X?), we can deduce that (£01)(®(C)o1)l = voi. This allows us
to deduce that (X6;1)(®(C)o1)d = voil and so (X61)(®(C)o1)) = worl). Furthermore,
we also know that for all (Y,jF"w) € D, if Y € vars?(€), then j < i which means that
param(Y 01) C {az1,..., az;}. Thus we have:

param(X601) = param(£61) C {az1,..., az;}.

This allows us to conclude that (o1 |yarst (¢)s 01]vars?(c)) € Sol(C). O

Appendix C. Invariants that depends on the strategy

In Appendix A, we described some general invariants, i.e. those that does not depend
on the strategy. Typically, they are very useful to prove some general properties on
constraint systems. However, they are not sufficient to establish soundness of our rules
or even the termination. The strategy we described in Section 4 has been essentially
designed to ensure termination of our algorithm. However, this strategy also allows us to
extract some new invariants that will help us to prove soundness. We start this section
by listing these invariants.

Appendiz C.1. List of invariants

Among the invariants, some of them are specific to some steps of the strategy. We
start by describing the invariants that are satisfied at any step of the strategy.
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Invariant 1 (InvGeneral). Let M be a matriz of constraint systems. We say that M
satisfies the invariant InvGeneral, if and only if:

For all constraint systems C in M, if C #L then for all (0,0) € Sol(C), for all
(&, i u) € B(C), we have that:

1. ax; € st(£6).

2. for all & € 11, with root(¢') & Fe, if path(¢') = path(£0) and &' (®o)l € T(Fe, N),
then param(§') € {az1,...,ax;-1}.

3. for all X € vars®(C), if path(§) € st(C| Xmgu(Emn)]|s) then (&,i > u) & NoUse.

4. if (§,i > u) & NoUse then for all &' € st(€), if there exists j and v such that
(&,j>v) € then (&',j > v) & NoUse.

For all constraint systems C, C' in a same column of M, if we denote 8 = mgu(Er(C))
and 0’ = mgu(En(C")), then

5. VX € SQ(C), CLXGJ@(C) = CLX@IJ(p(C/)
6. VX € S5(C),¥f € Fe, En(C) E root(X) #" f implies that Er(C') E root(X) £ f

7. ¥X € S5(C), for all (€,i > u) € ®(C), for all (€,i > u') € ®(C'), if path(€) =
path(¢’) then En(C) E X # ¢ is equivalent to Er(C') E X #"¢'.

Typically, items 1 and 2 ensure that we use in the frame the minimal recipes w.r.t.
the parameters to deduce the key of a cipher or the verification key of a signature. These
two properties are given by the application of the rule DEST (Step a of Phase 1) and
more specifically by the fact that the cycle of steps in Phase 1 is applied by increasing
support. Items 3 and 4 indicate that during Step a, we always prioritized the application
of the rule EQ-FRAME-DED over DEST. The last three properties established similarities
between constraint systems of a same column. We already know that the shape of the
constraint systems are the same but the strategy allows us to be even more specific.
Indeed, item 5 indicates that the actions of the attacker are the same in each constraint
system of a given column (up to the context), and items 6 and 7 also indicate that the
inequalities corresponding the attacker’s actions are the same. These three properties are
in fact due to the application on the external rules on the matrices of constraint system.

The next invariants are more specific to the different steps and phase of the strategy.
Thus, they depend on a parameter, i.e. the support of the rules.

Invariant 2 (InvVarConstraint(s)). Let C be a constraint system. We say that C satisfies
InvVarConstraint(s) if C =L or

1. for all (X,iF"u) € D(C), if i < s thenu € X' and X € S5(C); and
2. for all (X,iF"2),(Y,jF"y) € D(C), ifi <s,j<sand X #Y then x # y.
Invariant 3 (InvVarFrame(s)). Let C = (S1; Se; ®; D; E; Erp; ND; NoUse) be a constraint
system. We say that C satisfies InvVarFrame(s) if and only if for all (&,p > v) € D,
p < s implies for all X € vars®(&), there exists ¢ < p and u € T (Fo, N U XY such that
(X,qF"u) € D.
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Intuitively, InvVarConstraint(s) corresponds to the purpose of the first phase of the
strategy, i.e. modifying the constraint systems such that all right hand term of deducible
constraints are distinct variables. Thus, all constraint systems during Phase 2 will satisfy
this invariant.

Invariant 4 (InvNoUse(s)). Let C = (S1;52;®; D; E; Er; ND;NoUse) be a constraint
system. We say that C satisfies InvNoUse(s) if and only if for all ({,p>v) € &, p < s
and v € Xt implies (£, p > v) € NoUse.

Invariant 5 (InvDest(s)). Let C = (S1;.52; ®; D; E; Er; ND; NoUse) be a constraint sys-
tem. We say that C satisfies InvDest(s) if and only if for all (§,p > v) € @, for allf € Fy,
(&,p>v) € NoUse and p < s implies:

e cither there exists p' € N such that
— s>p >p;and
— (&,p' > ') € D for some & such that path(¢') = f - path(§); and

— for every p < k < p/, for all o, c E ND implies that 0 & Vi,v # u1 Vk /
Flus V...V Ek F u, where f(ui,...,u,) = w is a fresh rewriting rule with
varst(uy,. .., up, w) = 7.

e or else for every p < k < s, we have that
NDEVE,v£ui Vk FlusV...Vk Flu,
where f(uy,...,uy) — w is a fresh rewriting rule with vars'(u,. .., up, w) = 7.

Invariant 6 (InvDedsub). Let C = (S1;.52; ®; D; E; Er; ND; NoUse) be a constraint sys-
tem. Let 6 = mgu(Er). We say that C satisfies InvDedsub if and only if, for all
(& p>v) €D, for allf € F., (§,p > v) & NoUse implies:

e cither there exist X1, ..., X, € vars®(C) such that:
forallie {1,...,n}, param$,, (Xi0) < Spmaz and C[f(Xq,...,X,)0]|s6'(C) =v

e orelse ND EVZ,v # f(z1,...,2Zn) VSmaz /1 V ...V Sae f Tn where & =
T1...T, are fresh.

Typically, InvDest(s) ensures that no new subterm can be obtained by applying a
destructor while InvDedsub ensures that no new subterm can be obtained by applying a
constructor. The invariants InvDest(s) and InvNoUse(s) will be satisfied by any constraint
system after Step a of Phase 1 with support s.

The next invariant indicates that no rule was applied with support strictly greater
than s. Typically, it is satisfied by all constraint systems during Phase 1 with support
smaller than s.

Invariant 7 (InvUntouched(s)). Let C = (S1; Se; ®; D; E; Er; ND; NoUse) be a constraint
system. We say that C satisfies InvUntouched(s) if and only if

1. for all (£, k> u) € P, if s < k then £ = axy; and
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2. for all (X,kF"u) € D, if s <k then X € Sy and X ¢ vars®(En).

Lastly, we define an invariant that impacts on several constraint systems in the ma-
trices.

Invariant 8 (InvMatrix(s)). Let M be a matriz of constraint systems. We say that M
satisfies InvMatrix(s) if and only if for allC, C' two constraint systems in the same column

of M,
e {path(&),i| (&,i>u) € ®(C) Ai < s} = {path(§),i| (§i>u) € P(C')Ni< s}

. {path}(f),i | (£,i > u) € NoUse(C) Ai < s} = {path(§),i | (£,7 > u) € NoUse(C') A
1 <s

The remaining of this appendix will be dedicated to stating and proving which in-
variants are satisfied at each step and phase of the algorithm

Appendiz C.2. Preliminaries

We write C —* C’ when C’ is obtained from C by applying a sequence of transformation
rules.

Lemma 6. Let C and C' be two normalised well-formed constraint systems such that
C—*C'. Let § = mgu(En(C)), 0 = mgu(En(C")) and o' = mgu(E(C")). The fol-
lowing property holds: for all X € vars®(C), C| X600 (C)o’ = C| X' |e:/6(C’) and
param$ . (X0') < param§_ (X6).

max( max(

Proof. We prove this result by induction on the length N of the derivation C —* C’.

Base case N = 0: In such a case, C = C’. Thus, we have that § = ¢’ and §'(C) =
§1(C"). Therefore, we have for all X € vars?(C), C|X0|46*(C)o’ = C| X' |4:/6*(C")o’
Since C is normalised, we have that dom(c’) N img(él(C’)) = (), which means that
C| X030 (C")o" = C| X0'|3/6*(C") and so C| X0|46%(C)o’ CL |a/61(C"). Further-
more, since # = #' and C = C’, we trivially have that param¢ ) < param®_ (X0).
Hence the result holds.

X0
max (Xe/ max(

Inductive case N > 0: In such a case, we have that C —* C"” — C’ for some normalised
constraint system C”. By Lemma 4, we know that C” is also well-formed. Let 6§ =
mgu(Ern(C"”)) and ¢” = mgu(E(C")). By inductive hypothesis, we know that for all
X € vars®(C), C| X006 (C)o" = C| X0" |56 (C") and paramC.. (X") < paramC, (X6).
The application of a rule on C” produced two constraint systems C; and C3. We show the

result by case analysis on the rule applied on C” and we distinguish two cases depending
on whether ' = C; or C' = Cs.

Case C' = Cy for any rule: According to Figure 1 and Figure 2, for any rule, only
inequations or non deducibility constraint are added in Cy, or some frame elements are
marked as NoUse. Hence, we have that 6 = ', ¢/ = ¢/, ,®" = ® and D" = D’.
Thus, C|X0|40'(C)o” = CLXH”J@Nél(C”) implies CLX0J¢51( Jo! = CLXG’J¢/61(C')
Moreover we also deduce parammaX(XG) = parammaX(XG”). Since paramS, (X6") <
param¢ (XQ) we conclude that param¢_ (X6') < param®_ (X#) and so the result holds.

max max max

We now consider the case where C” = C;, and we consider each rule in turn:

Rule Cons(X,f): Let Y € vars?(C). The rule described in Figure 1 tells us that:
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o B'=E"ANt="f(z1,..., 7).
o B =EiAX="f(X1,...,X,)
e (X,iF"t) € D(C")

Since C” is normalised, it means that vars(t)Ndom(c”) = 0. Furthermore, 1, ..., z, are
fresh variables, and so {21, ..., 2, }Ndom(c"”) = (). Thus, mgu(E" At=""f(z1,...,2,)) =
o'mgu(t=""F(x1,...,7,)). Let ¥ = mgu(t=""F(x1,...,2,)) (it exists otherwise the nor-
malised constraint system C’ would be 1), we have ¢/ = ¢”’%. Since X, ..., X, are also
fresh variables, thus if we denote © = mgu(X =’ f(X1,...,X,)), then ¢ = 0"0.

According to Figure 1, (X,iF"t) € D(C") implies (Xk,iF zpX) € D(C') for all
ke {1,...,n}. Hence, we have that paramC._ (X) = param&,_ (X©). Since only X, it
was removed from D(C’”)7 we deduce that param, (Y0"©) = param§,, (Y0"). Hence
parammax(ye/) = parammax(yen) < parammax(ye>

From the first equality, we deduce that C|Y 8|56 (C)o’ = C|Y 0|40 (C)o”%. There-
fore by our inductive hypothesis, we have C|Y0|40'(C)o’ = C|Y0"]e/0(C")E. But
since no frame element was added on @', thus we have C|Y 6" |¢» = C|Y 0" |4/ Further-
more, since C” is well-formed, we know that C|Y 0" |¢» € T(F. U (F; - AX), X?%) and
since C|f(X1,...,X,)]e € T(F. U (F; - AX), X?), we can deduce by Lemma 3 that
ClY?"O|e =ClYO"|o{X — C[f(Xy,...,Xn)]e} and so C|Y0"O|e = C|Y 0" |51 O.

At last, since the constraint with the variable X was removed in D’ and since we
consider C’ normalised, we have :

o for all Z € vars®(D") ~ {X}, ZO5'(C') = Z5'(C") = Z5*(C")S

max( max(

o foralli € {1,...,n}, X;61(C") = ;¥ and so X61(C")T =t = f(x1,...,7,)8 =
Xoes(C)
Thus, we deduce that 6'(C")X = ©§'(C’), which implies, thanks to C|Y0"O|s =
ClY0"]3.0O, that : C|YO" |50 (C")X = C|Y ' |3/6*(C") and so we obtain C|Y 8] 55 (C)o’
= ClY¢ a0 (C).

Rule AX1oM(X, path): Let Y € vars?(C). The rule described in Figure 1 tells us that:

o ' =F'"Au="w.
o B =E][ ANX="¢
o (X,iF"u) € D(C"), (&> v) € ®(C”) and path(¢) = path

Since C” is normalised, it means that (vars(u) U vars(v)) N dom(c”) = @ which means
that mgu(E” Au="v) = 0" mgu(u="v). Let ¥ = mgu(u="v); we have o/ = ¢”"%. For
the same reason, if we denoted © = mgu(X =" ¢), we have ' = #”0. No element has
been added into the frame C’ (from C”), which means that C|Y¢' |¢r = C|Y O |¢r =
ClY0"©]s~. By Lemma 3 and since C” is well-formed, we deduce that C|Y "0 ]¢» =
CLY O Jor X — C[€]an}.

Thanks to C being well formed (Definition 18, item 3), we deduce that paramC,, (£) < j.
Moreover, since © = mgu(X =" ¢), we deduce that X ¢ vars?(¢) and so (£,§ > vX) €
®(C’). The deducible constraint (X i’ u) being the only one removed from D(cC’ ’), we
deduce that param€. (&) = paramC, (€). Hence paramC,_ (X) =i > j > paramS. (€).
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Therefore we deduce parammax( 0"0) < parammax(
paramS._ (Y0”©) < param&,_ (YV0") < param_ (Y 6).

At last, since the constraint with the variable X was removed in D’ and C’ normalised,
we have:

e for all Z € vars(D") ~ {X}, Z{X — C|&]an}0L(C") = Z51(C') = Z§1(C")E
o X5'(C"E =uX =vE = X{X — C|¢]or}d(C)

Thus, we deduce that §1(C")Y = {X — C|&]ar}61(C"). Hence, thanks to our inductive
hypothesis (applied on C” and Y'), we have that C|Y 0|55 (C)o” = C|Y 0" ]|5/6*(C"), and

we deduce that C|Y 0|45 (C)o’ = C|Y 0|35 (C)o"E = C|YO" o101 (C")X = ClY O | {X —
Clé|or }6L(C) = ClYO0"O g6 (C") = CLY O |51 (C).

Rule DEST(,,¢ — r,i): Let Y € wars?(C). The rule described in Figure 1 tells us
that:

e ' =FE"Nu="us.

6"). Thus we deduce that param&,_ (Y6') =

max (

e Ef=FEjjandso ¢ =0".

Since C’ is normalised, it means that vars(u) N dom(c”) = (). Furthermore, we know
that all variable in u; are fresh variables, which means that mgu(E” A u="u;) =
o"mgu(u="u1). Let ¥ = mgu(u="u1). We have that ¢/ = ¢"'%.

Since 8’ = 6" and no deducible constraint is removed from D(C”) to D(C’), we trivially
have that paramS. (Y6") = paramC,_ (Y0') and so paramC,_ (Y6') < paramS_ (Y6).

The frame element (f(&, X1,...,X,),1 > w) with f € F4 was added in @', but since
C” is well-formed, we know that C|Y 0" |¢» € T (Fe, (Fj - AX) U X?), thus we deduce
that C|_ 9”j Hrr = |_ 9NJ<I>/ = |_Y9IJ o/ -

At last, since only constraints with fresh variable X}, were added in D’ and since
C’ is normalised, we have that 51(01)\dom(61(c”)) = 61(C")X. With this last property,
we can use the inductive hypothesis (on C” and Y). We obtain that C|Y 0|45 (C)o” =
ClY 0] (C"), and so C|Y0]46'(C)o’ = C|Y0]46'(C)o"S = C|YO]gn6'(C")E
CLYG/J @’51 (CN)E == CLY&IJ @’51 (CI)I dom(él(C”))~

Since C|Y 0" |gn = C|Y ' |g/, then for all Z € vars®(C|Y0'|s/), Z € dom(51(C")).
Moreover, it also implies that for all path € st(C|Y 6’ |¢/), path € dom(6'(C”)). Hence,
we deduce that CLYH/J@/61(C/)|dom(él(C”)) = CLY@IJ@CSI(CI) and so CLY@J@(SI(C)O'/ =
ClYO |o51(C).

Rules EQ-FRAME-DED and EQ-FRAME-FRAME: Let Y € vars?(C). The rule described
in Figure 1 tells us that B/ = E” Au;="uy and Ej; = EJ, hence 6" = ¢'. Since
C" is normalised, we have that (vars(ui) U vars(uz)) N dom(c”) = () which means that
mgu(E" Auyp =" ug) = o"'mgu(uy =" uy). Let ¥ = mgu(u; =" uz). We have that o’ = ¢"'3.

Neither the frame nor the constraints changed between C” and C’, which means
that C|Y 0| = C|Y€|gr. Since C' is normalised, we also have §'(C’') = §'(C")%
By the inductive hypothesis (applied on C” and Y), we have that C|Y0]sd'(C)o” =
ClY0" |61 (C") and so C|Y 0|48 (C)o’ = ClY 0|0 (C)o"E = ClYO|end(C")E
ClYO |o51(C).

Furthermore, since #’ = 6" and no deducible constraint is removed from D(C” ) to
D(C’), we trivially have that param 0") = paramt, (Y¢') and so param®_ (Y6') <
params,,. (Y6).

max( max( max(

max(
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Rule EQ-DED-DED(X, €): Let Y € vars?(C). The rule described in Figure 1 tells us that:

e ' =F'"ANu="wv.
« B =EjAX="¢
o (X,iF"u) e D(C")

where ¢ € T(F.,dom(a)) and v = &a with a = {Y — u | (Y,jF'u) € D(C")Aj <
iANY € S3}. But 61(C”)|dom(a) = «. Hence, we have that v = £51(C").

Since C” is normalised, it means that (vars(u) U vars(v)) N dom(c”) = @ which
means that mgu(E” A u="v) = ¢"mgu(u="v). Let ¥ = mgu(u="v). We have that
o' = ¢”%. For the same reason, we have that 8/ = 0”0 where © = {X — £}.
element has been added into the frame C’ (w.r.t. C"”). Hence, we have that C|Y#'|¢ =
ClY# |gn = C|Y0"O|gr. By Lemma 3, C" well formed and ¢ € T(F., X?), we deduce
that C|Y6"©]¢» = C|Y 0" |5/ 0.

Since for all Z € vars?(§), paramﬁaX(Z) <i= paramgax( )and © = {X — ¢}, we de-
duce that param¢_ (X0) < parammaX(X) Therefore parammaX(YO”G) < parammaX(YH”)
Thus we deduce that paramC,, (Y0') = paramS, (Y 0"0) < paramC, (Y0") < param¢_, (Y 0).

At last, since the constraint with the variable X was removed in D’ and C’ normalised,
we have:

e for all Z € vars(D") ~ {X}, Z061(C") = Z5*(C") = Z5*(C")T
o X5(CE =uX =0 = XO§(C")X = XO61(C')

Thus, we deduce that §1(C”)X = ©§1(C’). Hence, thanks to our inductive hypothesis (ap-
plied on C" and Y'), we have that C|Y 0|56 (C)o” = C|Y 0" |51 (C"). From this, we de-
duce that C|Y 8|50 (C)o’ = C|Y 0|6 (C)o”"E = ClY 0" |40 (C")E = C|Y 0" |4/O5'(C') =
ClY0"0 )81 (C"). Hence we conclude that C|Y 0|45 (C)o’ = C| YO |4:/6(C").

Rule DED-ST: Let Y € vars?(C). The rule described in Figure 1 tells us that:
o B'=FE"ANu="f(21,...,2).
e B, =Efj andso ¢ =0".

Since C” is normalised, this means that vars(u) N dom(c”) = 0. Furthermore, we know
that the variables x; are fresh variables, which means that mgu(E"” Au="f(z1,...,2,)) =
o'mgu(u=""f(x1,...,7,)). Let ¥ = mgu(u="f(x1,...,2,)). We have that ¢/ = o”'.

Since 6’ = 6" and no deducible constraint are removed from D(C") to D(C’), we triv-
ially have that paramS. (Y6") = paramC, (Y#') and so paramC, (V') < paramS_ (Y#).

No element has been added into the frame C’ (w.r.t. C”). Hence, we have that
ClYO | =ClYEO o =ClYO |o

At last, since only constraints with fresh variable X; were added in D’ and since C’
normalised, we have that 6'(C")|aom(s1 (7)) = 0'(C")E. With this last property, we can
use the inductive hypothesis (applied on C” and Y'). We obtain that C|Y 0|6 (C)o” =
ClY0"]4/61(C"), and so C|Y0]ad'(C)o" = ClYO|s6 (C)o"S = ClYO]en6 (C")E
ClY#'|4:6"(C")2 = ClY O |6:6" (C') | dom(st ()

Since C|Y 0" |¢» = C|Y ' |gr, then for all Z € vars®*(C|Y ¢ |¢/), Z € dom(51(C")).
Moreover, it also implies that for all path € st(C|Y 6’ |¢/), path € dom(6'(C”)). Hence,
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we deduce that C|Y0' |46 (C")|dom(sr(cy) = ClY0'|40'(C’) and so C|Y0]46'(C)o’ =
CLY 0|00 (C"). O

Lemma 7. Let C and C' be two normalised well-formed constraint systems such that
C —*C'. Let 0 = mgu(E(C")), and (§,i > u) € ®. There exist (&',i > u') € &' such that
path(§) = path(¢’) and v’ = uo.

Proof. According to the rules described in Figure 1 and 2 and the fact that C is well-
formed, the path path(§) of a frame element (£,4 > u) is never modified. The only
operation that affects this frame element is the normalisation of a constraint system, i.e.
the most general unifier of E is applied on u (idem for Fry). Thus, if 0 = mgu(E(C’)),
we can conclude that v’ = uo. O

Lemma 8. Let C be a normalised well-formed constraint system. Let C1 and Cy be two
normalised well formed constraint systems such that C —* C; and C —* Cy. Let ax € AX
such that {az,i > u1} € ®1 and {az,i > ug} € By, Let w € Fj, {&1,91 > v1} € &
and {&a,12 > v2} € Py such that path(&1) = path(&2) = w - az, and u1p = ug for some
variable renaming p from X' to X1. We have that vip = vs.

Proof. We prove the result by induction on |w|:

Base case |w| = 0: In such a case, we have that & = & = az. Thus by item 1 of a
well-formed constraint system, we know that u; = v; and us = vs and so the result
trivially holds.

Inductive step |w| > 0: Assume that w = f-w" and u;p = us. By item 2 of a well-formed
constraint system, we know that there exists (£],4) > v]) € ®; and (&, > vh) € Pgy
such that path(¢]) = path(&,) = w’ - az. Thus by our inductive hypothesis, we know
that vjp = v4. Furthermore, by definition of the rule DEST (the only rule that can
add an element into the frame), we know that there exists a position p (actually for
our rewriting rules p = 1) such that v; = vj|, and vs = v}|,. Hence, we have that

vip = (vilp)p = (V1p)|p = v3lp = va. -

Appendiz C.3. Preservation of the invariants along the whole procedure

First, we consider the invariants that are satisfied at any step of the strategy. The
other ones are established in the next section.

Lemma 9. Let C be a well-formed constraint system satisfying InvVarConstraint(s). Let
RULE(D) be an instance of the rule CONS, or AXIOM or EQ-DED-DED with support s’ < s.
Let C1,Cy be the two constraint systems obtained by applying RULE(P) on C. We have
that for all i € {1,2}, C; satisfies InvVarConstraint(s).

Proof. According to the definitions of the three rules, Cy only differs from C by an addi-
tional inequality on recipes. Thus, we trivially deduce that Cy satisfies InvVarConstraint(s).
We prove the result for C; by case analysis on the rule applied:

Rule Cons(X,f): Since the support of the rule is s’, then there exists (X,s'F u) €
D(C). Moreover, C satisfies InvVarConstraint(s) hence v € X*. But D(C;) = D(C)o \
{X,s'F ucy U{Xy,8' F z105...; X, 8" F 2,0} where 0 = mgu(u="f(x1,...,2,)) and
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Z1yeeeyTny X1, ..., Xy, are fresh variables. Since s’ < s then C satisfies InvVarConstraint(s)
also implies that X € S;. Thus, by definition of the rule Cons, Xi,..., X, € Sa.

Moreover, since u € X!, we deduce that 0 = {u + f(x1,...,2,)}. Hence for all
ie€{l,...,n}, z;0 = x;. Moreover, since C satisfies InvVarConstraint(s), we deduce that
for all (Y,j > y) € D such that Y # X, yo = y. Thus, thanks to z1,...,2, and
Xi,..., X, being fresh, the result holds.

Rule AX10M(X, path): Since the support of the rule is s’, then there exists (X,s'F u) €
D(C) and (§,j > v) € ®(C) with j < s’. Moreover, C satisfies InvVarConstraint(s) hence,
we deduce u € X'. But D(C;) = D(C)o \ {X,s'F’ uc} where 0 = mgu(u="v). Thus
the first property is trivially satisfied.

Moreover, u € X! implies that either (a) o = {u— v} or (b) v € X! and 0 = {v —~
u}. In case (a), since C satisfies InvWarConstraint(s), we deduce that for all (Z,kF’ 2) €
D(C) and k < s, if Z # X then (Z,kF’ z) € D(C;) hence the result holds. In case (b),
v € X! implies, by the origination property, that there exists (Y,k+"') € D(C) such
that k < j and v € vars!(v'). But C satisfies InvVarConstraint(s) thus v = v’. Hence for
all (Z1,01F" z1) € D(Cy), if £, < s then either Z; # Y and so (Z1,4,F’ z1) € D(C), or
Z1 =Y and v/ = u. By relying on C satisfying InvVarConstraint(s), the result holds.

Rule EQ-DED-DED(X, £): Proof similar to the rule AXIOoM. O

Lemma 10. Let C be a well-formed constraint system satisfying InvUntouched(s). Let
RULE(p) be an instance of a rule with support s' < s. Let C1,Cy be the two constraint
systems obtained by applying RULE(P) on C. We have that for all i € {1,2}, C; satisfies
InvUntouched(s).

Proof. The rule DEST is the only one that adds an element into the frame. But the
support of the rule being s’, DEST can only introduce frame element of the form ((, s’ >
w). Thus since s’ < s, we deduce that for all (§,k > u) € ®(C1) (resp. ®(Cq)), if s < k
then £ = azy. Similarly, the only rules that add elements in Er;(C) are CoNs, AX1IOM and
EQ-DED-DED. In case of CONS and EQ-DED-DED, the result trivially holds by definition
of the rules and the fact that s’ < s. In case of application of the rule Axtom(X, path),
by definition, we know that there exists (X, s’ u) € D(C) and (&, k > v) € ®(C) with
k < s'. But since C is well-formed (Definition 18, item 3), we know that param¢,. (¢) < k
which implies that for all Y € vars?(¢), (Y,¢F’ w) € D(C) implies that £ < k. Hence
any new (in)equations in Fy only contain variables Y such that param$, (V) < s’ < s.

max

Hence the result holds. O

Lemma 11. Let C be a well-formed constraint system satisfying InvNoUse(s) (resp.
InvDest(s), InvVarFrame(s) and InvDedsub). Let RULE(p) be an instance of a rule differ-
ent from DEST, or the rule DEST with support s’ > s. Let C1,Cy be the two constraint
systems obtained by applying RULE(D) on C. We have that for all i € {1,2}, C; satisfies
InvNoUse(s) (resp. InvDest(s), InvVarFrame(s) and InvDedsub).

Proof. We prove the different invariants by case analysis on the rule applied.

Rule CoNs(X,f): The rule CoNs only adds the inequation root(X) # f into Ep(Cs).
Thus, Co trivially satisfies all the wanted invariants.
On the other hand, we have that ®(C;) = ®(C)fo, NoUse(C;) = NoUse(C)fo, ND(C;) =
ND(C)o and D(C;) = D(C)o\{X,iF"to} U {Xy,iF 2107 ...; X,,iF" z,0} where
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o=mgu(t="f(z1,...,2,)) and 6 = mgu(X =" f(X1,..., X,,)). We now prove the differ-
ent invariants one by one.

Let (§,p > v) € ®(Cy) such that p < s. Since ®(C;1) = ®(C)o, there exists £’ and v’
such that (&',p>v') € ®(C), {0 =& and v'o = v:

e InvNoUse(s): Assume that v € X'. In such a case, v'o = v implies v' € X'1. But C
satisfies InvNoUse(s) hence (¢/,p > 2) € NoUse(C). With NoUse(C;) = NoUse(C)fo,
we deduce that (£, p > v) € NoUse(Cy) thus the result holds.

e InvVarFrame(s): Let Y € vars?(¢). In such a case, £’6 = ¢ implies that there exists
Y’ € vars?(¢') such that Y € vars?(Y'6). But C satisfies InvVarFrame(s) implies
that there exists ¢ < p and u € T(F,, N U X1) such that (Y',q-"u) € D(C).
If Y # X then Y/ = Y and so (Y,qF uo) € D(C;) thus the result holds. If
Y =X then Y € {X31,...,X,,} and s’ = ¢ . But for all k € {1,...,n}, we have
(X1, s'F o) € D(Cy). With 8/ = ¢ < p then the result holds.

e InvDest(s): The result is direct from ®(C;) = ®(C)fo, NoUse(C1) = NoUse(C)fo
ND(Cy) = ND(C)o and the fact that C satisfies the invariant InvDest(s).

e InvDedsub: Since C satisfies the invariant, then for all g € F., (¢,p > v') €
NoUse(C) implies that either (a) there exists Y1,. .., Y} € vars?(C) such that for all
i€ {1,...,k}, we have that param$, (Y;mgu(En(C))) < Spmaz and C|g(Y1,...,Ym)
mgu(En(C))]6*(C) =/, or else (b)

ND(C) EVEV £ g(x1, ..., 2n) VSmaz - T1V ...V Smaz F' Tk

where z1, ...,z are fresh variables.

In case (a), by Lemma 3 and since mgu(En(C1)) = mgu(En(C))0, f(X1,...,X,) =
Clf(Xy,...,Xn)| € T(F.,X?), we deduce that Clg(V,... Yk)mgu(EH(Cl))J
Clg(Y1,...,Yi)mgu(En(C))]0. But for all Z € wvars?(C), Z51(C)a = Z05'(C,
thus C[g(Vi, .., Yi)mgu(En(C)]8(C1) = Clg(Vi, .., Yi)mgu(En(C))J5' (C)o
v'c = v. Hence the result holds.

In case (b), since ND(C;) = ND(C)o then ND(Ci) E Viw# g(zy,...,zn)
Smaz - X1V ...V Spae f- 2. Hence the result holds.

~—

<

Rule DEST(E,¢ — r,8') and s’ > s : Since the rule only adds a frame element (¢, s’ > w)
for some (, w and applies a substitution on first order term, then the result holds by
relying on C verifying each invariant respectively.

All the other rules: The proofs of all the others rules are similar to the rule Cons. Note
that for the rule DED-ST(E,f), if C satisfies the invariant InvDedsub, then it implies
that the application of the rule DED-ST(,f) was in fact useless hence according to the
strategy, such application could not have happen. Hence the result holds. O

Lemma 12. Let M be a well-formed matriz of constraint systems satisfying InvMatrix(s).

Let RULE(D) be an instance of a rule different from DEST and EQ-FRAME-DED, or DEST

with support s’ > s, or EQ-FRAME-DED with support s’ > s. Let My, Ms be the two

matrices of constraint systems obtained by applying RULE(p) on M (if RULE(D) is an

internal rule, only My exists). We have that for alli € {1,2}, M, satisfies InvMatrix(s).
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Proof. Note that the invariant InvMatrix(s) mainly focuses on the path of the frames.
But thanks to M being well-formed we have that for all C € T(F., ), C is well-formed.
Hence by Definition 18, item 1, we know that the path of any frame element is closed.
Hence relying on Lemma 2, we trivially deduce that the result holds for the rule CONS,
AxioM, EQ-DED-DED, EQ-FRAME-FRAME and DED-ST. Hence it remains to prove that
the result holds for EQ-FRAME-DED with support s’ > s and DEST with support s’ > s.
But in both cases, the only possible modifications on the frames or on the sets NoUse only
occurs on frame elements with support stricly bigger than s. Hence the result holds. [

Lemma 13. Let C be a well-formed constraint system. Let s € N, if C satisfies InvDedsub
(resp. InvVarFrame(s), InvNoUse(s), InvDest(s) and InvVarConstraint(s)) then for all
s’ < s, C satisfies InvDedsub (resp. InvVarFrame(s'), InvNoUse(s'), InvDest(s’) and
InvVarConstraint(s') ).

If C satisfies InvUntouched(s) then for all 8 > s, C satisfies InvUntouched(s’).

Proof. Direct from the definition of the invariants. O

Lemma 14. Let M be a well-formed constraint system satisfying InvGeneral. Let RULE(p)
be an instance of a rule different from DEST and EQ-FRAME-DED. Let M1, My be the
two matrices of constraint systems obtained by applying RULE(p) on M (if RULE(D) is an
internal rule, only My exists). We have that for alli € {1,2}, M, satisfies the invariant
InvGeneral.

Let RULE(P) be an instance of the rule DEST or EQ-FRAME-DED. Let M’ be the
matriz of constraint systems obtained by applying RULE(p) on M. We have that M’
satisfies Properties 5, 6 and 7 of the invariant InvGeneral.

Proof. First of all, let us notice that when the rule RULE(D) is an internal rule then we
directly obtain from M satisfying InvGeneral that M satisfies Properties 5, 6 and 7.
Indeed, these invariants focuses on the variable from S5(C) for C a constraint system in
the matrix. But by definition of the internal rules, none of them involves variables from
S5(C). This allows us to prove the second part of the lemma. Hence, it remains to prove
the result for external rules and Properties 1, 2, 3 and 4 of InvGeneral for internal rules
other than DEST and EQ-FRAME-DED. Note that for rules that can be both external
and internal, it is sufficient to prove Properties 1, 2, 3 and 4 of InvGeneral in the external
case. Let us do a case analysis on the rule applied.

Rule CONS(X,f): Let us first start with Ms. In such a case, we only added root(X) #"f
to all constraint systems of the matrix M to obtain Ms. Hence, since M satisfies
InvGeneral then we directly obtain that Properties 5, 6 and 7 of InvGeneral are satisfied
by M. Consider C; be a constraint system of My and let C be the constraint system
from M from which Cs is obtained. Let (o,6) € Sol(C2). Thanks to Lemma 5, we know
that (ovarst (), Ojvars2(c)) € Sol(C). Moreover, we know by the rule that ®(C) = ®(Cz),
NoUse(C) = NoUse(Ca), En(C) = En(C2) and wars®(C) = wars?(Cy). Therefore, we
deduce that Properties 1,2,3 and 4 of InvGeneral are satisfied by M since InvGeneral is
satisfied by M.

Let us now focus on M;. Consider C; a constraint system from M; and let C be
the constraint system in M from which C; is obtained. Let (o,6) € Sol(C;1). Thanks
to Lemma 5, we know that (0yarst (¢); Ovars?(c)) € Sol(C). Moreover, we have ®(Cy)0'c" =
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®(C1), NoUse(C)0' o’ and mgu(Er(C1)) = mgu(En(C))0" where ¢ = {X — f(X1,...,X,)}
and o' = mgu(¢,f(z1,...,2,)). Note that ®(Cy)f0c = ®(C1)0'c'00 = &(C)bo.

Let (§,i > u) € ®(C1). We know that there exists &, v’ such that (¢',i > ') € ®(C)
and £ = &0, u=1u'0’, €60 = £'0 and uo = v'o. Since M satisfies InvGeneral, we directly
then deduce that Properties 1 and 2 of Invariant InvGeneral. are satisfied by M;. Let
Y € wars?(Cy). We know that either Y € {Xy,...,X,} or Y € vars?(C). In the for-
mer case, we have that Ymgu(Fr(C1)) =Y and so Property 3 of Invariant InvGeneral.
directly holds. In the latter case, we know that mgu(Emn(C1)) = mgu(En(C))6’. More-
over, C|f(X1,...,Xn) o) = f(X1,...,X,). Therefore, thanks to C and C; being well
formed (Property 1) and thanks to Lemma 3, we know that C|Ymgu(En(C1))]s(c,) =
ClYmgu(En(C))|ac)?. Thus, since path(§) = path(¢’), we have that if path(¢) €
st(ClYmgu(En(C1))]a(c,)), then path(¢’) € st(ClY mgu(En(C))]s(cy) which would lead
to (£/,i > u') & NoUse(C) which would allows us to deduce that (£, > u) & NoUse(Cy).

Assume now that (£,7 > u) & NoUse(C1). Let ¢ € st(§). We know that £ = £'6".
Hence either ¢ € {X1,...,X,} or there exists (' € st(£’) such that ¢'0’ = (. In the
former case, Property 4 directly holds since path(¢) is not closed. In the latter case, if
there exists v, j such that ({,j > v) € ®(Cy) then it implies that (¢/,j > v') € ®(C) for
some v' with v'o’ = v. But M satisfies InvGeneral hence (', j > v) € NoUse(C) and so
(¢,j > v) & NoUse(Cy).

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C;,C; be
two constraint systems in the same column of M;. Let C,C’ the constraint systems
in M from which C;,C} are respectively obtained. In such a case, we already shown
above that mgu(En(C1)) = mgu(En(C))¢ and mgu(En(Cy)) = mgu(En(C'))¢’ where
0 ={X — f(X1,...,X,)}. Thanks to Lemma 3, we deduce that for all Y € S(C),
ClYmgu(En(C1))]a(c,) = ClYmgu(En(C))]ec)t” and ClYmgu(Eu(C))]ac;) = CLY
mgu(En(C’))|acHd’. But since M satisfies Invariant InvGeneral, by Property 5, we
obtain C|Ymgu(En(C)) sy = ClY mgu(En(C’))] sy and so ClY mgu(En(Ci))]ec,) =
ClYmgu(En(Cy))]ecy)- Lastly since S3(C1) = S2(C) U {Xy,...,X,} and for all i €
{1,...,n}, C[Ximgu(En(C1))]ec,) = Xi = C[Ximgu(En(Cy))]e ), we deduce that
M; satisfies Property 5 of Invariant InvGeneral. Properties 6 and 7 directly hold since
we do not add any disequalities in M; compared to M. We conclude that M, satisfies
Invariant InvGeneral.

Rule AX10M(X, path): Let us first start with Ms. In such a case, for all Co € My
different from L, if C is the constraint systems in M from which Cs is obtain then the
rule added in Cs the disequality X7é?§ where (£,i > u) € ®(C) and path(¢) = path.
In other words, for all Co,C), for all (£,i > u) € ®(Cq), for all (¢/,i > u') € ®(Ch), if
path(¢) = path(¢’) = path then Epj(Cy) E X #° € and Er(Ch) E X #° €. In combinaison
with the fact that M satisfies InvGeneral, we deduce that My satisfies Property 7 of
InvGeneral. Note that we also directly obtain from M satisfying InvGeneral that Mo
satisfies Properties 5 and 6. Consider now C; a constraint system in My and C a
constraint system in M from which Cy is obtained. Let (o,0) € Sol(C2). Thanks to
Lemma 5, we know that (0|yarst(c),Ojvars2(c)) € Sol(C). Moreover, we know by the rule
that ®(C) = ®(Cz), NoUse(C) = NoUse(Cs), Eri(C) = En(Cz) and vars?(C) = vars?(Cs).
Therefore, we deduce that Properties 1,2,3 and 4 of InvGeneral are satisfied by M since
InvGeneral is satisfied by M.

Let us now focus on M;. Consider C; a constraint system from M, and let C be
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the constraint system in M from which C; is obtained. Let (o,0) € Sol(C1). Thanks to
Lemma 5, we know that (0jyarst(c)s jvars?(c)) € Sol(C). Moreover, we have ®(C1)0'0" =
®(Cy1), NoUse(C)8'c’ and mgu(Em(C1)) = mgu(En(C))0" where 6/ = {X — &}, (£, >
v) € ®(C), path(¢) = path, (X,i-"u) € D(C) and ¢’ = mgu(u,v). Note that X ¢
vars?(€) and ®(C1)fo = ®(C1)0 0’0o = ®(C)fo.

Let (¢,k > t) € ®(C1). We know that there exists (’,# such that (¢',k > t') €
®(C) and ¢ = 0, t = t'o’, (0 = ¢'0 and to = t'o. Since M satisfies InvGeneral,
we directly then deduce that Properties 1 and 2 of Invariant InvGeneral. are satis-
fied by M;. Let Y € wars?(C;). We know that Y € wars?(C) and mgu(Ern(C1)) =
mgu(En(C))¢’. Moreover, C|£|p(c,) = path. Therefore, thanks to C and C; being well
formed (Property 1) and thanks to Lemma 3, we know that C|Y'mgu(En(C1))]e(c,) =
ClYmgu(En(C))]eey{X — path}. Thus, since path({) = path(¢’), we have that if
path(¢) € st(ClYmgu(En(C1))]a(c,)), then either path(¢’) € st(ClYmgu(Eu(C))]a(c))
or path(¢’) = path(¢). In the former case, we know by Property 3 of InvGeneral satisfied
by M that (¢',k > t') &€ NoUse(C) which would allows us to deduce that ({,k > t) &
NoUse(C1). In the latter case, we know by the application conditions of the rule that
(&,i > v) € NoUse(C) and so (&,i > v) ¢ NoUse(Cy). This allows us to conclude that Mo
satisfies Property 3 of InvGeneral.

Assume now that (¢,k > t) & NoUse(Cy). Let 8 € st(¢) and ¢,w such that (5,4 >
w) € ®(Cy). We know that ¢ = (’0’. Hence either 8 € st(§) or there exists 5 € st(¢’)
such that 3’60’ = 5. In the former case, since X ¢ vars?(¢), we deduce that there exists
w’ such that w'c = w and (8, > w') € ®(C). But we know that M satisfies InvGeneral.
Hence by Property 4, we obtain that (8,¢ > w’) € NoUse(C) and so (8,¢ > w) ¢
NoUse(Cy). In the latter case, if there exists w, ¢ such that (5,¢ > w) € ®(Cy) then it
implies that (8,7 > w’) € ®(C) for some w’ with w'o’ = w. But M satisfies InvGeneral
hence (4,7 > w') & NoUse(C) and so (3, j > w) & NoUse(Cy). This allows us to conclude
that My satisfies Property 4.

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C1,C] be
two constraint systems in the same column of M;. Let C,C’ the constraint systems
in M from which C;,C] are respectively obtained. In such a case, we already shown
above that mgu(Ern(C1)) = mgu(En(C))0; and mgu(En(Cy)) = mgu(En(C’))02 where
01 ={X =&}, 02 = {X — &'} and path(§) = path(¢’) = path for some (&,i > v) € ®(C)
and (¢',7 > v') € ®(C’). Thanks to Lemma 3, we deduce that for all Y € S5(C),
CLYmeu(Fn(C))Jaccy) = CLYmgu(Bi(C)) ey (X — path(€)} and C|Ymgu(Fn(C))) ;) =
ClYmgu(En(C))]oe){X — path(¢’)}. But since M satisfies Invariant InvGeneral,
by Property 5, we obtain that C|Ymgu(En(C))|acy = ClYmgu(En(C’))]acr) and so
ClYmgu(En(C1))lae,) = ClYmgu(En(C)))]ac- This allows us to deduce that M;
satisfies Property 5 of Invariant InvGeneral. Properties 6 and 7 directly hold since we
do not add any disequalities in M; compared to M. We conclude that M; satisfies
Invariant InvGeneral.

Rule EQ-FRAME-FRAME({1,&2): This rule only add an equality or disequality between
first-order terms. Hence the result directly hold since M satisfy InvGeneral and by ap-
plying Lemma 5.

Rule EQ-DED-DED(X, £): As before, we focus on the case where the rule is an external

rule. On My, we only added a disequality between first-order terms. Hence, by applying

Lemma 5 and since M satisfy InvGeneral, we directly obtain that M satisfied InvGeneral.
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Let us now consider M;. Let C; be a constraint system from M; and let C be the
constraint system in M from which C; is obtained. Let (0,0) € Sol(C;). Thanks to
Lemma 5, we know that (0|yerst (), Ojuars?(c)) € Sol(C). Moreover, we have ®(C1)0'c" =
®(Cy), NoUse(C)8'o’ and mgu(Ern(Cy1)) = mgu(En(C))0" where 8/ = {X — £} and o/ =
mgu(t, f(z1,...,2,)). Note that ®(C1)00 = ®(C1)80' 0’00 = ®(C)fo and C[]5(c) = &.

Let ((, k> t) € ®(C1). We know that there exists ', ¢ such that ({',k > t') € ®(C)
and ¢ = ('0', t = t'd’, (0 = ('0 and uoc = u'o. Since M satisfies InvGeneral, we
directly then deduce that Properties 1 and 2 of Invariant InvGeneral. are satisfied by
M. Let Y € vars®(C1). We know that Y € vars?(C) and mgu(Ern(C1)) = mgu(En(C))6'.
Moreover, C|£|g(c,) = & Therefore, thanks to C and C; being well formed (Property 1)
and thanks to Lemma 3, we know that C|Y mgu(En(C1))]|ac,) = C[Y mgu(En(C)) a0’
Thus, since path(¢) = path(¢’), we have that if path(¢) € st(C|Ymgu(En(C1))]a(c,)),
then path(¢’) € st(C|Ymgu(En(C))]a(c)) which would lead to (¢',k > t') & NoUse(C)
which would allows us to deduce that (¢, k > t) & NoUse(Cy).

Assume now that (,k > t) € NoUse(Cy). Let 8 € st((). We know that ¢ = ¢'¢".
Hence either ¢ € st(§) or there exists 8’ € st(¢’) such that 5’60’ = 8. In the former
case, Property 4 directly holds since ¢ € T(F.,X?). In the latter case, if there exists
w, £ such that (8,¢ > w) € ®(Cy) then it implies that (5',¢ > w') € ®(C) for some
w’ with w'o’ = w. But M satisfies InvGeneral hence (8',¢ > w') ¢ NoUse(C) and so
(8,€ > w) & NoUse(Cy).

Let us now focus on Properties 5, 6 and 7 of Invariant InvGeneral. Let C1,C] be two
constraint systems in the same column of M;. Let C,C’ the constraint systems in M
from which Cy, C] are respectively obtained. In such a case, we already shown above that
mgu(Er(C1)) = mgu(Er(C))¢ and mgu(En(Cy)) = mgu(En(C’))0" where ' = {X — £}
Thanks to Lemma 3, we deduce that for all Y € S3(C), C|Ymgu(Eu(Ci))lac,) =
ClYmgu(En(C))]a)? and C|Ymgu(En(C)))]ae;) = ClYmgu(En(C'))]aend’. But
since M satisfies Invariant InvGeneral, by Property 5, we obtain C|Y'mgu(En(C))]s(c) =
ClYmgu(En(C’))]acry and so C|Ymgu(En(C1))|ac,) = Clmgu(E£u(Ch))]acr)- Lastly
since S2(C1) = S2(C) we deduce that M satisfies Property 5 of Invariant InvGeneral.
Properties 6 and 7 directly hold since we do not add any disequalities in M; compared
to M. We conclude that M satisfies Invariant InvGeneral.

Rule DED-ST(&, f): This rule preserves Eqp and only apply a first order substitution on ®
and NoUse. Moreover, the recipe variables X1, ..., X, of the added constraints are fresh
and not external (i.e. not in S5(Cy) for some C; in M1). Hence, by applying Lemma 5,
we directly obtain from M satisfying InvGeneral that M satisfies InvGeneral. O

Appendiz C.4. Preservation of the invariants for Phase 1 (step by step)

In this subsection, we will establish invariants that are specific to Phase 1. Actually,
we have to define an invariant for each step and also an invariant for the link between
each step, i.e. we have to show that the invariant of the end of a step corresponds to the
invariant at the beginning of the next step.

Let (Mo, M() be a pair of matrices of constraint systems. We say that a pair of
matrices of constraint systems (M7, M}) is obtained from (Mg, M{,) by applying Step ¢
of Phase j of the strategy with parameters s (and k), for some i € {a,b,c,d, e}, j € {1,2}
if (Mo, M()) —=* (M1, M]) and the rules applied follow exactly the description of Step
i of Phase j with parameters s (and k) given in Section 4.
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Moreover, we will say that (Mj, M]) is obtained from (Mg, M})) at the end of Step
i of Phase j of the strategy with parameters s (and k) if (Mo, M) —* (My, M), the
rules applied follow exactly the description of Step i of Phase j with parameters s (and
k) given in Section 4 and no rule following the description of Step i of Phase j with
parameters s (and k) is applicable on (M1, M]).

Invariant 9 (PP1(s)). We say that a pair of matrices of constraint systems (M, M') sat-
isfies PP1(s) if M and M’ have the same structure, satisfy InvMatrix(s) and InvGeneral,
and for all constraint systems C in M or M', C satisfies the invariants InvVarConstraint(s),
InvVarFrame(s), InvDest(s), InvNoUse(s) and InvUntouched(s).

Moreover, if $ = Spax then (M, M) satisfies also InvDedsub.

Lemma 15. Let (M, M') be a pair of row matrices of initial constraint systems having
the same structure. We have that (M, M’) satisfies PP1(0).

Proof. We start by proving that M and M’ satisfy InvGeneral (Invariant 1). First of all,
item 5, 6 and 7 trivially hold since M and M’ are row matrices, i.e. there is only one
constraint system in each column of M and M’. Furthermore, by definition of an initial
constraint system, we know that for all C different from L, for all (£,i > u) € ®(C),
& = az;. Hence item 1 is trivially true. Moreover, for all ¢ € I, with root(¢') & Fe, if
path(&’) = path(£0) then path(£6) = path(az;0) = path(az;) = az;. Hence, path(¢') =
ar; implies az; = £ and so item 2 holds. Since £ = az;, then item 4 also holds. At last,
C is an initial constraint system also implies NoUse(C) = (). Hence item 3 holds.

The invariants InvMatrix(0), InvVarConstraint(0), InvVarFrame(0), InvDest(0), InvNoUse(0)
are trivially satisfied since their no deducible constraint (X,iF"u) or frame element
(¢,i+"u) such that i < 0.

It remains to prove that (M, M’) satisfies the invariant InvUntouched(0). We already
know that for all constraint systems C in M or M’. If C is different from L then for
all (§,7 > u) € ®(C), £ = ax;. Furthermore we know that E(C) = T. At last, by
definition of an initial constraint system wvars?(D(C)) C S2(C). Hence C satisfies the
invariant InvUntouched(0). O

Appendiz C.4.1. Invariants at Step a

We will show that the matrices satisfy the invariant PP1Sa(s). Moreover, at the end
of this step, the matrices satisfy additional properties useful for the next steps. These
properties are described in the invariant PP1SaE(s).

Invariant 10 (PP1Sa(s)). We say that a pair of matrices of constraint systems (M, M)
satisfy PP1Sa(s) if M and M’ have the same structure, satisfy InvMatrix(s — 1) and
InvGeneral, and for all constraint system C in M or M’, if C #L then

1. C satisfies invariants InvDest(s—1), InvVarFrame(s—1), InvNoUse(s—1), InvUntouched(s);
and

2. for all (&,s > u) € ®(C) with u € X1, there exists X € S2(C) and £ < s such that
(X, 0F" u) € D(C); and

3. for all (&,s > u) € ®(C), either £ € AX or there exists Xo,..., X, € X%~ S5(C),
fe Fqgand (§,p>v) € ®(C) such that E =1(¢', Xa,...,X,) and p < s; and
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4. for all (X,i+"u) € D(C), for all f € F,, for all (£,§ > v) € ®(C), En(C) ¥ X #' ¢
and Er(C) ¥ root(X) #"f; and

5. for all (X,iF"u) € D(C), X € So(C) implies i = s and there exists a unique frame
element (g(&1,...,&n),7 > v) € ®(C) and k € {2,...,n} such that j = s and
e =X

Lemma 16. Let (M, M’) be a pair of matrices of constraint systems that satisfies
PP1(s — 1). For all pair of matrices of constraint systems (M, M}) obtained during
Step a of the first phase on (M, M') with support s, we have that (M, M}) satisfies
PP1Sa(s).

Proof. Let (M1, M) be a pair of matrices obtained during Step a of the first phase on
(M, M"). We show by induction on the size N of the branch yielding to (M;j, M}) that
(M7, M) satisfies the expected properties, and in addition we have that: for all C in
(Mla M/l)a

6. for all x € vars®>({u | X,iF"u € D(C) Ai < s}), if for all (X,iF"u) € D(C), X €
S5(C) and i < s implies x # u, then for allu € {v | (£,i > v) € ®(C) or (X,i"v) €
D(C)}, for all position p, if u|, = x then there exists p’ such that p = p’ - 1 and
uly = pk(z).

This property stated that when a variable is never a right hand term of a deducible
constraint, then this variable is always used under the constructor pk.

Base case N = 0: In such a case we have that (M, M]) = (M, M’). Hence, we
trivially have that M; and M satisfy InvMatrix(s — 1) and InvGeneral. Furthermore,
we also have that for all C in M; and M}, C satisfies the invariant InvVarFrame(s — 1)
and InvNoUse(s — 1). Furthermore, thanks to Lemma 13, we also have that C satisfies
InvUntouched(s). We now prove the other properties:

6. We know that C satisfies InvVarConstraint(s — 1) hence for all z € wvars?({u |
X,iF"u Ai < s}), there exists (X,i"u) € D(C) such that z = v and X € S3(C).
Hence the property holds.

3. for all (¢,s > x) € ®(C), thanks to the property of origination of a constraint
system, we know that there exists (X, ¢ > u) € D(C) such that £ < s and = €
vars' (u). But C satisfies InvVarConstraint(s — 1) which means that u € X' and so
T = u.

4. Since C satisfies InvUntouched(s — 1), we know that for all ({,s > u) € ®(C),
£=azx, € AX.

5. Since C satisfies InvUntouched(s — 1), we know that for all (X,kF"u) € D(C), if
k > s then X ¢ vars®(En(C)). Hence for all f € F,, for all recipe £ on a frame
element of ®(C), we have that Er(C) # X #° ¢ and Epi(C) ¥ root(X) #" f.

Inductive step N > 0: In such a case, there exists a pair (My, M}) such that (Ma, M})
is the father of (M1, M}). By our inductive hypothesis, we know that (Ms, M}) satisfies
the properties stated by the lemma. For all C in (M;, M)), there exists a constraint
system C" in (My, M4) such that C' — C.
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1. We know that My and My, satisfy InvMatrix(s — 1), My — My, M4 — Mj. Since
the rule applied are of support s, then thanks to Lemma 12 we have that M; and
M satisfy InvMatrix(s — 1).

Thanks to Lemma 14, we already know that Property 5 of InvGeneral is satisfied.
Thus, it remains to prove the others properties. Let (o,8) € Sol(C) and let (£, >
u) € ®(C). Thanks to Lemma 5, we know that there exists (¢’,6’) € Sol(C’) such
that 6 = 0|y4rs2(cry and 0’ = 0yars1(cr) We do a case analysis on the rule applied

e Case EQ-FRAME-DED: In such a case, we have that Er(C') = Ey(C) and if ¥ =
mgu(E(C)), we have that ®(C) = ®(C’)X and D(C) = D(C')X. Hence we have
6 = 0'. Thus since, by hypothesis, C’ satisfies the Property 1 of InvGeneral, we
have param(£0') C {ax1, ..., az;} and so param(£0) C {axy, ..., az;}.
Let & € II,. with root(¢') ¢ F., path(§’) = path(£0) and &' (®(C)o)) €
T(Fe,N). Since 6 = ¢, we have that path(¢') = path(£6’). Furthermore, o’ =
0| parst (cry implies that &'(®(C)o)] = &'(P(C")o’)]. Hence by hypothesis, since
C satisfies Property 2 of InvGeneral, we have param(¢') € {az1,...,az;—1}.

e Case DEST when the guess is negative: The proof is similar to the case
EQ-FRAME-DED.

e Case DEST: Otherwise, we have that Fr(C’") = En(C) and if ¥ = mgu(E(C)),
we have that ®(C) = ®(C")XU{g((, X2,...,Xn),s > w} and D(C) = D(C")XU
{Xi, s > v; }i=2.n, where Xs, ..., X5 are fresh variables, (¢,j > t) € ®(C) and
Jj < s. Let’s denote ¢’ = g(¢, Xa,..., X,).

Since C’ satisfies InvGeneral, we already know that paramc/ (¢0) < j. Further-

max

more, by definition of (o, ) € Sol(C), we have that param$,,, (Xx0) < s, for all

max
k =2...n. Hence we can conclude that param(¢'0) C {az1,..., azs}.

We now show that azs € st(('f). If j = s, then we have that azs € st(¢h)
since C' satisfies InvGeneral. Thus we conclude that az, € st(¢'d). Else
j < s. (¢/,0") € Sol(C'") implies that ¢/ E ND(C'). But we know that
C' also satisfies InvDest(s — 1). Hence, j < s and ¢/ F ND(C’) implies
that there exists no recipe (§2,...,&,) € II,. such that param(&s,...,&,) C
{az1,...,azs_1} such that g(CO', &, ..., ) (@(C)a")) € T(Fe, N). But we
know that g(¢0', &z, ..., &) (P(C)o")] = g(Ch,&,...,8,)(P(C)o)d. At last,
since (o,6) € Sol(C) implies ('0(®(C)o)) € T(Fs N), we can conclude that
there exists k € {2,...,n} such that az, € st(Xy0) and so azs € st(¢’). Thus,
C satisfies Properties 1 and 2 of InvGeneral.

It remains to prove Property 3 and 4 of the invariant InvGeneral. Let X € vars?(C)
such that path(&) € st(C| Xmgu(En(C))|eo). We know that the rule EQ-FRAME-DED
and DEST do not modify Fr. Furthermore, all new recipe variables introduced
by the DEST are not instantiated during Step a. Hence if C” is the constraint
system in M or M’ such that C” —* C, then we have we have that path(¢) €
st(C| Xmgu(En(C))|e) implies that X € vars?(C”) and path(¢) € st(C| X mgu(En(
C"))]®). Furthermore, since C” satisfies InvUntouched(s — 1), we can deduce that
i < s. Hence, by hypothesis on C”, we have that (£, > u”) € NoUse(C"”) where
u”"mgu(E(C")) = u. At last, since during Step a with support s, EQ-FRAME-DED
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only add frame element of the form (¢',s > v) and ¢ < s, we can conclude that
(&,i > u) € NoUse(C). Hence C satisfies Property 3 of InvGeneral.

Assume now that (£, > u) € NoUse(C) and let & € st(€) such that (¢,5 >
v) € ®(C) N NoUse(C). Since EQ-FRAME-DED only add frame elements of the form
(¢, s > w) and C’ satisfies Property 4 of InvGeneral, we can deduce that i = j = s.
Thus, the only way this case occur is if DEST was applied on a frame element which
belong to NoUse or if EQ-FRAME-DED was applied on (£',j > v) after that DEST
was applied on it. But this case is impossible since it would imply that v € X' and
we now by definition of DEST that w is a strict subterm of v. Hence we have that
(&, j > v) & NoUse(C) and so C satisfies Property 4 of InvGeneral.

. Since C' is a constraint system in (Mg, M5), C’ satisfies InvVarFrame(s—1), InvNoUse(
s — 1) and InvUntouched(s). Thanks to Lemmas 10 and 11, we can deduce that C
satisfies InvVarFrame(s — 1), InvNoUse(s — 1) and InvUntouched(s).

. Let @ € vars®({u | X,i+"u € D(C) Ai < s}) such that for all (X,iF"u) € D(C)
such that ¢ < s and X € S5(C), x # u. We know that C’ — C hence we do a case
analysis on the rule applied DEST or EQ-FRAME-DED:

Case EQ-FRAME-DED(X, £): We focus on the son which modifies the terms in the
constraint systems, i.e. when the equality guess is true. Since EQ-FRAME-DED(X,, &)
is applicable then there exist 4, ug, vy such that (X,iF’ug) € D(C"), X € Sy(C")
and (§,s > vg) € ®(C’). Let 0 = mgu(u,v). We know that ®(C) = ®(C’)o and
D(C) = D(C")o. But = € vars?({(u | X,iF"u) € D(C) Ai < s}), thus it implies
that « ¢ dom(c) and so 2’ € vars®({(u | X,iF"u) € D(C')Ai < s}). Furthermore,
it also implies that for all (X,i-"u) € D(C’) such that i < s and X € Sy(C’),
x # u. Indeed, if there exists (X,iF"2) € D(C’) then (X,iF’2) € D(C) which is
a contradiction with our hypothesis.

Let t € {v ] (§,i > v) € ®(C) or (X,i > v) € D(C)}, thus there exists ' € {v |
(&,i>v) € ®(C') or (X,i > wv) € D(C')} such that o = ¢. Let p a position such
that t|, = .

If z ¢ img(o), then we can deduce that ¢'|, = x. Hence, by our inductive hy-
pothesis, we have that there exists p’ such that p = p’ -1 and ¢'|,» = pk(x) and so
t'ol, = pk(z).

If x € img(o), then z € ug or z € vg. But by our inductive hypothesis we have
that for all p, if ug|, = = then there exists p’ such that p = p’- 1 and ug|,y = pk(z).
Hence by definition of the mgu, for all y € dom(c), x € vars(yo) implies that either
(a) = yo or (b) there for all p, if yo|, = x then there exists p’ such that p =p’-1
and yo|, = pk(z).

Case (a): In such a case, we have that for all (X,iF"u) € D(C’) such that i < s
and X € S5(C'), y # u. Indeed, if there exists (X, i+’ y) € D(C') then (X,iF" ) €
D(C) which is a contradiction with our hypothesis. Hence, t|, = x implies that
t'|, =yort|, =z Ift'|, =z then the result holds similarly to the case x ¢ img(o).
If ¢/|, = y, we know by our inductive hypothesis that t'|,» = pk(y) with p =p’ -1
and so t'o|, = pk(z). Hence the result holds.

Case (b): Otherwise, t|, = x implies that ¢'|, = x or there exists p’, p” such that
p=7p -p" and |, =y and yo|,» = z. But by hypothesis on y, there exists p"”’
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such that p” = p”’ - 1 and yol|,» = pk(z), hence we have that t'o|, ., = pk(z).
Hence the result holds.

Case DEST((,£ — r,s): Once again, we focus on the son which may instanti-
ate the terms in the constraint system, i.e. when the guess is positive. Since
DEsT(,,¢ — 7, s) is applicable then there exists i < s,ug such that (§,7 > ug) €
®(C'). First of all, we deduce ug ¢ X*. Indeed, if ug € X!, then since C’ sat-
isfies the properties the lemma, we have that either (£,i > ug) € NoUse(C’) if
i < s, or else there exists (X,jF"ug) € D(C’'). Thus we would have that the
rule EQ-FRAME-DED(X £) would be applicable which contradict the strategy that
imposes that the rule EQ-FRAME-DED are prioritised over the rule DEST.

By definition of the rule DEST, we know that ®(C')o U {¢',s > wo} = ®(C)
and {(X,iF’'u) € D(C'") | X € Sy}o = {(X,iF’'u) € D(C) | X € S5} where
o = mgu(ug,v1) and g(vy,...,v,) — 21 is a fresh instance of ¢ — r.

But the definition of £ — r implies that v; = f(z1,x2), for f € {senc, (),sign}; or
vy = aenc(z1, pk(rz)). Thus, since ug € X!, then we have vars?(D(C')) Ndom(c) =
) when f € {senc, (),sign}. Hence the result holds. When v; = aenc(z1, pk(z2)),
the only way to have vars?(D(C')) N dom(a) # 0 is if ug = aenc(uy,y) with y €
vars?(D(C")). But in such a case, it implies that we have that yo = pk(z2). Thus
if 2 = 25 then z satisfies the properties since o ¢ vars'(C’) and yo = pk(zz).

. Let (§,5 > x) € ®(C) with z € X!, Thanks to the additional property (item 6), we
know that if for all (X,i > v) € D(C), X € S2(C) and i < s implies v # x, then all
term in the frame, x are always used under the constructor pk. But it is not the
case for (¢, s > ). Hence, we deduce that there exists (X,i+’v) € D(C) such that
X € 5:(C)i <sandv=uw.

. The rule EQ-FRAME-DED and DEST do not modify Er(C’). Hence, we only have
to look at the new frame element that are added on the frame. But by definition
of DEST, the application of DEST({, ¢ — r, s) implies the addition of a new element
(g(&, X, ..., X,),s > w) where g € Fy, Xo,...X,, are fresh, and there exists i, u
such that (¢,7 > u) € ®(C). Hence the result holds.

. Once again, the rule EQ-FRAME-DED and DEST no not modify Ep(C’) hence
En(C') = En(C). Hence, C’ satisfies item 4 of Invariant 10 implies that C sat-
isfies item 4 of Invariant 10. O

Lemma 17. Let (Mq, M}) be a pair of matrices satisfying PP1(s — 1). We consider a
pair (Ma, Mb) of matrices obtained from (My, M%) by applying Step a of Phase 1 of the
strategy with parameters s. Moreover, we assume that DEST and EQ-FRAME-DED have
been applied on each row as indicated in the strategy, and we consider a pair (Ma, M)
obtained at the end of such a sequence. For all constraint system C,C’ in (Mg, M}),

1. for all (§,s > u) € NoUse(C), there exists X € S3(C) such that for all C" in M

or M', if there exists (§,s > u’) € NoUse(C") such that path(¢’) = path(&) then
ClXmgu(En(C"))] o0 (C") = u'. Else, by denoting v’ = C[ Xmgu(En(C"))]ec
§1(C"), we have that E(C") Ev' £/,
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2. for all (§,1 > u) € ®(C) ~ NoUse(C), for all (¢, > u') € ®(C") ~ NoUse(C'),
if path(§) = path(¢’) then DEST(E, ¢ — 1,5) is applicable on C is equivalent to
DEST(¢', ¢ — 7, 8) is applicable on C’

Proof. The proof of this lemma follows the application of DEST and EQ-FRAME-DED in
sequence. O

Invariant 11 (PP1SaE(s)). We say that a pair of matrices (M, M) satisfies PP1SaE(s)
if M and M’ have the same structure, satisfy InvMatrix(s — 1) and InvGeneral, and
for each constraint system C in M or M’, if C #L1 then C satisfies the invariants
InvVarFrame(s — 1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all
(X,iF"u) € D(C),

o X & S5(C) implies that i = s.
e forallf e F., forall¢ € ,, Eq(C) ¥ X #" ¢ and Ex(C) ¥ root(X) #" f.

Lemma 18. Let (M, M’) be a pair of matrices satisfying PP1(s — 1). For any pair
of matrices (My, M) obtained from (M, M’) at the end of Step a of Phase 1 of the
strategy with parameter s, we have that (M, M}) satisfies PP1SaE(s).

Proof. We know that each constraint system in M and M’ satisfies InvVarConstraint(s — 1).
Hence, for all C € M (resp. M'’), for all (X,iF"u) € D(C), i < s — 1 implies that
X € S3(C). Moreover, C satisfies InvUntouched(s — 1) which implies that if i > s — 1 then
X € S3(C). Thus we deduce that X € S3(C). But during the step a of Phase 1, only the
rule DEST add new deducible constraint. Furthermore, DEST is applied with support s.
Hence, DEST can only add deducible constraint of the form Y, s+’ v. Thus for all C, for
all (X,iF"u) € D(C), if X & S5(C) then i = s.

Since (M, M) satisfies PP1(s — 1), we already know that M and M’ satisfy the
invariant InvMatrix(s — 1). Furthermore, Lemma 16 also indicates that for all constraint
system C in M or M’ C satisfies the invariants InvGeneral, InvVarFrame(s—1), InvDest(s—
1), InvNoUse(s — 1) and InvUntouched(s). Hence it remains to prove that C satisfies
InvDest(s) and InvNoUse(s).

At the end of Step a, we know that the rules DEST and EQ-FRAME-DED are not

applicable on a constraint system in M or M’ for any parameter with support less or
equal to s.
Invariant InvNoUse(s): Let (§,p > v) € ®(C). If p < s then, thanks to InvNoUse(s — 1),
the result holds. Else assume that p = s and v € X'. But, thanks to Lemma 16,
we have that there exists (X,iF’u) € D(C) such that v = v and i < s. Thus, since
EQ-FRAME-DED is not applicable on C, we have that either (£,p > v) € NoUse(C) or
E(C) E u#"v. But u = v implies E(C) £ u#’u which implies that C| = L by
normalisation, which is a contradiction with a fact that ®(C). Thus we have that (£, p >
v) € NoUse(C) and so C satisfies InvNoUse(s).

Invariant InvDest(s): Let (§,p > v) € ®(C), f € Fqand (§,p > v) € NoUse(C) and p < s.
We do a case analysis on p:

e Case p = s: In such a case, we only have to show that either (¢',s > v') € ®(C)
for some ¢’ such that path(¢') = f - path(€); or else ND & Vi, v # uy Vs f ug V
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? . . oL .
...V s Fuy, where f(u,...,u,) = w is a fresh renaming of a rewriting rule with
varst(uy, ..., Up, w) = 7.

But we know that DEST is not applicable on C for any parameter with support s.
Hence DEST(E, f(uq, ..., u,) — w, s) is not applicable. But since &, f(uy,...,u,) —
w and s are valid parameter for C, it implies that DEST(, f(u1,...,u,) — w,s)
was already applied and so the definition of the rule DEST in Figure 1 allows us to
conclude.

e Case p < s: We know that C satisfies InvDest(s — 1). Hence, we have to show that
if forevery p < k<s—1, NDEVEv#u Vs—1 FlugV...Vs—1 Flu,
where f(uy,...,u,) — w is a fresh rewriting rule with vars!(uy, ..., u,,w) = 7,
then either (&',s > v') € ®(C) for some & such that path(¢’) = f - path(€); or else
NDEVEvAu Vs FlusV...Vs F uy.

But once again, we know that DEST is not applicable on C for any parameter with
support s. Hence DEST(E, f(uq,...,u,) — w,s) is not applicable. But since &,
f(uy,...,u,) = w and s are valid parameter for C, it implies that DEST(E, f(uq, .. .,
un) — w, s) was already applied and so the definition of the rule DEST in Figure 1
allows us to conclude. O

Appendiz C.4.2. Invariants at Step b

Given a pair of matrices (M, M) such that M (resp. M’) has n columns (resp. n'),
we say that the k' column of (M, M) is either the k" column of M if k < n; or else
the (k—n)™ column of M’ if k > n. If n+n’ < k then the k*® column of (M, M’) is not
defined. Moreover, will assume from now on that m is the size of a frame of a constraint
system in M or M’.

Invariant 12 (PP1Sb(s,k)). We say that a pair of matrices of constraint systems
(M, M) satisfy PP1Sb(s, k) if (M, M) satisfies PP1SaE(s) and for all i < k, for all
constraint systems C in the i column of (My, M}), C also satisfies InvVarConstraint(s)
and InvVarFrame(s) (and InvDedsub when s = s;44.)

First, we trivially have the following result.

Lemma 19. Let (M, M'’) be a pair of matrices satisfying PP1SaE(s). We have that
(M, M) satisfies PP1Sb(s, 0).

Invariant 13 (PP1SbE(s,k)). A pair of matrices (M, M") satisfies PP1SbE(s, k) if M
and M’ have the same structure, satisfy InvMatrix(s — 1) and InvGeneral, and for all
constraint systems C in M or M, if C #1 then C satisfies the invariants InvVarFrame(s—

1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C
in the k™ column of (My, M%), for all (X,iF"u) € D(C),

o X & S5(C) implies u € X! and i = s.
o for allf e F., for all € €11, Ey(C) ¥ X #° ¢ and Ex(C) ¥ root(X) £ f.
e if s = sS4z then C satisfies InvDedsub.

At last, for all i <k, for all constraint systems C in the i" column of (My, M}), C also
satisfies InvVarConstraint(s) and InvVarFrame(s) (and InvDedsub when s = s;04 ).
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Lemma 20. Let (M, M’) be a pair of matrices satisfying PP1Sb(s, k). For all pair
(M1, M) obtained at the end of Step b of the first phase with support s and column k
on (M, M), we have that (M1, M) satisfies PP1SbE(s, k).

Proof. During Step b of the first phase, the rule DEST and EQ-FRAME-DED are not
applied. Furthermore, the rules that are applied have a support less or equal to s.
Hence, thanks to Lemmas 14, 10, 11 and 12, we can deduce that M; and M satisfy
InvMatrix(s — 1), and for all C in M or M/, C satisfies InvGeneral, InvVarFrame(s — 1),
InvNoUse(s), InvDest(s), InvDedsub (when s = s;;,45) and InvUntouched(s).

At the end of Step b, we cannot applied the rule DED-sT. Hence for all (£,p > v) €
®(C), we know that DED-ST(E,f) is useless for any f € F.. However, the definition of
DED-ST(,f) being useless for all £ and path implies the invariant InvDedsub. Thus we
deduce that C satisfies the invariant InvDedsub.

Let (X,i"u) € D(C). Since (Mj, M}) is obtained at the end of step b, we know
that CONs(X,f) is not strongly applicable on C, for all f € F.. Hence it implies that
u € X' and either (a) for all f € F., Ex(C) E root(X)#"f; or (b) for all f € F,,
En(C) & root(X) £ f.

In case (a), since AxioM(X, &) is not strongly applicable on C, for all £, we deduce
that for all (€,7 > v) € ®(C), if j < i then En(C) F X £ €. But C satisfies InvNoUse(s),
InvDest(s), i.e. the rule DEST(,,¢ — 7,5) is useless for all £ and ¢ — r. Thus, by
Definition 11 of the normalisation, we would have that C] = 1 which is a contradiction
with the fact that D(C) # 0. Hence this case is impossible.

In Case (b), the rule AXIOM can only be applied during Step b if the strong application
conditions of the rule are satisfied. But since v € X! and for all f € F., En(C) ¥
root(X) £"f, we deduce that the rule Ax10M(X, path) was never applied during step b
for any path. Hence, we deduce that for all £, Fy ¥ X ;é? &. Hence the result holds.

At last, we know that the only rules that add deducible constraints during step b are
Cons and DED-ST. But DED-ST is only applied when 7 = s and it creates deducible
constraints of the form X, s+’ . On the other hand, thanks to Lemma 18, we know that
for all C in M or M’, for all (X,il-"u) € D(C), if X ¢ S then i = s. But, according to
Figure 1, by applying Cons(Y,f) for some f € F, and Y,iF"v, if Y € Sy (resp. ¢ So)
then the rule CONS creates new deducible constraint of the form (Z,i"w) where Z is
in Sy (resp. not in Sy). Since for all C in M or M’, for all (X,iF’u) € D(C), if X ¢ S5
then i = s, we deduce that the index of any new deducible constraints created by CONS
whose recipe variables are not in S5 is necessary s. Thus the result holds. O

Appendiz C.4.3. Invariants at Step c
Before focusing on the invariants satisfied during the step ¢ of Phase 1 of the strategy,
we need to prove the following lemma.

Lemma 21. Let C be a well-formed constraint system. For all (Y,p+"u) € D, for all
x € varst(u), we have that there exists (X,q"v) € D such that x € vars'(v), ¢ < p and
X € 5.

Proof. Let C be a well-formed constraint system and C;, Co the two constraint systems
obtained by application of the rule on C.
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For any rule, only disequations and non-deducibility constraint are added on Cy. Thus,
we trivially have that D(C) = D(Cz), ®(C) = ®(C2) and S2(C) = S2(C2). Therefore, we
can conclude that Cs satisfies the property.

We focus now C;. First of all, we prove that the application of a substitution preserves
the property. Let o be a substitution such that dom(c) Nimg(c) = 0. Let (Y,pF' uo) €
D(Co), let = € vars*(uo).

e if x € wars'(u), then by hypothesis, there exists (X,qF"v) € D(C) such that
x € vars'(v), ¢ < p and X € S5(C). But dom(o) Nimg(c) = (), which means that
x € vars'(vo). Since S2(C) = S2(Co), the result holds.

o if x & vars!(u), it means that z € img(c) and that there exists y € vars!(u) such
that = € vars'(yo). Thus by hypothesis, we have that there exists (X,qF’v) €
D(C) such that y € wvars'(v), ¢ < p and X € S(C). Therefore, we have z €
vars! (vo) which prove the result.

We prove the result by case analysis on the rule applied on a constraint system :

Rule Cons: The substitution ¢ = mgu(t =’ f(x1,...,,)) was applied on C, with 1, ..., x,
fresh variables. Hence we know that Co satisfies the property. Let first assume that the
rule CONS was applied on (X,il-"#) such that X ¢ S3(C). In such a case, we have
that S3(C) = S2(C1). On Cy, the deducible constraints (X},iF’ zxo) are added, for all
j€{l,...,n}. Since 0 = mgu(t=""F(z1,...,2,)), we know that vars'(zi0,...,1,0) =
vars'(to). Thus for all € wvars'(xyo), there exists (Y,q"vo) € D(C) such that
x € vars*(v), ¢ <iand Y € S3(Co) = S»(Cy), which proves the result.

If we assume now that X € S9(C), by application of the rule, we have S5(C1) = S2(C)U
{X1,...X,}. Thus for all (Y,pF’uc) € D(C), for all z € uc, we know by hypothesis
that there exists (Z, ¢+’ vo) € D(Co) such that = € vars'(vo), ¢ < p and Z € So(Co).
If Z # X then the result holds, else we know that o = mgu(t=""F(z1,...,2,)) and
so vars'(zi0,...,2,0) = wars'(to). Therefore, there exists k € {1...n} such that
x € vars!(zxo), which also proves the result.

Rule Ax10M(X, path): Assume that the rule is applied on (X,iF’ %) € D and (&,5 >
v) € ® with path(¢) = path. The substitution o = mgu(u="v) was applied on C thus
we know that Co satisfies the property. Furthermore, the deducible constraint X,i+"u
was removed from D(C) in C;. If X ¢ S5(Cq1) then the result trivially holds. Else,
let (Y,pF"wo) € D(Cy) such that Y ¢ S»(C1). By hypothesis, we know that for all
x € vars'(wo), there exists (Z,qF to) € D(Co) such that x € vars'(to), Z € S2(Co)
and g < p. If Z # X then the result holds, else z € vars'(uc) implies that x € vars! (vo)
since ¢ = mgu(u="v). But the rule tells us that j < i and so j < p. Furthermore,
by Definition of a constraint system, we know that there exists (Z/,k"u') € D(Cy)
such that z € wvars'(v/) and k < j. But (Z’,kF’v/) € D(Co) and so by hypothesis,
there exists (Y',k'F"v’) € D(Co) such that z € vars'(v'), ¥ < k and Y’ € S5(Co).
Since k' < k < i then we have Y’ # X which implies that (Y’ k'F’v') € D(C;) and
Y’ € S3(Cy1). Hence the result holds.

Rule DEST({, ¢ — r,i): Assume that the rule is applied on (£,5 > v) € ®(C) with

f(uy,...,uy) — w a fresh variant of £ — r. The substitution ¢ = mgu(v="1u;) was
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applied on C thus we know that Co satisfies the property. Furthermore, only deducible
constraints (X;, 7’ u;0) were added on C; such that X; & S»(Cy), for all i € {2,...,n}.
Since by definition of our rewriting rules, vars!(uz,...,u,) C vars'(u;), we have for
all i € {2...n}, for all € vars'(u;o), * € vars'(vo). Thus by Definition of a con-
straint system, we have that there exists (Z,k+"t) € D(C;) such that z € wvars'(t),
k < jand so k < i. But k < i implies that (Z,k+"t) € D(Co). Hence there exists
(Z' k'+="t') € D(Co) such that Z' € Sy(Co), k' < k" and x € vars(Co). But, it implies
that (Z,k'F"#') € D(Cy) and Z' € S5(Cy). Hence the result holds.

Rule EQ-FRAME-FRAME, EQ-FRAME-DED and EQ-DED-DED: For those rules, D(Co) =
D(Cy) and S2(Co) = S32(C1) hence the result trivially holds.

Rule DED-ST(E, f): Assume that the rule is applied on (§,¢ > u). The substitution o =
mgu(u="f(z1,...,2,)) was applied on C with zy,...,z, fresh variables. Thus we know
that Co satisfies the property. Furthermore, only deducible constraints (X, Smax F 20)
were added on C; such that X; & S5(Cy), for all i € {1,...,n}. Since ¢ = mgu(u=""f(x,
...,x,)), we have for all i € {1...n}, for all z € vars'(z;0), € vars'(uc). Thus
by definition of a constraint system, we have that there exists (X, kF"#) € D(C;) with
x € varst(t), t <iand sot < Spag. But t < Spa, implies that (X, kF’t) € D(Co) which
means that there exists (X', k' " t') € D(Co) with = € vars'(t), X' € So(Co) and k' < k
and 50 k' < Spaz. It implies that (X', k',F"¢') € D(C1) and X’ € S5(Cy). Hence the
result holds. O

Invariant 14 (PP1ScE(s, k)). We say that a pair of matrices (M, M') satisfy PP1ScE(s, k)
if M and M’ have the same structure, satisfy InvMatrix(s—1) and InvGeneral, and for all
constraint system C in M or M’, if C #1 then C satisfies the invariants InvVarFrame(s—
1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C
in the k™ column of (My, MY}), for all (X,i+"u) € D(C), we have that:

o X ¢ S5(C) implies u ¢ X'.
o for allf e F., for all € € I1,., Ey ¥ root(X)#" f and Eq ¥ X #" ¢
® if s =S4z then C satisfies InvDedsub.

At last, for all i <k, for all constraint systems C in the i*" column of (My, M}), C also
satisfies InvVarConstraint(s), InvVarFrame(s) (and InvDedsub when s = s;,42).

Lemma 22. Let (M, M’) be a pair of matrices of constraint systems satisfying PP1SbE(s, k).
For all pair of matrices of constraint systems (M, M}) obtained at the end of Step c

of the first phase with support s and column k on (M, M’), we have that (Mq, M})
satisfies PP1ScE(s, k).

Proof. Let (Mg, M{) be the pair of matrices of constraint systems, ancestor of (M, M’),
obtained at the end of step b. Thanks to Lemma 20, we know that (Mg, M{) satisfies
InvMatrix(s — 1). Furthermore, we know that for all constraint systems C in the k!
column of (Mg, M}), C satisfies InvGeneral, InvVarFrame(s — 1), InvNoUse(s), InvDest(s)
and InvUntouched(s). Hence thanks to Lemmas 10, 11, 12 and 14, we deduce, by a simple
induction on the size of the branch between (Mg, M{) and (M, M’), that (M, M’)
satisfes InvMatrix(s — 1) and for all constraint systems C in the &** column of (M, M),
C satisfies InvGeneral, InvVarFrame(s — 1), InvNoUse(s), InvDest(s) and InvUntouched(s).
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It remains to prove that for all i € {1,...,n}, for all (X,jF"u) € D(M,y), if X ¢
S5(C) then u ¢ X', Let us denote C = M, . Let (X, u) € D(C) such that X ¢ S»(C)
and u € X'!. Thus we have that X1(C) # (). Thanks to C being well-formed (Definition 18,
item 10) and Lemma 21, we know that there exists (Y, £’ v) € D(C) such that Y € S5(C),
¢ < j and u € vars'(v).

Assume first that v € X' and so u = v. Thanks to Lemma 20 and the fact that the
rules applied in step ¢ do not add second order inequation in Er; with a variable not in
Sy, we deduce that for all f € F,, Er(C) H root(X)#" f. But if there exists f € F, such
that Er(C) E root(Y) £ f, then it would implies that either a rule AX10M or CONS would
be applicable on (Y, £ v); or else C = L by normalisation. Hence, we have that for all
f € F., En(C) ¥ root(Y) #” f. Therefore we have that EQ-DED-DED(X,Y) is applicable
which contradicts the fact that (M, M’) was obtained at the end of step c.

Similarly, if v ¢ X!, it implies that either C = L by normalisation or that a rule
Ax1om or CoNs would be applicable on (Y, £+’ v), which contradicts our hypothesis.

Thus we deduce that for all i € {1,...,n}, for all (X,jF"u) € D(M;y4), if X & S,

)

then u ¢ XL O

Appendiz C.4.4. Invariants at Steps b/c (end of a cycle)

In the previous two subsections, we have shown some properties satisfied by the pairs
of matrices at the end of Step b (resp. Step ¢). However, at the end of a cycle Steps b/c,
we can prove additional properties.

Invariant 15 (PP1SbcE(s,k)). A pair of matrices (M, M') satisfies PP1SbcE(s, k) if
M and M’ have the same structure, satisfy InvMatrix(s — 1) and InvGeneral, and for all
constraint systems C in M or M, if C #L then C satisfies the invariants InvVarFrame(s—
1), InvDest(s), InvNoUse(s) and InvUntouched(s). Moreover, for all constraint systems C

in the k™ column of (My, M%), for all (X,iF"u) € D(C), we have that:
e X € 55(C)
o for allf e F., for all € € I, Ey ¥ root(X) # f and By ¥ X #" ¢
® if s = sS4z then C satisfies InvDedsub.

At last, for all i <k, for all constraint systems C in the i*" column of (M1, M), C also
satisfies InvVarConstraint(s) and InvVarFrame(s) (and InvDedsub when s;,q. = $).

Lemma 23. Let (M, M') be a pair of matricessatisfying PP1Sb(s, k). For all pair of
matrices of constraint systems (My, M}) obtained at the end of a cycle Steps b/c with
support s and column k on (M, M), we have that (M1, M) satisfies PP1SbcE(s, k).

Proof. (M, M) being obtained at the end of a cycle Steps b/c, we know that (M, M’)
is also obtained at the end of step ¢. Hence thanks to Lemma 22, we know that (M, M)
satisfies InvMatrix(s — 1) and for all constraint system C in the &' of (M, M’), we have
that C satisfies the invariants InvGeneral, InvVarFrame(s—1), InvNoUse(s), InvDest(s) and
InvUntouched(s). Hence it remains to prove that for all (X,iF’u) € D(C), X € S2(C).
Assume that there exists (X,i"u) € D(C) such that X ¢ S5(C). Thus, thanks to
Lemma, 22, we have that v ¢ X!. But thanks to Lemma 20, we know that if no rule of
step b is applicable than it would imply that v € X! which is a contradiction. Hence
a rule of step b is applicable on (M, M’) which contradicts the fact that (M, M) is
obtained at the end of a cycle of Steps b/c. Hence we have that X € S5(C). O
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Appendiz C.4.5. Invariants at Step d

Lemma 24. Let (M, M) be a pair of matrices satisfying PP1SbcE(s, k). For all pair
of matrices (My, M) obtained at the end of the Step d of the first phase with support s
and column k on (M, M"), we have that (My, M}) satisfies PP1Sb(s, k + 1).

Proof. Let (My, M}) be the pair of matrices, ancestor of (M, M’), obtained at the
end of the cycle b/c. Thanks to Lemma 22, we already know that (M;j, M}) satis-
fies InvMatrix(s — 1) and InvGeneral. Furthermore, for all constraint systems C in the
k™™ column on (M, M), we have that C satisfies the invariants InvVarFrame(s — 1),
InvNoUse(s), InvDest(s) and InvUntouched(s). But thanks to Lemmas 14, 12, 11, 10
and 9, we have that (M, M’) satisfies InvMatrix(s — 1) and InvGeneral. Furthermore,
for all constraint systems C in the k*® column on (M, M’), we have that C satisfies the
invariants InvVarFrame(s — 1), InvNoUse(s), InvDest(s) and InvUntouched(s).

Using a similar proof as in Lemma 20, we also show that C satisfies InvVarConstraint(s)
and for all (X,i > z) € D(C), for all (€, > u) € ®(C), for all f € F., Er i root(X)#"f
and By # X £°¢.

Hence it remains to prove that C satisfies the invariant InvVarFrame(s). Let (£, s >
v) € ®(C) and Z € vars?(¢). Thanks to C being well-formed, we know that there exists
j < s and a term u such that (Z,jF"u) € D(C). Furthermore, for all € vars'(u),
there exists ((,k > w) € ® such that k < s and = € vars'(w). But since C satisfies
InvWarConstraint(s), we know that u € X! and so # = u. But by the property of
origination of a constraint system, we deduce that there exists (X,qF’t) € D with
q < k < s and u € vars'(t). Once again since C satisfies InvVarConstraint(s), we deduce
that ¢ = u. Moreover, the invariant InvVarConstraint(s) stipulates that all right hand
term of the deducible constraints with index inferior to s are distinct. Hence, we deduce
that (X,q+"t) and (Z,jF’ u) are the same constraint and so ¢ = j. But we proved that
q < k and k£ < s which means that 7 < s and so the result holds. O

Appendiz C.4.6. Invariant at Step e

Lemma 25. Let (M, M) be a pair of matrices obtained by following the strategy. As-
sume that M and M’ satisfy the invariant InvGeneral. Let C and C' be two constraint
systems occurring in the same column of M. Assume that C and C' satisfy the invariants
InvVarConstraint(s) and InvUntouched(s) for some s. We have that there exists a variable
renaming p: X1\ S1(C) — X\ S1(C') such that:

1. mgu(E(C))|s,(cyp = mgu(E(C'))s,(cry, and D(C)p = D(C’);
2 {(up) | (60> u) € DA (i > ) € B A path(€) = path(€)} C {(u,u) | u e
T(F.,Nuxhj}.

Proof. First, we define the renaming p, and then we show that the two properties are
satisfied.

Definition of the renaming p. By Lemma 1, we know that the matrices M and M’ have
the same structure, and so the systems C and C’ have the same shape. Hence, we have:

e S5(C) = S(C"), and
e {(X,i) | X,iF'u e D(C)and X € S5(C)} = {(X,q) | X,iF’u € D(C") and X €

S2(CN}.
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Since the system C satisfies the invariants InvVarConstraint(s) and InvUntouched(s), we
have that X € Sy(C) for each (X,iF’u) € D(C), and similarly, we have that X € Sy(C’)
for each (X, i’ u) € D(C"). This allows us to conclude that {(X,4) | X,iF"u € D(C)} =
{(X,q) | X,iF"u € D(C")}.

Actually, the invariant InvVarConstraint(s) also tells us that:

e for all (X,il-"u) € D(C) such that i < s, we have that u is a variable (distinct of
the ones introduced by the other constraints); and

e for all (X,iF"u) € D(C’) such that i < s, we have that u is a variable (distinct of
the ones introduced by the other constraints).

Hence, this allows us to define a renaming p such that dom(p) = {z | (X,i"z) €
D(C) ANi < s}, and p(x) = X5 (C') where (X,iF"z) € D(C).

Property 1. With such renaming, we trivially have that D(C)p = D(C’) but only for the
deducibility constraints (X,¢ > u) with ¢ < s. Hence, we still have to prove this result
for ¢ > s. Since the systems C and C’ occur on the same column of the matrix M, there
exists an initial constraint system Cq that is an ancestor of C and C’. Moreover, we know
that C and C’ satisfy the invariant InvUntouched(s). Hence, we deduce that:

e for all (X,iF’u) € D(C) such that i > s, we have that X € vars?(D(Cy)); and
e for all (X,iF"u') € D(C') such that i > s, we have that X € vars?(D(Cp)).

Let 0 = mgu(E(C)) and ¢’ = mgu(E(C’)). Since C and C’ are normalised, for i > s, we
deduce that (X,i"u) € D(C), (X,iF"u') € D(C'), and (X,iF’ ug) € D(Cp) imply that
u = upo and v/ = ugo’. Let S1 & S1(C) = S51(C") = S1(Cy). Hence, to conclude the
proof of D(C)p = D(C’), it remains to show that o5, p = o|g, .

By definition of an initial constraint system, we know that for all x € Sy, there
exists (X, kF’u) € D(Cy) such that x € vars*(u) and X € S3(Cp). Since C and C’
satisfy the invariant InvUntouched(s), we have that no rule was applied with support
strictly superior to s, and we deduce that for all (Y, j 7 v) € D(Cy), for all y € vars'(v),
Eéo (y) > s implies that y € dom(c) and y & dom(c’). Hence, we only focus on variable
x € Sy such that there exists (X, k" u) € D(Cy, x € vars'(u) and k < s. We prove by
induction on k < s that X8 (Co)op = X' (Co)o’.

Base case k = 0. There is no constraint X, k" u with k = 0. Hence, the result trivially
holds.

Inductive step k > 0. Let (X, k+"u) € D(Co). By Lemma 6, we know that:

uo = C| X |,0'(Co)o = C| XO|56*(C) and param¢_ (XO) < k
uo’ = C| X |,6'(Co)o’ = C|XO' |6 (C') and paramC, (X©O') < k

where © = mgu(Er(C)) and © = mgu(En(C')).

However, X € S3(Cp) implies that X € S3(C) = S2(C’) and so thanks to M satisfying
the invariant InvGeneral (item 5), we deduce that C|X© |3 = C| X©O'|g/. Furthermore,
for all ¢ < k, for all w- az; € st(C|XO|g), we know that there exists ug such that
(az;,i > up) € D(Cp). Thus by Lemma 7, (az;,i > upo) € ® and (az;,i > ugo’) € 9.
But by definition of a constraint system, for all y € vars!(ug), there exists (Y, /" v) €
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D(Co) such that ¢ < k and y € wars'(v). By our inductive hypothesis, we know that
vop = vo’ which implies that yop = yo' and so we can deduce that ugop = ugo’.

But thanks to the definition of a context, for all w, w - ax; € st(C|XO]s) =
st(C| X©]g ) implies that there exists (§,j > v) € ® and (¢/,5 > v') € &' such that
path(§) = path(¢’) = w - ax;. Since axiél(C)p = wpop = upo’ = az;6'(C’), then thanks
to Lemma 8, we can deduce that vp = v’ and so (w az;)6H(C)p = (w - ax;)61(C).

At last, since paramC_ (X©) < k and paramS, (X©') < k, then for all (w - az;) €
st(C|XO]s), we have i < k. The same holds for (w - ax;) € st(C|X©|¢r). Hence,
since we proved that for all w, for all i < k, (w az;)8(C)p = (w az;)8'(C"), since
ClXO|s = CLXG)Jq)/ and since for all (X,il-"z) € D(C), for all (X,iF"2') € D(C'),
i < s implies xp = 2/, then we can deduce that CI_X@J@(Sl( )p=C|XO|$6(C"). Thus
we conclude that X51(C0)op =uop =uo’ = X5 (Co)o’.

Property 2. Let (§,i > u) € ® and (¢',7' > u’) € O’ such that path(§) = path(¢') = w-azy.
Since the constraint systems C and C’ are well-formed, there exist (azy,k > v) € ®
and (azy,k > v') € ®. Thanks to Lemma 7, we know that there exits vy such that
(azg, k > vo) € ®g with voo = v and voo’ = v'. Since og,p = O'I/SI, we deduce that
voop = voo’ and so vp = v'. O

Lemma 26. Let (M, M’) be a pair of matrices satisfying PP1(s). For all pair of matrices
of constraint systems (My, M) obtained by applying all the steps of Phase 1 of the
strategy with support s, we have that (My, M}) satisfies PP1(s + 1).

Proof. The step e of the strategy consists of transforming some of the constraint sys-
tems into L. Moreover, Step e is applied only once step d was applied on all columns
of (M, M’). Thus, thanks to Lemma 24, we can already deduce that M and M’ sat-
isfy InvGeneral and for all constraint systems C in (M, M), C satisfies the invariants
InvVarConstraint(s), InvVarFrame(s), InvNoUse(s), InvDest(s), InvUntouched(s), and for
all (X,i > z) € D(C), for all (£, > u) € ®(C), for all f € F., Eyy  root(X)#"f and
EuW X #°¢.

Similarly, we have that (M, M) satisfies the invariant InvGeneral and InvMatrix(s—1).
Thus it remains to prove that (M, M’) satisfies the invariant InvMatrix(s). But by the
definition of the transformation in Step e, we can deduce that for all C, for all C’ in the
same column of (M, M’), we have that:

{path(&),i | (§,i>u) € P(C) Ni < s} = {path(§),i| (&,i>u) e ®(C')Ni< s}

At last, let (M1, M) be the matrices that are ancestors of (M, M’) obtained at the
end of Step a of Phase 1 with support s. Let C be a constraint system in (M, M’) such
that (&, s > u) € NoUse(C). Let C’ be a constraint system in (M, M’) in the column on
C. We proved that there exists (&', s > u') € ®(C’) such that path(¢’) = path(§). Assume
that (¢',s > ') € ®(C'). Since the frame is not modify during step b — ¢ — d, other than
applying substitution, we can deduce that there exists C1,C] in (M, MY), &,& € 1L,
up,u) € T(Fey, N UXY) such that C; —* C, C —* C, (&1,8 > uy) € NoUse(Cy),
(&l,s > uj) € ®(C}) ~ NoUse(Cy) and path(&1) = path(&})

Thanks to Lemma 17, there exists X € S(C;) such that C| Xmgu( EH( 1)) jq> (&)
= uy and either (a) (£1,s > u}) € NoUse(C") and C| Xmgu(Er(C})) |a(c)d'(C1) = ul Or
else, (b) by denoting vf = C| Xmgu(Emn(C}))]a(c;)6"(C1), we have that E(C]) F v £l
We show that case (b) can not happen.
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Let’s denote 0 = mgu(E(C)), o’ = mgu(E(C")), 8 = mgu(En(C)) and ¢ = mgu(Ern(C")).
Thanks to Lemma 6, we deduce that v{o’ = C| X8| )6 (C') and uyo = C| X' |g(c)0' (C).
However, since X € S5(C;) and (M, M’) have the same structure, we deduce that
X € S53(C) and X € S5(C"). But (M, M’) satisfies the invariant InvGeneral, hence
thanks to item 5 of invariant InvGeneral, we have that C|X0'|gc) = C|X0]a(c)-

On the other hand, since C and C’ satisfies InvVarConstraint(s) and InvUntouched(s),
then by Lemma 25, we have that there exists a variable renaming p : X' \ S;(C) —
X1\ S1(C') such that:

L. mgu(E(C))s,(c)p = mgu(E(C"))|s,(cy, and D(C)p = D(C');

2. {(up,u’) | (§i>u) € @A, > u) e D Apath(€) = path(¢)} is include in
{(u,u) | uw € T(Fe, NUXH}

Thus we have that 6 (C)p = 6'(C’) and so vico’ = C| X0 |¢(c6'(C") = C[XO]a(c)0' (C)p =
ujop = up = v’ = ujo’. Hence, we have that vjc’ = ujo’. However, we assume that
E(C}) E v} #" ), which implies that E(C") E v}o’ #" u}o’. But v}0’ = w0’ and by the
normalisation, we would have that C' = 1 which is a contradiction with our hypothesis.
Hence, we proved that only case (a) can happen which implies that (£, s > u) € NoUse(C)
implies (¢,s > u') € NoUse(C'). Tt allows us to conclude that {path(¢),i | (£,7 > u) €
NoUse(C) A i < s} = {path(&),i | (§,i > u) € NoUse(C') Ai < s}. O

Appendiz C.4.7. Invariant at the end of Phase 1
In this subsection, we describe the properties satisfied at the end of Phase 1.

Invariant 16 (PP1E). A pair of matrices (M, M’) satisfies PP1E if (M, M) satisfies
PP1(smaz) and for all constraint system C in M or M', C also satisfies InvDedsub.

Lemma 27. Let (M, M’) be a pair of row matrices of initial constraint systems having
the same structure. For all (M, M}) obtained at the end of Phase 1 from (M, M’), we
have that (M, M') satisfies PP1E. Moreover, for all (Mg, M%) such that (M, M’) —*
(MQ’MQ) - ( llaMll)f

o if (Mo, M) is obtained from Step a with support s then (Ma, M}) satisfies PP1Sa(s);

o if (Mo, M}) is obtained at the end of Step a with support s then (Mo, M}) satisfies
PP1SaE(s);

o if (Mo, M}) is obtained at the end Step b with support s and column k then
(Mo, MY) satisfies PP1SbE(s, k);

o if (Mo, M) is obtained at the end Step ¢ with support s and column k then
(Mo, M) satisfies PP1ScE(s, k);

o if (Mo, M}) is obtained at the end of the cycle of steps b+ ¢ with support s and
column k then (Mz, M%) satisfies PP1SbcE(s, k);

o if (Mo, MY) is obtained at the end of Step d with support s and column k then
(Mg, M%) satisfies PP1Sb(s, k + 1) and PP1SbE(s, j) for all j < k.

Proof. This proof relies on all the previous lemmas and can be etablished by induction
on the parameters s and k. O]
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Lemma 28. Let (M, M’) be a pair of row matrices of initial constraint systems having
the same structure. Let (Mq, M) be a pair of matrices of constraint systems obtained
by following the strategy on (M, M'). We have that (My, M) satisfies InvGeneral.

Proof. We rely on Lemma 27 to prove that if (M, M]) is obtained from Step a with
support s, s € N, then (M;j, M}) satisfies PP1Sa(s) and so InvGeneral. For any other
step and phase, we rely on Lemma 14 to conclude. O

Appendiz C.5. Preservation of the invariants for Phase 2 (step by step)

This phase is made of 2 steps that we consider separately.

Appendiz C.5.1. Invariant at Step a

Lemma 29. Let (M, M’) be a pair of matrices obtained at the end of Step a. For all
constraint systems C in (M, M'), we have that vars'(E(C)) does not contain variable
that are universally quantified.

Proof. Thanks to the normalisation, we know that for all constraint systems C in M,
the disjunctions of inequations in E(C) are of the form Vg.\/, z; £"u; where § is a set
of universal variable and z; are not universal for any ¢. Furthermore, thanks to the
normalisation, z; ¢ ¢, for all i and for all y € 7, there exists i such that y € vars'(u;)
. Let x; 7&? u; and y € varsl(ui) N g. Since x; is not a universal variable, there exists
(X,jF x;) € D(C). But we assumed that the rules CONS and AXIOM are no longer
applicable. Thus, we deduce that for all f € F., En(C) E root(X) £"f and for all
(&, kF"u) € ®(C), En(C) E X £ €. Moreover, we know that C satisfies the invariant
InvDest(co) hence by the definition of the normalisation, we should have C = L which is
a contradiction with our hypothesis on C. Hence vars'(u;) Ng = () for all z; 7&? u;. Hence
by normalisation, we deduce that E(C) do not contain universal variable. O

Appendiz C.5.2. Invariant at Step b
Remember that the measure £} (u) is defined as follows:

LE(w) =maz ({i| (X,iF"z) € D(C) Ax € vars(u)} U{0}).

Lemma 30. Let (M, M'’) be a pair of matrices obtained at the end of Step b. For
any constraint system C in M (resp. M'), for any disjunction \/?:1 U 75? Vi OCCUTTIng
in E(C), i.e. such that E(C) =EA\[_, u; +"v; for some E, we have that either n = 1,
up € X1, vy does not contain any name and LE(v1) < LE(u); or for all i € {1,...,n},
we have that u; ;é? v; satisfies one of the following properties:

1. u; € X' andv; e N.

2. ug,v; € XY, and En(C) ¥ root(X)#£ f, En(C) E root(Y)#£" g, for all f.g € F.,
where (X, pF"u;), (Y,qF"v;) € D(C).

3. u; € X', root(v;) € F, and for allf € F., En(C) E root(X) #" f, where (X,pF’ u;) €
D(C).
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Proof. By definition of Step b of Phase 2 of the strategy, for any constraint system C,
we know that Cons(X,f) and EQ-DED-DED(X, &) are not applicable (for any f € F,.
and any ¢). Consider a disjunction \/!' u; #° v; such that E(C) = E AV} u; # v, and
i€{l,...,n}. We do a case analysis on u; and v;.

o Case u; € X! and v; € X!. In such a case, since C is normalized, we know that
this equality is necessarily reduced, and therefore this case is impossible.

e Caseu; € X! and v; € N (or the reverse). In such a case, the results holds trivially.

e Case u;,v; € X', In such a case, we know that there exist (X, k" u;) € D(C)
and (Y,/"v;) € D(C). We assume w.l.o.g. that ¢ < k. Since EQ-DED-DED is
not applicable for Step b, we deduce that the conditions of application of the rule
EQ-DED-DED(X,Y) in Figure 2 are not satisfied or that EQ-DED-DED is useless
on C. In the latter case, we deduce that n = 1 and so the result directly holds. In the
former case, we deduce that there exists f € F, such that Er(C) E root(X) #’ f and
En(C) E root(Y) #" f (or the reverse). Assume w.l.o.g. that Ep(C) k root(X) #"f
and Epp(C) ¥ root(Y) #" f.

Since CONS(X, g) is not applicable for Step b, we have that Fr(C) E root(X) £ f
for some f € F, implies that Ep(C) F root(X)#'g for all g € F,. Similarly,
Er(C) ¥ root(Y)#£ f for some f € F, implies that Er(C) ¥ root(Y)#£’ g for all
g € F. (otherwise CONs(Y,g) would be applicable). Hence we deduce that for all
f,g € F., En(C) ¥ root(X) #" f and Er(C) E root(Y) #’ g. Thus, the result holds.

e Case u; € X! and root(v;) = f € F.. (or the reverse). In such a case, we know that
there exists (X, k" u;) € D(C). Since CoNs(X,g) is not applicable for Step b,
for all g € F., we deduce that either st(v;) NN = 0 and L}(v;) < k or for all
g € F., En(C) E root(X)#" g. In the latter case, the result holds. In the former
case, st(v;) NN = () implies that there exists £ € T (F., X?) such that £61(C) = v;.
But EQ-DED-DED(X, ¢) is not applicable for Step b. Thus either (a) the conditions
of application of the rule EQ-DED-DED(X, &) in Figure 2 are not satisfied or (b)
EQ-DED-DED(X, &) is useless on C. In Case (b), we deduce that n = 1 and since
we assume that st(v;) "N = 0 and £} (v;) < k, the result holds. In Case (a), we
deduce that Ep(C) £ root(X) #’ root(€). Hence using what we proved thanks to
CoNs not being applicable, we deduce that for all g € F., En(C) F root(X) £'g.
Hence, the result holds.

O

Appendix D. Proof of soundness

This section is dedicated to the proof of soundness of the algorithm. However, unlike
the proof of completeness, this proof depends heavily on the strategy that has been
described in Section 4, and on the invariants described in Appendix C.
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Appendiz D.1. Preliminaries

For a recipe ¢ and a frame ®, we say that root(§) is not reduced if f(&1,...,£,)P) =
f(&1D),...,£,P)) and root(§) € Fy with &€ =f(&y,...,&,) for some &, ...,&,. We estab-
lish three properties on the recipes in II,:

Lemma 31. Let ® be a ground frame. Let £ be a recipe such that param(§) C dom(®P),
§@L & T(Fe, N). If for every & € st(§),

& =1(g(&,...,&)s- -, Bm), T € Fy and g € F. implies f is not reduced,
then, either root(§) € F. or root(£) is not reduced.

Proof. We prove this result by induction on the size of &.

Base case: |€] = 1. In such a case, £ € dom(®) and so £®| € T(F., N') by hypothesis on
the frame. Hence the result trivially holds.

Induction step: |§| > 1. If root(§) € F. or root(§) is not reduced then the property
trivially holds. Else we have that £ = f(&1,...,&y) with f € Fy and f is reduced. We
show that this case is impossible.

f is reduced implies that there is a rewrite rule f(uq, ..., u,) — wsuch that f(uy,...,u,)
and f(§®],...,£,P)) are unifiable. Since P & T (F.,N) and £ € st(£1PJ) (since
u € st(u1)), we have that & @) & T(F.,N). By applying our induction hypothesis on &1,
we deduce that either root(§1) € F. or root(&;) is not reduced.

e If root(&;) € F. then by hypothesis on the subterms of £, we deduce that f is not
reduced which is in contradiction with the hypothesis.

e If root(§1) is not reduced, then root(§1®)) € F4. This contradicts the fact that
f(ug,...,u,) and f(§ P4, ...,£,P]) are unifiable since we have that root(uy) € Fe.

This allows us to conclude that either root(£) € F, or root(§) is not reduced. O

The following corollary is a direct consequence of Lemma 31 since by definition of
& €11, there is no & € st(§) of form f(&y,...,&,) with f € F4 and root(&;) € F.

Corollary 2. Let ® be a ground frame. Let & € T1,. such that param(§) C dom(®P) and
ED| & T(Fey, N). We have that either root(€) € F. or root(§) is not reduced.

Lemma 32. Let ® be a ground frame. Let & € 11, a ground recipe such that param(§) €
dom(®). (@) € T(F., N) if, and only if, Message(£®) holds.

Proof. We prove this result by induction on the size of &.

Base case: |§] = 1. In such a case, £ € dom(®P) thus there exists (az; > u;) € ® such
ar; = ¢ and €D = u;). But u; € T(F.,N). Hence, the result holds.

Induction case: €] > 1. In such a case, we have that £ =f(&,...,&,) with f € F. U Fy.
Assume first that f € F.. In such a case, £;®| € T(F.,N) for every i € {1...n}. Hence,
we can apply our induction hypothesis on each &;. This allows us to conclude.

Assume now that f € F4. By hypothesis, we have that £®) € T(F., N) and so f is
reduced by the rewriting system. Let f(uq,...,u,) — u be the rewrite rule involved in
f(&P),...,£,2]) — £D). We distinguish two cases:

97



o Case 1: &®) € T(F.,N). Since vars({ua,...,un}) C vars(uy), we deduce that
for every i € {1,...,n}, &®] € T(F., N). Hence, we easily conclude by applying
our induction hypothesis.

o Case 2: ;9| &€ T(Fe, N). Thanks to Corollary 2, we deduce that either root(£;) €
F. or root(&1) is not reduced. Since & € II,, we have that root(§1) € Fe, hence
root(&;) is not reduced. It implies that root(§;®]) € Fy. By definition of a rewriting
rule, we know that root(u;) € F.. This contradicts the fact that f(uy,...,u,) and
f(&1®,...,£, D)) are unifiable. Hence, this case is impossible. O

Lemma 33. Let ® be a closed frame and £,&" be two ground recipes in 11, with root(§),
root(¢) € F. and such that path(§) = path(¢&'). If £@),&'®| € T (F., N), then we have
that £0] — £'®].

Proof. We prove this result by induction of the length n of path(&):

Base case n = 1: In such a case, we have that path(§) = path(¢’) € AX. Hence, we have
that £ = ¢, and so £®) = £'P|.

Inductive step n > 1: Since path(§) = path(¢’), we know that there exists f € F4 and
there exist &1,...,&n,&1,-..,&, € I, such that & = f(&,...,&,) and & = f(&],..., ).
By Lemma 32, for all ¢ € st(£) U st(¢'), we have that (®] € T(F.,N). Hence, for all
i=1,...,n, for all ¢ € st(&) U st(£)), we have that (®| € T(F.,N). By definition of
path, we have that path(&;) = path(&]) (since path(&) = path(¢’)).

Applying our induction hypothesis on (£1,&]), we obtain that & ®] = £;®). We have
that £®4,&'®) € T(F.,N). Hence, we have that

f(E1@L,....6u®)) - €8] and  f(&®),....E,P]) - £l

using the rewriting rule associated to f. This rule is of the form f(uy,...,u,) = u with
u € st(uy). Since & @] = &P, we easily conclude that £P| = £’ D). O

Lemma 34. LetC = (S1;.52; ®; D; E; Er; ND; NoUse) be a well-formed constraint system
obtained by following the strategy and (0,0) € Sol(C). Let £ € 1L, be a ground recipe
conforms to ®0 w.r.t. NoUsed. For all & € st(€), & conforms to PO w.r.t. NoUsed.

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. We prove the result by induction on |¢].

Base case |€] = 1: In such a case, £ € AX. Hence for all £ € st(€), ¢ = £ and so the
result trivially holds.

Inductive step || > 1: Otherwise, £ = f(&1,...,&,). We do a case analysis on C|¢]s.

e Case |C|&]a| > 1: In such a case, we have that C|¢|s = f(C|&1]a,-..,Clén]a)-
Moreover, & conforms to ®6 w.r.t. NoUsef implies that for all i € {1,...,n},
& conforms to @0 w.r.t. NoUsef. Hence by inductive hypothesis on &;, for all
i €{1,...,n}, the result holds.

e Case |C|£]g| = 1: Otherwise, since & conforms to ®0, we deduce that there exists
(¢,i > u) € @ such that ({,i > u) &€ NoUsef and (6 = £. Thanks to C being
well-formed, (Definition 18, item 9), we deduce that path(¢) is closed. Hence there
exists (1,...,(, such that ¢ =f(¢y,...,¢,) and (0 =¢; for all i € {1,...,n}.
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But thanks to C being well-formed (Definition 18, item 9), we deduce that for all
¢’ € st(C), Cl¢' o € T(Fe, Fi - AXUX?) and if path(¢’) € Fj- AX then there exists
j and v such that (¢/,j > v) € ®. Hence for all i € {1,...,n}, ;0 conforms to ®0
w.r.t. NoUsed if for all X € vars?(C|(']¢), X6 conforms to @ w.r.t. NoUsed; and
for all (" € st(¢;), if (¢”,7' > ') € ® for some j', v’ then (¢”, 5 > v') & NoUsef.

Since (¢, i > u) & NoUse, and relying on the fact that C satisfies InvGeneral (item 4),
we deduce that for all (" € st((;), if path(¢”) € F; - AX then there exists j and v
such that (¢",j > v) € ® and (¢”,j > v) & NoUse. At last, (0,60) € Sol(C) implies
that for all X € vars®(C), X0 conforms to ®¢ w.r.t. NoUsef. Hence we deduce that
for all ¢ € {1,...,n}, (;0 conforms to ®6 w.r.t. NoUsef. We conclude by applying
our inductive hypothesis on (;0, for all ¢ € {1,...,n}. O

Lemma 35. Let C = (S1;.52; ®; D; E; Er; ND; NoUse) be a well-formed constraint system
obtained by following the strategy and (0,0) € Sol(C). Let & be a ground recipe in IL,
such that £(Po)) € T(Fe, N). We have that there exists & a recipe in I, such that:

e ¢’ conforms with ® w.r.t NoUsed;
o {(Do)] =& (Do)l; and

e param¢,, (&) < param&,_ (€).

max max

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. We prove this lemma by induction on [£].

Base case |§] = 0: In such a case, the result trivially holds.

Inductive step |£] > 0: We do a case analysis on C|£]g:

o Case 1: Cl&|op € (F; - AX). By definition of C|£|p, we know that there exists
(¢,i > u) € ® such that path({) = path(¢). Since (0,0) € Sol(C) and we know
that C satisfies item 2 of InvGeneral, we deduce that i < param®_ (¢). Note that
C is a well-formed constraint system and (c,0) € Sol(C), thus by Definition 18
(item 5), we have that (¢0)(®o)] = uo. Moreover, relying on Lemma 33, we can

deduce that £(®o)) = (¢0)(Po)l.

Case 1.a : (¢,i > u) € NoUse. Let ® = mgu(Er). In such a case, since C is a
well-formed constraint system (Definition 18, item 8), we know that there exists
X € wars?(C) such that C|XO[45'(C) = u and param$, (X©) < i. Since we

proved that i < param§,,, (&), we can deduce that param§,,, (X©) < param§,,, ().
But since (a,6) € Sol(C), we know that 6 F Fr, X6 € II,., X6 conforms with &6
w.r.t. NoUsef and (X0)®ol = (¢0)Pol. Note that {(Po)l = (¢0)(Po)] and so
Do) = (X0)Pol.

Furthermore, (o,6) € Sol(C) also implies that for all Z € vars?(X0), param$_ (Z6) <
param¢,. (Z). With  F Ep and param¢_, (X ©) < 4, we deduce that param®_ (X6) <

1. This allows us to conclude for £ = X06.

Case 1.b: ({,i > u) & NoUse. In such a case, let £’ = (6. Since C is a well formed
constraint system (Definition 18, item 3), we know that param¢_ (¢) < i. Since
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(0,6) € Sol(C) implies that for all Z € vars?(¢), param¢,, (Z60) < param$_ (Z), we

max max
deduce that param€_ (¢#) < 4. Since we proved that i < param$,(¢), we deduce

that param¢,_ (¢0) < param¢,_ ().

max max

At last, since we assumed that (¢,7 > u) € NoUse then (¢,i > u) ¢ NoUsed.
Hence & = (0 conforms to ®0 w.r.t. NoUsef. Hence, we conclude.

Case 2: root(C|€]s) € F.. By definition of C|£ ¢, there exists &,. .., &, € I, such
that £ = f(&1,...,&,) and f € F.. But for any i = 1...n, we have param&_, (&) <
param(,.. (€) and |¢;| < |¢|. Thus, by our inductive hypothesis, we can deduce that
there exists &1, ...,&,, € I, such that for all i =1...n,

— &/ conforms with ®0 w.r.t NoUseb;
~ &(®0)) = &(@0)l; and

— param(§;) C {az1,. .., ar;} implies param(&]) C {az1,..., ax;}, for any j.
Let & =1(&,...,&,). Since f € F,, we can deduce that:

— f(&,..., &) conforms with ®6 w.r.t. NoUsef;

— {Qol =f(&1,... &) Pol = (&L, ..., &) Pol = {'Pol; and
— param§,,, (¢/) = max{param&_ (&) | i € {1,...,n}} and so param$,, (&) <

paramp_, ().

root(C|¢]s) € Fyq. By definition of C|£|g, there exists &1,...,&, € II. such that
¢E=g(&,...,& ) and g € Fy. As in Case 2, we can apply our inductive hypothesis
on each ;. Thus, we will also have that there exists &1, ..., &), such that:

— & conforms with ®0 w.r.t NoUsed;
~ 6(®o)l = €(®0); and
— paramp, (&) < paramp(&:).

Let & =g(&f,...,&,). In order to conclude, we have to show that & = g(&1,...,&))
conforms with ®0 w.r.t. NoUsef). We do a case analysis:

Case 3.a: if root(&]) € F,, then we have that g(&1,...,&),) & II,. But we know
that g(&1,...,&,)Pal € T(F., N) which means that g is reduced by a rewriting rule
¢ — 7. But all the rewriting rules we consider are defined such that if g is reduced
then it implies there exists a substerm ¢ of &] such that (®o| = g(&1,...,&,)Pol =
g(&1,...,&,)Pal. Since & conforms with ®6 w.r.t. NoUsef, then so does &', which
allow us to conclude.

Case 3.b: Otherwise, we deduce that £ € II,.. Moreover, if there exists (¢,i > u) €
® such that path(¢) = g - path(&}), then we apply the same reasoning as the one
done in Case 1. Else it implies that C|¢'|¢ = g(C|&) o, -, Cl&),]e) and since &,
1 =1...n are all conforms to ®6 w.r.t. NoUsef, we conclude that £ conforms to
@6 w.r.t. NoUsed. O
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Lemma 36. Let C = (S1;S2;®; D; E; Eri; ND; NoUse) be a well-formed constraint sys-
tem obtained by following the strategy and (0,0) € Sol(C). Let s € N. Assume that
DEST((, ¢ — 1,5) is useless C for any (,{ — r. For all ground recipe § € I, if £
conforms to ®0 w.r.t. NoUsef, (Dol € T(F., N) and param(§) C {az1,...azxs} then
Clélo € T(Fe, Fj - AX).

Proof. Let p the position of the smallest subterm of C|£] ¢ such that root(C|{|s]p) € Fa.
Hence, we deduce that &|, = g(&,...,&,) and g € Fq. Moreover, since ¢ conforms
to @0 w.r.t. NoUsed, ¢ € II, and by the minimality of C|&]s|,, we deduce that there
exists (¢,i > u) € ® such that & = (0 and (¢,i > u) ¢ NoUse. Since C is well-
formed, we know that param¢_ (¢) < i. Furthermore, since (c,6) € Sol(C), we deduce
that param¢,_, (Cf) < i. Moreover, since C is obtained by following the strategy then
thanks to Lemma 28, C satisfies InvGeneral. Thus we deduce that ax; € st(¢#) and so
param¢,_ () = i. But €0 € st(¢) and param (&) C {az1,...azs} hence i < s.

Thus thanks DEST((, ¢ — r, s) being useless on C with £ — r the rewrite rule associ-
ated to g, we deduce that :

e either there exists (¢/,p’ > v') € ® for some ¢’ such that path(¢’) = g - path(¢) and
some p’ such that p’ < s. But path({|,) = g - path(§1) = g - path(¢#). Thanks to
C being well-formed (Definition 18, item 1), we know that path({) is closed hence
path(&|,) = path(¢’). This is a contradiction with the fact that root(C|&]sl|,) € Fy.

e clse ND EViu# u1 Vs FlugV...Vs fF u, where glu,...,up,) — w is a
renaming of ¢ — r. But (0,0) € Sol(C) implies ¢ E ND. Moreover, £ € II,. and
&(®o)l implies, thanks to Lemma 32, that &|, = g(&1,...,£,)(Po)l. Hence along
with the hypothesis param(§) C {az1, ... azxs}, this is a contradiction with o F ND.

We conclude that such position p does not exist and so C|{|e € T (Fe, Fj - AX). O

Appendiz D.2. Relations on recipes variables

In our main proof of soundness, we usually assume an existing solution in a well-
formed constraint system and then we transform this solution such that it becomes a
solution of an another constraint system. In most cases, the transformation consists of
replacing a recipe by another one which deduces the same message. The main issue of
this replacement is that the new recipe has to satisfy several properties such that the
conformity to the frame, its belonging to II,., etc

Example 49. Let C be a constraint system with the following frame :
{az1,1 > senc(a,b); azs,2 > senc(b, a); axs,3 > a}

A possible and natural execution of the rules would be to guess that the messages senc(a, b)
and senc(b,a) can be decrypted, and so by application of the rule DEST, we would have
a constraint system such that:

o & = {azy,1 > senc(a,b); axz,2 > senc(b,a); ars,3 > a; sdec(azi, X),3 > a;
sdec(az2,Y),3 > b}

o D={X,3F"b;Y,3F a}
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Thus one possible solution for this constraint system would be 6 with X6 = sdec(azs, axs)
and Y0 = azxs. We can see that 6 belongs to 11, and also conforms to the frame ®.

Since the two recipes ars and sdec(azq, X ) both deduce the same message, we could
replace any instance of axs by sdec(azy,X) and then forbid the use of the recipe axs
(equivalent to adding the frame element (ax3,3 > a) into the set NoUse).

Thus to ensure the soundness of this transformation, we need to ensure that we can
transform 6 in 0’ such that 0’ is a solution of the constraint system and such that it
satisfies the belonging to II, and the conformity to the frame. But on this example,
the only way to deduce a (for the constraint Y,3"a) without using azxz is to use the
recipe sdec(azy, X) and the only way to deduce b (for the constraint X,3F"b) is to use
sdec(azs,Y) which produces a loop. Therefore, on this example, the replacement of the
recipe axs by sdec(az1, X), that deduces the same message, does not lead to a solution.

To formalise this, we introduce the following order.

Definition 19 (relation <g). Let C = (Sy; Se2; ®; D; E; Erp; ND; NoUse) be a well-formed
constraint system, and 0 be a mapping from vars®(C) to ground recipes such that for all
(X,i>u) €D, we have that param(X0) C {az1,...,ax;}.

We define a relation on vars®(D), denoted <g, as the smallest relation that is closed
by transitivity and such that: X <¢ Y if X € vars*(C|Y0]562(C)) and X #Y .

Intuitively, X <y Y represents the fact that in the solution 6, X6 is used in Y6.
Thus, if you replace X6 by another recipe, the recipe Y8 will also need to be changed
accordingly in order to conform to the frame.

Example 50. Going back to our previous example, we have that Y <¢ X since we have

C|X0]6%(C) = sdec(azz,Y).

We stated at the beginning of this subsection that the replacement has to preserve the
belonging to II,.. But a simple example with the application of the rule EQ-FRAME-DED
shows that it is generally not true.

Example 51. Let C be a constraint system with the following frame:
® = {azy,1 > a;aze,2 > senc(a,a) ; axs,3 > a}
and the following set of deducibility constraints:
D = {X,1+"senc(a,a);Y,3+" a}

One possible solution for this constraint system would be § with X6 = senc(az1, az1) and
Y0 = sdec(azs, axs). We can see that 8 belongs to 11, and also conforms to the frame ®.
By applying the rule EQ-FRAME-DED on (azq,2 > senc(a,a)) and (X, 1+’ senc(a, a)), the
frame element (ax2,2 > senc(a, a)) will be added in the set NoUse and thus, we now have
to replace each instance of axo with X0. But in such a case, Y0 will become the recipe
sdec(senc(azy, ax1), axs) which does not belong to II,.. Thus, instead of just replacing
azo by senc(azy, axs), we will replace YO with ax;.

Lemma 37. Let C = (51;52;®; D; E; Eni; ND; NoUse) be a well-formed constraint sys-
tem. Let (0,0) be a pre-solution of C. Let X,Y € vars*(D) such that X <¢ Y. We have
that X6 is a strict subterm of Y0.
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Proof. X <¢ Y implies that there exist Xi,..., X, € vars?(D) such that X <y X; <g
..o <g X, <g Y, and if we rename X,Y into Xy, X,, 1 then we have that for all ¢ €
{0,...,n}, X; € vars®*(C| X;410]6%(C)) and X; # X;41.

Since (o, 6) is a pre-solution of C, we know that for all X € vars?(C), X6 conforms to
the ®9 w.r.t. NoUsef. Moreover, for all i € {0,...,n}, X; € vars?*(C| X;1+10]55%(C))
implies that there exists (£,k > u) € @ such that X; € wvars?(¢) and path(¢) €
st(C|Xi4+10]s). Thanks to C being well-formed, we know that path(¢) € F - AX and
exists hence X; is a strict subterm of £ which implies that X;0 is a strict subterm of
&0. But X;;10 is conformed to ®0 w.r.t. NoUse, and thus we have that £0 € st(X;10).
Thus, we can deduce that X6 is a strict subterm of X; 6.

A simple induction on n allows us to conclude that X6 is a strict subterm of X,, 116
and so X is a strict subterm of Y. O

Lemma 38. Let C = (S1;52;®; D; E; Er;; ND; NoUse) be a well-formed constraint sys-
tem. Let (0,0) be a pre-solution of C. We have that <g is a strict partial order.

Proof. Since (o, ) is a pre-solution of C, we have that for all X € vars?(D), X6 conforms
to @0 w.r.t. NoUse. By definition, <y is a strict partial order if, and only if:

o (X <y X) (irreflexivity)
o if X <¢Y then -(Y <y X) (asymmetry)
o if X <pY and Y <y Z then X <y Z (transitivity)

By Definition 19, we already know that <y is closed by transitivity. Assume first that
X <y X. Thanks to Lemma 37, we know that X6 is a strict subterm of X6 which is
impossible. For the same reason, X <9 Y and Y <y X would imply that X6 is a strict
subterm of X6, hence the contradiction. O

Lemma 39. LetC = (S1;.52; ®; D; E; Er; ND; NoUse) be a well-formed constraint system
obtained by following the strategy. Let (0,0) € Sol(C). Let X,Y € vars?(D), we have
that X <¢ Y implies that param®_ (X) < param&_ (Y).

max max(

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral (in particular
item 1). Therefore, we know that for all (¢,7 > u) € @, az; € st(£0). Furthermore, since
C is well formed (Definition 18, item 3), we deduce that param$, (&) < i. Moreover,
(0,6) € Sol(C) implies that for all Y € wvars?(¢), param$, (Y0) < param®_ (V). Thus
with az; € st(£€0), we deduce that param$, (£0) = i.

We have that X <y Y, and thus there exist X;,...,X,, € varsQ(D) such that X <y
X1 <p...<9 Xn <pY and if we rename X,Y into Xo, X,, 41 then for all i € {0,...,n},
X; € vars®(C| X;4106%(C)) and X; # X;41.

Let i € {0,...,n,n+1}. We know that there exist u; and k; such that (X, k; -’ u;) €
D. Since (0,0) € Sol(C), we have that param(X;0) C {az1,..., azg, }.

But X; € vars?(C|X;4160]6%(C)) implies that there exists (£, > v) € ® such that
path(§) € st(C| X;410]) and X; € vars?(€). Furthermore, since X;,160 conforms with ®¢
w.r.t. NoUse, we can deduce that £0 € st(X;+16). We have seen that az; € st(£6), we
can deduce that j < k;p1. At last, since X;0 € st(£0), param(X;0) C {az1,...,azy,}

and param(&0) C {az1,...,az;}, we can deduce that k; < j which implies k; < ki1
and so param®_ (X;) < param&_ (X;;1). Altogether, this allows us to conclude that
param®,. (Xp) < ... < param§,,, (X,,+1) and so param§,,, (X) < param§,,, (V). O
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Lemma 40. Let C = (S1;S2; ®; D; E; Er; ND; NoUse) be a well-formed constraint system
obtained by following the strategy. Let (0,0) € Sol(C). Let & be a ground recipe in II,.
and (X,it"u) € D such that:

e & conforms to @O w.r.t. NoUsed and param(§) C {azq,..., ax;}.

e there exists a position p, such that & = X0),, {'®ol = {@ol, and Co = C1[Cy],
where Co = C| X0[¢],], Co = C| X0 and C; = C[¢].

e for allY € vars?(C|£]6%(C)), =(X < Y).

Then there exists 0" such that (0,60") is a pre-solution of C with 8’ £ mgu(Fr), X0 =
X0[€], and for all Y € vars®*(D) ~ {X}, C|Y0]ag = ClY O | oo .

Proof. First, thanks to Lemma 28, we know that C satisfies InvGeneral, and this will be
used in the proof. Since we assume that C is well-formed (Definition 18, item 2), the path
of any recipe of a frame element of ® is closed hence for all &, for all 8, C|&|o = C|£] -
Hence we omit the substitution in the context. Let ' be a substitution defined as follows:

o for all Y € vars?(D) such that ~(X <o Y), Y& & v
o X0’ ¥ X0[¢),

o Otherwise, Y/ % ClY0|50%(C)0’, where Y € vars®(D)
e for all Y € vars?(C) \ vars?(D), Y0' = Ymgu(Ep)¢’

First, we need to justify that the substitution 6 is well-defined. By Lemma 38, we
know that the relation <y is a strict partial order. Let Y € vars?(D) such that X <5 Y
and so Y0 = C|Y0]46%(C)0'. But for all Z € vars®(C|Y0]462(C)), we have Z <4 Y.
Since the relation <p is a strict partial order on wars?(D), we conclude that Y@’ is
well-defined. At last, for all Y € vars?(C) \ vars?(D), for all X € vars?>(Ymgu(En)),
X € vars?(D). Since 0’ is well defined on any variables in vars?(D), we conclude that ¢’
is well-defined on all variable of C.

Now, it remains to prove the four expected properties.

Property 1. X6 = X0[¢],: By definition of ', we know that X6 = X0[¢], hence the
result trivially holds.

Property 2. ¢ F mgu(En): By definition, for all Y € wars?(C) \ vars?*(D), Y0 =
Ymgu(En)#'. Hence, we trivially deduce that 6’ E mgu(Er).

Property 3. for all Y € wars*(D) ~ {X}, C|Y0|op = C|Y 0 |gpp: For any variable
Y € wars?(D) such that —(X <g Y'), we have that Y0’ = Y6 which means that C|Y 0|3 =
C|Y#'|s. Moreover, for all Y € vars?(C) ~ {X}, if X <¢ Y then Y0’ = C|Y0]46%(C)0'.
But since Y6 is a ground recipe, then st(C|Y#6]g) N dom(6%(C)) C (F; - AX) and for
all w € dom(62(C)) N (Fj - AX), we have that Clwé?(C)0]|e = Clws*(C)0 | (= w).
Therefore, we have that C|Y 6| = C|Y0]s.

Property 4. (0,0") is a pre-solution of C, i.e.
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e for every Y € wars?(C), we have that Y6’ conforms to the frame ®6’ w.r.t. NoUsef,

and
e for every (Y,jF"v) in D, we have that (Y¢')(®0)] = vol and param(Y6') C
{az1,..., az;}.

Thanks to C being well-formed (Definition 18, item 7), we know that for all ¥ €
vars?(C), C|Ymgu(En)] € T(Fe, - AXUX?) and for all ¢ € st(Ymgu(En)), path(¢) €
Fi - AX implies that there exists j and v such that ((,j > v) € ®. Since 6 F Eyy, we
deduce that C|Y0| = C|Ymgu(En)|;Z — C|Z60] | Z € vars*(C|Y mgu(Emn)]y}. But
by definition, for all Y € vars?(C) \ vars?*(D), Y0 = mgu(Ey)0’'. Hence, along with C
satisfying InvGeneral (item 3), we deduce that Y8 conforms to 0" w.r.t. NoUsef if and
only if for all Z € vars?>(C|Ymgu(FEn)|), Z0' conforms to ®0" w.r.t. NoUsef’. Thus it
remains to prove that for all Y € vars?(D), Y0 conforms to ®0" w.r.t. NoUset’

Let Y, j v be a deducibility constraint in D. We prove the results by induction on <.

Base case 1: =(X <p Y). In such a case, we have that Y0 = Y6. Thus, we have
(Y0)Pol = (YO)Pol and param(Y¢') = param(Y0) C {az1,...,az;}. Furthermore,
by definition of <y, we have that for all Z € wvars*(C|Y0]s0%(C)), Z <y Y and so
(X <¢ Z). Thus, Z6 = Z¢'. With Y#' =Y and Y6 conforms with ®6 w.r.t. NoUsef,
we can deduce that Y6’ also conforms with ®6” w.r.t. NoUsef'.

Base case 2: 'Y = X. In such a case, we have that X6 = X0[¢],. By hypothesis, we
know that {(®o)l = X0|,Pol. Thus, we have that X0[{],Po) = X0Po|. Furthermore,
we also know that param(&) C {az1,...,azx;} and param(X60) C {az1,...,azx;}. Thus
we can conclude that param(X0[¢],) C {az1,..., az;}.

By hypothesis, we know that for all Z € vars?(C|£¢]56%(C)), (X <g Z) which means
that Z0' = Z6 and so £ conforms with ®¢’ w.r.t. NoUsef. By definition of <y, we
have that for all Z € vars®(C|X0]46%(C)), Z <o X which means that Z6' = Z6 and
so X6 conforms with ®6" w.r.t. NoUsef’. Therefore, since by hypothesis we have that
ClX0'| = C|X0][C|&]]p, we can conclude that X0 = X0[{], conforms with ®¢" w.r.t.
NoUsef'.

Inductive case X <¢ Y: In such a case, Y0’ = C|Y0]|36%(C)0'. We know by definition of
<p that if Z € vars?(C|Y0]$6%(C)) then Z <4 Y. Hence by Lemma 39, param®_ (Z) <
param¢_ (Y)) which implies that there exists a constraint (Z,¢F"r) € D with ¢ < j.
Therefore, thanks to our induction hypothesis, we deduce that (Z6")(¢o)] = rol and
param(Z0") C {axy, ..., az,}.
Let w € st(ClY8]s) N (F; - AX). Hence there exists (¢,¢ > r) € ® such that
¢ = wé%(C)0'. We already show that for all Z € wars?(¢) with (Z,¢'F'r') € D,
Z0'(®o)l = r'ol and param(Z6’) C {azi,...,ax},}. Hence, thanks to C being well-
formed (Definition 18, item 5), we deduce that (6’ (®o)) = r| = (6(Po)|. Moreover, once
again thanks to C being well-formed (Definition 18, item 3), param((6’) C {az1,...,axe}
and so param(wd*(C)0') C {az1,...,azxe}. At last, since (0,0) € Sol(C) and thanks
to C satisfying InvGeneral (item 1), we deduce that azy € st(¢6) which implies that
azy € st(Y0) and so ¢ < j. Hence, we can conclude that Y0 (o)l = YO(Po)] = vol
and param(Y'0') C {az1,. .., az;}.
Lastly, by definition of §’, we have that Y6’ = C|Y6]5%(C)6#’ thus, since Y conforms
with @0 w.r.t. NoUsef, we deduce that Y6 conforms with the frame ®6’ w.r.t. NoUsef'.
O
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Appendiz D.3. Preliminaries for soundness of Phase 1 Step a

In this subsection, we are only showing some properties to help proving the soundness
for the first step of Phase . The only rules that can be applied during this phase are
DEST and EQ-FRAME-DED. Therefore, thanks to Lemma 27, the constraint systems or
matrices of constraint systems satisfy the invariants PP1Sa(s) for some s that depends
on the parameter of the rules DEST and EQ-FRAME-DED.

Let T be a set of terms, and u be a term, we denote by nbecc(u, T) the number of
occurrences of u in T'.

Lemma 41. Let M be a matriz of constraint systems obtained during phase 1.a with
support s by following the strategy. LetC be a constraint system in M with ® its associated
frame, and (c,0) € Sol(C). Moreover, let (§,s > u) € ® and let ¢ € II,. such that:

o param(C) C {az1,...,az, 1},
o (Do = uo,

o for allY € vars®(C), £ & st(Ymgu(Er)), and

o for all g € Fy, for all (§',i > v) € ®, path(£’) # g - path().

Either nboec (€6, {X0 | X € vars®(C)}) = 0 or else there exists §' such that (o,0') € Sol(C)
and:
Nbocc (€07, {X0' | X € vars*(C)}) < nboec(€0,{X0 | X € vars*(C)}).

Proof. Let C = (Si1;S2; ®; D; E; E; ND;NoUse), (0,6) € Sol(C). Let (X,kF"v) € D
such that k > s and C[¢] € st(C[X6]). We first show that if such (X,kF’v) does
not exist, then nbeec (€0, {X0 | X € vars?(C)}) = 0. By hypothesis, we know that for all
g € Fy, for all (¢';i > v) € ®, path(¢’) # g-path(§). Moreover, since C satisfies PP1Sa(s),
we know that for all (3,s > v) € ®(C), either B € AX or there exist Xo,..., X, € X2,
fe Fqgand (8/,p > v) € ®(C) such that § = (8, Xs,...,X,,) and p < s. Hence we
deduce that for all (8,s > v) € ®(C), if £ € st(3) then £ = B. Furthermore, since for all
Y € vars?(C), £ ¢ st(Ymgu(En)), then for all Y € vars?(C), €0 € st(Y6) implies that
there exists Z € wvars?(D) such that €0 € st(Z6). We select X € vars?(D) such that
X6 is the smallest recipe that contains £6. If X does not exist then nbo(£0, {X0 | X €
vars?(C)}) = 0 else since X6 conforms with ®0 w.r.t. NoUsef and for all (3,s > v) €
®(C), if & € st(B) then & = B, we conclude that C|&| € st(C|X0]).

Property 1. We first show for all ¢ € I1,., for all position p in X0, if (®o| = (X0),P0],
then there exist ¢’ € s¢(¢) and a position p’ such that p’ is a prefix of p and X6[(],(®o)l =
X0[¢'], (o)) and X0[¢'], € II,. We prove this result by induction on the length |p|
of p.

Base case |p| = 0. In such a case we have that p = e. Let ¢/ = ¢ and p’ = p. We have
that X0[¢'],, = ¢’ = ¢. Since by hypothesis, we have that ¢ € II,, the result trivially
holds.

Inductive step |p| > 0. In such a case, we have that p = p; - r for some r € N and some
p1 such that [pi| < [p|. Assume that X6, = f({1,...,&,). We have to distinguish two
cases:
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1. r=1,f € Fy and root(¢) € F.: We know that X0(Po)| € T(F.,N) and X0 € II,.
Thus, by Lemma 32, we can deduce that f(&y,...,&,)Pal € T(F., N), and thus
f has been reduced. But by hypothesis, we also know that (®Po] = £ Pol. If
we denote ¢ = g(C1,...,(m), then by definition of our rewrite rule, we have that
G Pol =1(&1,...,&,)Po]. Since ¢ € II,., we have also that ¢; € II,. Furthermore,
we have (1®o] = X0, ®o|. Thanks to our induction hypothesis, we deduce that
there exist (] € st(; and pj a prefix of p; such X0[(1],, (Po)] = XO[(1]y (Po)]
and X0[C1],, € Rr. Let (' = (] and p’ = p}. This allows us to conclude.

2. Otherwise: By definition of II,, we have that X0[(], € II., and thus the result
holds with ¢’ = ¢ and p’ = p.

Property 2. We show that for all ¢ € II, such that param(¢) C {az1,..., azxy}, for all
(0,0) € Sol(C), for all position p € Pos(C|X0]), if ((Po)] = (X0),(Po)], ¢ conforms to
@0 w.r.t. NoUsed, for all Y € vars?(C[(]62(C)), ~(X <g V) and nboec(C€], C|X0[C,]) <
nbocc(Cl€], C[ X ]) then there exists 6’ such that (o, 60") € Sol(C) and nbee(C|£], {C|Y O] |
Y € vars?(C)}) < nboec(CL£],{C|Y O] | Y € vars?(C)}).

We prove this property by induction on the length |p| of p.

Base case |p| = 0. In such a case, we can apply Lemma 40. Indeed, ¢ conforms to ®0 w.r.t.
NoUsef and param(¢) C {ax1,..., azr}. Furthermore we have ((®o)l = X0(Po)| and
for all Y € wars?(C|(]82%(C)), =(X <g Y). Hence, we deduce that there exists §’ such that
(0,0") is a pre-solution of C with X" = ¢ and for all Y € vars?(D)\{X}, we have that
ClY#| = ClY#'|, ¢ E mgu(En). By hypothesis, we know that nbo(C|£],{C|(]}) <
Nbocc (C1£€],{C|X0]}) and since C|Y O] = C|Y¢'|, for all Y € wvars?(D)\{X}, we can
deduce that

nbocc (CLE€], {CLY O] | Y € vars*(D)}) < nboec(C|E],{ClY O] | Y € vars*(D)}).

Moreover, by hypothesis on &, we know that for all Y € vars?(C), & € st(Ymgu(En)).
Hence, since 6 E mgu(FEr) and ' E mgu(Er), we deduce that:

Nbocc (C1€], {C|Y O] | Y € vars®(C)}) < nbeee(CLE],{C|Y O] | Y € vars*(C)}).

Furthermore, (o, 6) € Sol(C) implies 0 E E A ND. At last, C satisfies PP1Sa(s) (item 4)
thus along with ¢ F mgu(Er), we deduce that ¢ E Ep and so the result holds. Hence
the result holds.

Inductive step |p| > 0. In such a case, we have that p = p’ - r with » € N and
Ip'] < |p|. Assume that X0, = f({1,...,&,). Since ((®o)] = X0),(®0o)], we have
that (X0,)[C].(®o)| = X0, (Po)l. By definition of (0,0) € Sol(C), we know that
f(&1,...,&,) conforms to ®0. Now, we distinguish several cases:

Case (a): f € F.. In such a case, let (' = (X0),/)[¢],. Hence we have that X0[('],y =
X0[¢], which implies that X0[¢'],/(®o)l = X60(Po)) and XO[('],, € II.. Moreover,
since f € F., we have that C|¢'| =f(C|&1],...,Cl&—1],CI¢],Cl&r+1]s---,Cl&n]). But
by hypothesis, ¢ and X6, are conform to ®6 w.r.t. NoUse. Hence, &1,...,&, also
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conforms to ®0 w.r.t. NoUse which implies that {’ conforms to ®6 w.r.t. NoUsef.
Furthermore, we know that X6 conforms to ®0 w.r.t. NoUsef and p € Pos(C|X0])
hence Cl&1],...,Cl&,] € st(C|X0]). Moreover, by definition of <y, we have for all
i€{l,...,n}, for all Y € vars?(C|&;|62(C)), Y <o X. But by Lemma 38, < is a strict
partial order which means that ¥ <y X implies =(X <p Y). Since by hypothesis, we
have that for all Y € wars?(C|¢]62(C)), ~(X <p Y), then we can deduce that for all
Y € vars?(C|¢']6%(C)), ~(X <p Y).

At last, X6[('], = X6[C), and #{C|¢] € st(CLXIC),1)} < #{C|¢] € st(C[X6))}
trivially implies that #{C|&] € st(C|XO[¢'], )} < #{C|&] € st(C|X0])}.

Hence we conclude by applying our inductive hypothesis on 6, ' and p'.

Case (b): f € Fy, r # 1. This case is similar to Case (a). Indeed, let (' =
(X0),)[¢Cl;- We have p € Pos(C|X0]). Hence C| X0, | = f(C[&1],...,Cl&,]) and

Cl¢'] =1f(Cl&],. .., Cl&—1],Cl¢],Clér+1],---,Cl&]). Thus we can apply the same
reasoning as Case (a).

Case (c): f € Fg, = 1 and |C[X0),,[C].]| > 1. In such a case, we know that
ClX0,(¢l-] = f(CIC],Cl&2],-..,Cl&n]) since [C[XO),[C],|| > 1. Thus, similarly to
Case (a), we can apply our inductive hypothesis.

Case (d): f € Fq, 7 =1 and |[C|X0),,[(]]| = 1. In such a case, we have that there
exists (v, > w) € ® such that path(y) = f - path(¢). Since ¢ conforms to ®0 w.r.t.
NoUse, we can denote v8 = f({, 726, . ..,v,0). Since C is well-formed and (o, 8) € Sol(C),
we also know that v0(®o)] = wo and X6(Pcol) € T(Fe, N). Thus by Lemma 32, we can
deduce that X6, (®o)| € T(Fe,N). Therefore, since we have seen that (®o| = &P,
we can deduce that for all i € {2,...,n}, &(®o)l = v,0(Po)]. We now distinguish three
cases:

e ( < s: Insuch a case, let ¢’ =~0. Since (X,k+"v) € D(M;;), k> s> { and C is
well formed, we know that for all Y € vars?(7y), param$,,, (Y) < k = param§,,, (X).
Hence by Lemma 39, (X <¢ Y).

At last, we know that nboec(Cl€], C|XO[C]p]) < nbocc(Cl€], C[ X)) hence we de-
duce that C|{]| € st(C| X0, ]). Thus along with |[C[¢'|| =1, C[¢"| # C[£] (since
s # (), we can deduce that #{C[¢{| € st(C|X0[('],])} < #{C[¢] € st(C| X))}

Hence, we can apply our inductive hypothesis on ¢/, § and p'.

e ¢ > s: Such a case is impossible. Indeed, by Property PP1Sa(s), £ > s implies that
v € AX which is in contradiction with path(y) = f - path(({).

e ( = s: Thanks to C satisfying Property PP1Sa(s), we know that ya,...,7, € X2
We prove our result now by induction on N = #{~; | X <¢ v, € {2,...,n}}.

Base case N = 0: Such a case is similar to the case ¢ < s. Indeed, by hypothesis,

we know that for all Y € vars?(y), =(X < Y) (note that the first argument of
can not be a variable). We can apply our inductive hypothesis on ¢’, 6 and p’.

Inductive case N > 0. We know that there exists i9 € {2,...,n} such that
X <g 7i,- Since C is well-formed, we know that param®_ (vi,) < ¢ = s. More-

over, by Lemma 39, X <y +;, implies that param$,, (X) < param$,,(7i,). Since
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param(,_ (X) = k and k > s, we can deduce that k = s = £ and so there ex-
ists v such that (v;,,sF"v) € D. Furthermore, we already know that & (®o)] =
i, 0(®o)) and C|&;,| € st(C|X0]) thanks p € Pos(C|X60]). Hence, for all Y €
vars?(C|&;, |6%(C)) we have that Y <¢ X, and thus Y <g 7;, (and so —(7;, <¢ Y)).
Thus, thanks to Lemma 40, we know that there exists 6’ such that (c,6’) is a
pre-solution of C, v;,0' = &,, &' F mgu(En) and for all Y € wars?*(D)\{i,},
ClY#'| =C|YH).

Let j € {2,...,n} such that ig # j. We show that if X <g 7, then X <5 v;: X <g
«v; implies that there exists Y7,...,Y,, such that X <¢ Y; <o/ ... <gr Yy, <or 5.
But we know that for all Y € wvars®(C)\{7i,}, C|Y0'] = C|Y0]. Hence, if for
all ¢ € {1,...,m}, Y, # v;,, we trivially have that X <g 7;. If there exists ¢ €
{1,...,m} such that Y, = ~;,, it would imply that X <g 7;,. However X <gr ;,
is impossible. Indeed, assume that X <g: v;,. We have that C| X6| = C| X6'| and
we have seen that C|(;, | € st(C| X0]). Hence, we have that C|(;, | € st(C|X€']),
and thus for all Y € wars?(C|&;,|6%(C)) we have that Y <p X. Since we have
assumed that X <y v;,, we have that either (a) X € vars?(C|v;,0'|52(C)), or (b)
there exists Z such that X <g Z and Z € vars®(C|v;,0’]6%(C)). The case (a) is
impossible since this would imply that X <g X. The case (b) is impossible too
since it would imply that Z <g X, and thus X <¢ X. Hence we have that:

Vil X <gvi,i€{2,...,n}} C{v| X <ovi,i €1{2,...,n}}.

Note that X <y 74, by hypothesis whereas we have seen that =(X <gr 7;,)-

At last, we know that (o,0) € Sol(C) and (0,0’) is a pre-solution of C. But thanks
to C satisfying Property PP1Sa(s), we know that for all Y,qF’ v, if ¢ > s then
Y ¢ wvars®(Fy). Hence, since (y;,sF"v) € D, ¢ & mgu(En) and for all Y €
vars?>(D)\{;}, C|Y#'] = C|Y#], we can conclude that ¢ F Ep (we rely on the
form of the inequations to conclude on this point). Moreover, since ND only depend
on o, we can conclude that (o,6’) € Sol(C) which allows us to apply our inductive
hypothesis on ¢’ = v6’, §’ and p.

Proof of the lemma. Relying on Property 1 and Property 2, we are now able to conclude.

We have ¢ € II,., param(¢) C {az1,...,axs_1}, (Pol = uo where (£,s > u) € ® and
X0, = &0 where p € Pos(C| X0]). But since C is well formed and (c,6) € Sol(C), we
know that £6(®o)] = uo = ((Po)l.

Hence by the first property, we can deduce that there exists (' € st(¢), a position
p’ prefix of p such that X0[(],(®o)) = X0[(']y (®o)l and X60[('], € II,. But we
already know that X6[(],(®o)] = X0(Po)] so X0[(']y (Po)) = X0(Po)]. Furthermore
¢" € st((), ¢ conforms to 0 w.r.t. NoUse thus we have that ' also conforms to ®6 w.r.t.
NoUse. At last, param(¢) C {az1,...,azs_1} and ¢’ € st({) implies that param(¢") C
{azq,...,0x5-1}.

Let Y € wars®(C[¢’]6%(C)) and assume that X <y Y. Thanks to Lemma 39, it
implies that param¢_ (X) < param$,. (Y) and so s < k < param{,_, (V). Furthermore
Y € vars?(C|¢’]6%(C)) also implies that there exists (7,4 > u) € ® such that v € st(¢')
and Y € wars®(y). But thanks to C satisfying InvGeneral, az; € st(y). Thus with
param(¢’) C {az1, ..., ars 1}, we deduce that i < s—1. On the other hand, Y € vars?(y)
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implies that param¢_ (V) < 4. Hence we deduce that s < param$,, (V) < i < s— 1 which
is a contradiction. Therefore, for all Y € vars?(C|¢’]6%(C)), ~(X <p Y).

At last, since param(¢’) C {az1,...,azs_1} and azs € st(£0) by the invariant
InvGeneral, we can deduce £6 ¢ st(¢’'), and thus C|¢] & st(C|¢’]). Furthermore, by
hypothesis, for all (¢',i > v) € @, for all g € Fy, we have that path({’) # g - path(€).
Since £ = X0, and p' is a prefix of p, then C|£0| = (C|X6])  and we can conclude
that nbocc (C[¢], {C[XO[C]p|}) < nbocc(C[E], {C[XO]}).

We can now apply the second property which means that there exists 6’ such that

(0,0") € Sol(C) and

lp

Nbocc (C1€], {C|Y O] | Y € vars®(C)}) < nbeec(Cl£],{C|Y O] | Y € wars*(C)})

Once again, since for all (¢/,i > v) € @, for all g € F;, we have that path(¢’) # g-path(&)
and for all Y € vars®(C), Y0’ conforms to ®¢’ w.r.t. NoUse, then we can deduce that:

Nbocc (€0', {Y0' | Y € vars*(C)}) < nboec(€0,{Y 0 | Y € vars*(C)}).

Appendiz D.4. Soundness

The purpose of this section is to prove the soundness of our procedure, included Step e
of Phase 1. We also establish the soundness of our normalisation step.

Lemma 42 (soundness). Let C be a normalised constraint system obtained by following
the strategy and RULE(P) be a transformation rule applicable on C. Let C1 and Cy be the
two resulting constraint systems obtained by applying RULE(p) on C. We denote by P,
®1 and Oy the respective frames of C, C1 and Co and we denote by Sy the set of free
variables of C.

Let (0,0) € Sol(C). There exist o', ¢, and iy € {1,2} such that (¢’,0") € Sol(C;,),

/

0= 0'|yarsie) and Init(®)o = Init(®;,)o’.
Proof. We distinguish two cases:

e An application of a rule during Phase 1, Step a. Note that in such a case, only the
rules DEST and EQ-FRAME-DED are applicable.

e An application of a rule during 1.5, 1.c, 1.d or Phase 2. Note that in such a case,
only the rules CoNs, AXioM, EQ-FRAME-FRAME, EQ-DED-DED and DED-ST are
applicable.

An application during Phase 1.a. In such a phase, only the rules DEST and EQ-FRAME-DED
are applicable. Assume that we are on the cycle with parameter for support equal to s.
We prove the result by case analysis on the rules.

Rule DEST(,,1 — r,s) : Let g(uq,...,un) — u be a fresh variant of | — r and Z be the
variables that occur in this variant. Note that g € F4. Let (o, 0) € Sol(C). We distinguish
two cases.

Case 1: there exist ground recipes &a,...,&, in I, such that g(&0,&s,...,&,)Pol €

T(Fe, N) and param({&2,...,&,}) C {az1,...,azs}. To be more specific, since the
110




rule DEST(E, ¢ — 1, s) is applicable and the constraint system was obtained by following
the strategy, we deduce that axs € param({&s,...,&,}) (else o would not satisfy ND).

First, w.l.o.g., we can assume that for any strict subterm &, of &, with k € {2,...,n},
we have that & (®o) # &x(Po) (otherwise, we can simply choose &, instead of ).
Moreover, by Lemma 35, we can also assume that &5, ..., &, conform to the frame ®6.
Let 7 = mgu({(£0)pol = u1, &(Po)l = us, ..., &n(do)l =uy}), and o1 = o U T.

Our goal is to build a substitution 6 such that for all X € vars?(Cy), X6’ conforms
to the frame ®16" (where ®; is the frame associated to C;). In particular, we have to
ensure that there is a unique “key” that is used to decrypt £6’. Actually, we show how to
build 6’ in order to ensure that X’ conforms to ®,6’ for every X € {Y | Y,jF"7in Ci},
we conclude for the remaining variables.

Let S = {Y | {Y,jF'r} € C and g(¢0,Ca,...,(n) € st(Y0) for some Co,..., (o}
Notice that for all Y € S, s < param&_ (Y) else o would not satisfy ND. We distinguish
two cases:

Case a: S = 0. Let 8’ be a substitution defined as follows:
e X0 =¢ fori=2...n, and
o X0 = X0 otherwise.

In such a case, it is relatively easy to conclude that (01,6’) € Sol(C1). In particular, we
have that X6’ conforms to ®,6’ for all variable X. First ®; = ®U{g({, Xa,...,X,),i >
w}. For every variable X ¢ {Xa,...,X,}, we have X6’ = X0, which means that
@O = ®F'. Since S = ), we easily conclude that Y6 conforms to ®;60’ for all variables in
{Y |Y,jF"r € D(C1)} ~ {X2,...,X,}. Furthermore, since & conforms to ®§’ and by
the choice of &;, we deduce that & conforms to ®;6’. At last, also by the choice of &;, we
also deduce that (X;0")®101) = w;o1 which allows us to conclude.

Case b: S # (). Otherwise, we chose Yy a minimal variable w.r.t. the relation <, and
the maximal parameter. Such minimal exists since by Lemma 38, the relation <y is a
strict partial order. We have that g(&, (o, ..., () € st(Yo6) for some recipe (s, . .., (.

If param({Ca,...,(n}) € {azq,..., axs} then for each i € {2,...,n}, we denote by
¢Y = ¢, else for each i € {2,...,n}, we denote by (Y a minimal (for the size) subterm of
¢; such that ¢;(®o)l = P(Po)l.

Note that in both cases, for all i € {2,...,n}, (;(®o)l = ()(Po)l. Indeed, we
know that g(£6,(s,...,(,) € st(Y0), g(€0,Ca,-..,Cn) € 1. and YO(Po)| € T(F., N).
Hence by Lemma 32, g(&,(s,...,(.)(®o)l € T(Fe, N). Furthermore, we know that
g(§97 §27 s 7§n)q)a\L € T(fch) Hence since path(g(f&, CZ) R Cn)) = path(g(f@, 523 AR
&n)), then by Lemma 33, (;(Po)l = &(Po)l, for all i € {2,...,n}.

We rely on Lemma 40 to build a substitution 8’ that will be conformed to the frame
®,6’. To achieve this, the idea is to replace any occurrence of g(¢&,...) that occur in Y6
with Y € S by g(&,¢3,...,¢Y). We prove our result by induction on:

m = nbocc(g(fev—% - ~7fn)7 {YH | Y e S}) - nbocc(g(geacga N "Cg)’ {Ye I Ye S})

where _; is used to represent any value.
Base case m = 0: Let 0’ be the substitution defined as follows:

o X;0/ =(0 fori=2,...,n, and
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o X0 = X0 otherwise.

We conclude as in the previous case (S = ().

Inductive case m > 0: Let Y € S such that there exists p € Pos(C|Y0]) such that
path(Y'6),) = g - path(¢) and Y0, # g(£60,¢3,...,¢)). We first show that such ¥ and
p exists. We know that there is no frame element in ¢ whose recipe has a path equal
to g - path(¢). Furthermore, thanks to C being well-formed (Definition 18, item 9),
we deduce that no subterm of a recipe of a frame element in ® has a path equal to
g - path(§). Hence, we choosing Y minimal w.r.t. <y such that g(&6,va,...,v,) € st(Y0)
for some Yo ...,7, and g(£0,72,...,7m) # &(£0,(Y,...,¢Y), we can conclude that there
exists p € Pos(C[Y0]) such that path(Y6),) = g - path(¢) and Y0, # g(£0,¢7,...,¢0)
(otherwise Y would not be minimal w.r.t. <p).

Let ¢° < g(¢6,¢3,...,¢Y).

e Since (° is a subterm of Yyf, we know that ¢° conforms to ®9. Furthermore, by

definition of each ¢?, i € {1,...,n}, we know that param(¢®) C {az1,...,azs}.
Moreover, (0,0) € Sol(C) implies param(Yo0) C {az1,...,ax;} hence ¢° subterm
of Yo implies that param(¢®){az1,...,axs} C {az1,...,az;}.

e Since Y0, conforms with ®¢ and path(Y0),) = g - path(§), there exists &,...,&,
such that Y0 = g(£0,&,,...,&,). Furthermore ¢ is a recipe of a frame element in ®,
and there is no frame element in ® having g-path(¢) as a path. Hence, we have that
C\_YQ\PJ P9 — g(path(f), Cl_€2j P05 - C|_€TLJ <I>9) and CLCOJ 0 — g(path(f), CKgJ‘I’@’
...,Cl¢%®g). Thus, we deduce that C|Y0[¢°],] = C|YO][C|¢°]],. We have
that (0,0) € Sol(C), thus (Y0)(®o)]l € T(Fe,N) and (Yp0)(®o)l € T(Fe,N).
Thanks to Lemma 32, (Y0|,)(®0o)| € T(F.,N) and (°(®0)] € T(F.,N). Since
path(Y6|,) = path(¢®), by Lemma 33, we conclude that(Y|,)(®o)] = (°(®o)l.

e Lastly, by definition of ¢J,..., (2, either (a) ¢? = (;, for i € {2,...,n} and () are
subterms of Yp0; or (b) param(g(£6,Ca, ... ,¢n)) € {ax1,...,azs} and (0 = &, for
i€{2,...,n}.

In case (a), since Y, Y € S and Y} is a minimal variable w.r.t. <g then we deduce
that for all Z € vars?(C|¢°]$6%(C)), ~(Y <¢ Z). In case (b), we know that Yj is
also minimal w.r.t. the maximal parameter. Hence param¢,, (Yy) < param$,, (V).
But param(g(€0,(a,...,Cn)) € {azy,...,azs} and (0,0) € Sol(C) implies that
param¢,. (Yy) > s and so param$,. (Y) > s. Since param(g(£0,&a, ..., &) C

{azq,...,azxs}, C satisfies InvUntouched(s), C is a well-formed constraint system
(item 3) and by Lemma 39, then we deduce that for all Z € vars?(C|¢°]42%(C)),
ﬂ(Y <g Z).

We satisfy all the conditions required to apply Lemma 40, Hence, there exists 6" such
that (o,0’) is a pre-solution of C with Y0’ = Y0[¢],, and for all Z € vars(C) ~ {Y'}, we
have that C|Z0|s9 = C|Z0' | a0,

Hence, we have that the measure m strictly decreases. Furthermore, since (o,6) €
Sol(C) and using the fact that (o, 6’) is a pre-solution of C, it only remains to prove that
0’ £ En in order to conclude that (o,6") € Sol(C). Actually, we know that 8’ E mgu(En)
and thanks to C satisfying PP1Sa(s) (item 4), we have trivially have that 6’ F Ey and
so (0,0") € Sol(C). Then, we conclude by relying on our induction hypothesis.
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Case 2: for all ground recipes &, . .., &, in I, either param({&a, ..., &n}) € {az1, ..., azs}
or we have that g(€6,&s...,&,)Pal &€ T(F.,N). Since g € Fy, g(£6,&...,£,)P0l €
T (Fe, N) means that there exists a substitution 7 which maps variable in & to ground
constructor terms such that

glna7, ... unt) = g(§0(Po)|, E2(Po), .., En(PO)]).

This means that u17 = £6(Po)l, usm = &(Po)d, ..., and u,7 = &,(Po)l. Moreover,
since (o, 0) € Sol(C), we have that (£0)(Po)] = vo. Therefore, we have that:

cEVE-vEuI Vs Flua V... Vs F uy)

This allows us to conclude that (o, 0) € Sol(Cs).

Rule EQ-FRAME-DED(X, &): By hypothesis we know that there exists u, v and k such that
(X,kF"u) € D(C), (& s> v) € ®(C) and k < s. Furthermore, according to the strategy,
we know that the rule EQ-FRAME-DED is prioritised over the rule DEST, and that the rule
EQ-FRAME-DED is strongly applicable on at least on constraint system on the row of the
matrix of constraint system. Assume that C’ is such constraint system. By hypothesis,
C’ is normalised. It would imply that there exists x € X! such that (X, k" z) € D(C’)
and (£,s > x) € ®(C'). Assume now that there exists (¢/,¢ > w) € ®(C’) and g € Fy
such that path(¢') = g - path(¢), hence it means that an instance of the rule DEST was
previously applied on (¢, s I> ). But according to the definition of our rewrite rules and
since C’ is normalised, it would imply that z is instantiated by a term different from
a variable and so z ¢ X! which is a contraction. Hence, for all (¢,¢ > w) € ®(C'),
for all g € Fy, path({’) # g - path(§). But by Lemma 1 and since C and C’ are on the
same row of M, we can deduce that C’ and C have the same structure and so for all
(&, 0> w) € B(C), for all g € Fy, path(¢') # g - path(&).
Let (o,6) € Sol(C). We distinguish two cases:

1. uol = vol. In such a case, we need to transform 6 such that the frame element
(&,s > v) will not be used anymore. Let denote Nb(f) = nbo(£0,{Y0 | Y €
vars?(C)}). We show that there exists 6" such that (o,6’) € Sol(C1). We prove this
result by induction on Nb(6).

Base case Nb(f) = 0: We know that C; is C where NoUse(C;) = NoUse(C)U (€, s >
v) and E(C1) = E(C) Au="v. By hypothesis, we already know that uo| = vol,
hence o F E(C;). Hence it remains to prove that for all Y € vars?(C), Y6 conforms
to ®6 w.r.t. NoUse(C;). But we already know thanks to (o,0) € Sol(C) that Y6
conforms to ®f w.r.t. NoUse(C). And since Nb(#) = 0, we can conclude that Y
conforms to ®0 w.r.t. NoUse(C;) and so (o,8) € Sol(Cy).

Inductive step Nb(8) > 0: Since (0,0) € Sol(C) and uo] = wvol, we have that
X0(®o)l = £0(Po)| and param(X0) C {axy,..., ar} with k < s. Moreover, we
proved that for all (¢,¢ > w) € ®(C), for all g € Fy, path(£’) # g - path(§). At
last, since the rule DEST and EQ-FRAME-DED does not add equations in Ey; and
Step a is the first step applied during Phase 1 with parameter s, we deduce that
¢ & st(mgu(Fm)). Hence by Lemma 41, we can deduce that there exists 6’ such
that (0,0") € Sol(C) and Nb(8') < Nb(0). Since (0,0") € Sol(C) and us| = vol, we
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have still have that X' (®o)]) = £0'(DPo)]). Hence, by our inductive hypothesis on
0’, we can deduce that there exists §” such that (o,6”) € Sol(Cy).

2. uol # vol. In such a case, it is easy to see that (o,6) € Sol(Cz).

An application during Phase 1.b, 1.c, 1.d or 2. We do a case analysis on the rule applied.
Rule CoNs(X,f) : Let (o,6) € Sol(C). We distinguish two cases:

1. root(X#) = f. In such a case, there exists &;,...,&, € II. such that X6 =
f(&1,...,&). Since (0,0) € Sol(C) and f € F., we deduce that param(X6) C
{az1,...,az;}, and

(X0)(Po)l = f(&(Po), ..., &n(Po))) = f(t1, ... tn) = to]

for some terms tq,...,t,.

Let O/ =0U{X1 = &,.... X, =& and o/ = o U{xy — 1,...,2, — t,}. Since
®(Cy) = ®(C), we trivially have that Po = Po’ and thus for every i € {1,...,n},
we have that (X;0")(®o’)] = t;] and param(X;0") C param(X0) C {az1,..., ax;}.
Furthermore, to’ = f(t1,...,t,) and x;0’ = t;, for all i € {1,...,n} implies that
to'l = f(z1,...,2,)0’). At last, by definition of ¢, we also have that X6 =
f(X1,...,X,)0. This allows us to conclude that (o’,6’) € Sol(Cy).

2. root(X6) # f. In such a case, we have that 6 = Eq A root(X) # f and so we can
conclude that (,6) € Sol(Cs).

Rule Ax10M(X, path). Let (o, 8) € Sol(C). We distinguish two cases:

1. path(X6) = path. In such a case, by definition of (o, ) € Sol(C), we have that X6
conforms to ®0 w.r.t. NoUse, and thus X6 = £0. We have also that (X0)(®o)| =
uol. Lastly, since C is well-formed, we know that (£6)(®o)l = vol. Altogether,
this allows us to deduce that uo| = vol. We conclude that (o, ) € Sol(Cy).

2. path(X#0) # path. Since path(§) = path, path(X#) # path implies that X6 # &.
Thus, 0 E En A X # £. We can conclude that (o, 0) € Sol(Cs).

Rule EQ-FRAME-FRAME(E1, &2). Let (o,0) € Sol(C). We distinguish two cases:

1. uio) = ugol). In such a case, it is easy to see that (o,6) € Sol(Cy).
2. uyo} # ugol. In such a case, it is easy to see that (o,0) € Sol(Cy).

Thus, in both cases, we easily conclude.

Rule EQ-DED-DED(X, £). Let (o, 6) € Sol(C). We distinguish two cases:

1. uo) = vol. In such a case, since (7,6) € Sol(C), then for all Y € vars?(£), we have
that Y0 conforms to the frame ®6 w.r.t. NoUse. But the conditions of the rule
EQ-DED-DED tell us that & € T(F., vars?(a)) where a = {Y — w | (Y,jF w) €
D(C)Nj <iAY € S3(C)} which means that C|&0]ag = §{Y — C|Y e | Y €
vars?(€)}. Thus, we deduce that £0 conforms to ®6 too.
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Moreover, the conditions of the rule EQ-DED-DED also tell us that v = £a. By
(0,0) € Sol(C), we deduce that for all Y € vars?(¢), (Y)®ol = (Ya)ol. Once
again, since § € T (F.,dom(a)), we have that (£0)®o| = vo = uo = (X6)Po|.

We want to conclude the result by applying Lemma 40. But in order to do that,
we need to prove that for all Y € vars?(C|£60]562(C)), ~(X < Y). We prove this
property by case analysis on &:

Case ¢ € vars?(D): Insuch a case, we denote ¢ by Z and so there exists (Z, jF’ v) €
D. For all Y € wars?(C|£0]56%(C)), we have that Y <y Z by definition of <.
Hence, if =(X <y Z) then for all Y € vars?(C|£0]56%(C)), =(X <¢ Y. We apply
Lemma 40 on the deducibility constraint X,i+’u with the recipe Z; otherwise
we have X <y Z and so since <y is a strict partial order by Lemma 38, we deduce
that =(Z <¢ X). Thus, we apply Lemma 40 on the deducible constraint Z, j+" v
with the recipe X6. Therefore, in both case, we know that there exists 6’ such
that (c,6") is a pre-solution of C with X0 = Z¢’, 8’ £ mgu(Eq) and for all Y €
vars?(D)\{X, Z}, we have C|Y0|gg = C|Y 0 |pg. At last, by the condition of
EQ-DED-DED, we know that root(X) #’ f € Eyy is equivalent to root(Z) £’ f € Er,
thus (relying on the form of the inequations in Er) we can deduce that ¢ E Ep
and so (o,0") € Sol(Cy).

Case € € vars®(D): As explained in the strategy (Section 4), the rule EQ-DED-DED
with such parameter is only applied when the strategy is on the second phase. But,
in such a case, since C satisfies the invariant InvVarFrame(co), we have that (%):

for all (¢,k > u) € @, for all Z € vars?(¢), there exists j < k and 2z € X! such
that (Z,7F’ 2) € D.

Moreover, we proved that C|£€0 g9 = £{Y — C|Y0]ap | Y € vars?(€)}, hence for all
Y € vars?(C|£6]60%(C)), there exists Z € vars?(€) such that Y € vars?(C|Z0]q
§2(C)). Tt implies that there exists (¢,k > u) € ® such that Y € wars?(¢) and
¢O € st(Z6). Since C also satisfies InvGeneral, we know that azy € st(¢6) and so
we have that k < param$,, (Z). But thanks to (x), we have that param¢_ (Y) < k,
which implies that param¢,_ (Y) < param®_ (Z). But by definition of ¢, we have
that Z € wvars?(€), and thus we have that param$, (Z) < param¢,,, (X), hence we

max max

conclude, thanks to Lemma 39, that =(X <¢ Y).

Thus we apply Lemma 40 on the deducible constraint X, i+’ u with the recipe £6.
Therefore, there exists ' such that (,6’) is a pre-solution of C with X6’ = £6 and
for all Y € vars®(C)\{X}, we have C|Y0|pp = C|Y 0’ |pp. At last, by the condition
of EQ-DED-DED, we know that root(¢) = f implies root(X)#’ f € Ey, thus we can
deduce that 6’ F Erp and so (0,60") € Sol(Cy).

. uol # vol. In such a case, it is easy to see that (o, 8) € Sol(Cs).

Rule DED-ST(E, ). Let (0,60) € Sol(C). We distinguish two cases:

1.

There exist ground recipes &1, ..., &, in II,. such that f(&1,...,&:,)(®o)] = uol. In
such a case, we can assume w.l.o.g. (see Lemma 35) that f(&1,...,&,) conforms to
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®0 w.r.t. NoUse, and thus &1,...,§, conform also to the frame ®6 w.r.t. NoUse.
For every j € {1,...,n}, let t; = &;(®Po)l. Let ¢ =0U{X; — &,..., X, — &},

and ¢/ = ocU{xy — t1,...,2, — t,}. Clearly, we have that X6’ conforms to ®§’
for every X € wars?(Cy). Since f is a constructor symbol, f(¢1,...,&,)®0l = uol
implies o/ E u = f(x1,...,2,). Moreover, since s;,q, is the maximal index that
occurs in C, we have that param(X;0") C {az1,...,axs,,, } and thus (0,0) €
Sol(Cy).

2. Otherwise, for all ground recipes &1, . .., &, in II,., we necessarily have that f(&q,.. .,

&n)®ol # uol. Since f is a constructor symbol, we have that

f(€r,. . &) Dol = F(E1®0), ... £, Do),

We can distinguish two cases: either root(uc) # f or else there exists ¢ € {1...n},
terms tq,...,t, such that uoc = f(t1,...,t,) and &®ol # t;] for any ground recipe
&;. Therefore, we have that:

ocEVZ - [u#f(x1,...,%n) V Smaz Froi V..V Smas )L?J:n].
This allows us to conclude that (o,6) € Sol(Cz).
Hence, the result. O]

Lemma 43. Let C be a constraint system obtained by following the strategy. Sol(C) =
Sol(CJ).

Proof. The rules for normalisation presented in Figure 3 corresponds to classic transfor-
mation on formula of first order logic. Once can easily prove that all the rules in Figure 3
preserves the set of solutions. Hence we focus on the two rules presented in Figure 4.

Rule 1: Tn such a case, E = E' AVZ.[E"Vz #"a],a € N and (X,i+’ z) € D. Thus z & &.
Moreover, we have that AXIOM(X, path) is useless for any path, and DEST(, ¢ — 7,14) is
useless for any &, £ — 7.

Let (0,0) € Sol(C). We show that o # a. Thanks to Lemma 36, C|X0|s €
T (Fe, Fj - AX). Moreover, But AXIOM(X, path) is useless for any path. Hence either
AX10M(X, path) is not applicable or its application results in two constraint systems C;
and Cy such that C; simplifies to L using the rules in Figure 3 and Cy simplifies into
C. But if there exists (£, > v) € ® such that path(§), j < ¢ and (§,j > u) &€ NoUse
then the application of C; add the equation X =7 ¢ in Fyy, and the equation 2 ="v in E.
Hence C; simplifies in | implies that X0 # £0 or xo # vo. However, thanks to C being
well-formed (Definition 18, item 5) and (o, 0) € Sol(C), we deduce that X0(®o)] = zo
and £6(®o)| = vo. Hence xzo # vo implies X6 # £6.

Hence AXIOM(X, path) is useless for any path implies that for all (¢,j > v) € ®(C),
if j <iand (¢,j > v) & NoUse then X0 # (6. But we know that C satisfies InvGeneral
thus for all ((,j > v) € ®(C), ax; € st(¢). Thus, paramX6 C {az1,...,az;} and X0
conforms to ®0 w.r.t. NoUsef implies that for all w € C|X8]s N Fj - AX, there exists
(¢,7 > v) € ®(C) such that path(¢) = w and j < s. Since we already proved that in
this case, X6 # &6, then we deduce that C| X8|s € T(F., F); - AX) and |C| X0|s| > 1.
Along with X60(®o)| = xo, it implies that |xo| > 1 and so zo # a.
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Rule 2: In such a case, we have (X,iF"u) € D, Cons(X,f) is useless for any f € F,,
AX10M(X, path) is useless for any path and DEST(E,¢ — r, 1) is useless for all £,¢ — r.

Let (o,0) € Sol(C). In the case of rule (Nname), we showed that C| X0 |s € T (F., Fj-
AX) and |C|X0|g| > 1. But Cons(X,f) is useless for any f € F.. Hence either
Cons(X,f) is not applicable or its application results in two constraint systems C; and
Cy such that C; simplifies to L using the rules in Figure 3 and C, simplifies into C.

Let f € F.. Since (X,i+"u) € D, then CoNs(X,f) is applicable. According to Fig-
ure 1, its application adds an equation X =’ f(Xy,...,X,) in Eg and u="f(z1,...,2,)
where Xq,...,X,, and x1,...,x, are fresh variables. Since Xi,...,X,, x1,...,x, are
fresh, Cy simplifying to L implies that root(X0) # f or root(uc) # f. But (o,8) € Sol(C)
implies that (X6)(®o)] = uo. Moreover, along with C|X0|¢ € T(F., F; - AX) and
|C|X0]a| > 1, Cy simplifying to L implies that root(uc) = root(X6). Hence we deduce
that root(X ) # f. Hence, we proved that for all f € F., root(X6) # f which is a contra-
diction with C| X6 € T (F., F; - AX) and |C| X6]| > 1. Hence (0,6) ¢ Sol(C) and so
Sol(C) = 0 = Sol(L). O

Lemma 44. Let (M, M’) be a pair of matrices of constraint systems. Let k be the
number of columns in M and M'. Assume that (M, M’) is obtained at the end of
Step d of Phase 1 of the strategy with parameter s for the support and k for the index
of the column. Let C be a constraint system in M or M'. If C is replaced by L when
applying Step e of Phase 1 of the strategy, then we have that Sol(C) = (.

Proof. Let C be a constraint system in M or M’ such that C is replaced by L when
applying Step e of Phase 1 of the strategy. By definition, we know that there is two
conditions that trigger the replacement of C by L. We prove that if one of the two
conditions is satisfied then Sol(C) = 0.

Condition 1: By definition, we know that there exists a constraint system C’ in the same
column as C, a recipe &, such that:

o (§,i>u) € ®(C) for some i < s and u

o for all (¢/,j 1> v) € B(C), path(&) # path(&)

Let w - azy, = path(£). We prove by induction on |w| that there exists w’ suffix of w,
(¢, jeu)e®(), (¢, € u) e ®(C) such that:

e path({) = path(¢’) = w’ - azy, j < s and j' < s.
e there exists (¢”,j” > u”) € ®(C’) such that path(¢") = g- path({) for some g € Fy.
e for all (¢", 5" > u"") € ®(C), path(¢"") # path(¢”).

Base case lw| = 0: In such a case, we have that £ = azp. But C and C’ are both
originated from the same initial constraint system, thus we know that there exists u, u’
such that (azg, k> u) € ®(C) and (azy, k > u’') € ®(C’). Hence there is a contradiction
with our hypothesis on &.

Inductive step |w| > 0: Otherwise, there exists w’ and g € F4 such that w =g-w' - azy.
But C’ is a well-formed constraint system, hence by Property 2 of a well formed constraint
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system, (£, > u) € ®(C’) implies that there exists ({',7 > v') € ®(C’) such that
path({’) = w' - azy and i < j'.

Hence if there exists ((,j > v) € ®(C) such that path(¢) = path({’) then the result
holds with (¢”, 7" > u”) = (§,4 > u). Else, since |w’| < |w|, we can apply our inductive
hypothesis on (¢’, j' > v") and so the result also holds.

Main proof for Condition 1: Thanks to Lemma 27, we know that (M, M’) satisfies
PP1Sb(s, k+1). Since k corresponds to the number of column in M and M’ we deduce
that all constraint systems in M or M’ satisfies InvVarConstraint(s), InvUntouched(s)
and InvDest(s).

Let (0,0) € Sol(C). Thanks to C satisfying InvDest(s), (¢,j € u) € ®(C) and for all
(¢, 7" > ") € ®(C), path(¢"") # g - path(¢), we deduce that o E ND(C) implies that
there is no recipe (a,...,¢, € II,. such that g(¢0, (o, ..., )(R(C)o)) € T(Fe, N) and
param&_ ((;) < s foralli e {2,...,n}.

But (¢”,j" > u"”) € ®(C") with path(¢”) = g - path(¢). Hence there exists &,...,&,
such that (" = g(¢’,&2,...,&,). We will show that ¢'0(®(C)o)l = ¢O(®(C)o)] and
¢"0(®(C)o)) € T(Fe, N) with param$, (&6) < s, for all i € {2,...,n}. Hence it will
contradict the fact that o £ ND(C) and so it will implies that Sol(C) = 0.

We know that C and C’ satisfy InvVarConstraint(s) and InvUntouched(s). Moreover,
thanks to Lemma 25, we also know that there exists a variable renaming p : X'\.S1(C) —
X1\ S1(C') such that:

L. mgu(E(C))s,(c)p = mgu(E(C"))|s,(cy, and D(C)p = D(C');

2. {(up,v)) | (&0 > u) € DA,V > u) e D Apath(§) = path(&)} is include in
{(u,u) | u € T(Fe, NUXHY;

(0,0) € Sol(C) implies that for all X, k"t € D(C), we have (X0)(®(C)o)| = to.
Moreover, we know that for all (az¢, £ > v) € ®(C), (aze, L > v') € ®(C'), vp = v' which
means that (X6)(®(C)o)| = to implies (X0)(®(C")p~to)] = t'p~lo with (X, kF"t) €
D(C') and tp =1t'.

But, for all X € wvars?(¢’), by Property 3 of a well formed constraint system, we
know that param¢_ (¢’) < j’ and so there exists (X,kF’#) € D(C') such that k < j'.

Thus (X0)(®(C")p~to)l = t'p~to. C being well-formed (item 5) allows us to deduce that
o) @(Cp~to)l =u'p~tol € T(F.,N). Hence, we have that (¢'0)(®(C)o)} = ucl =

(€O)(2(C)a)J.
Similarly, we have that (¢"0)(®(C)o)) = v’p~tol € T(F.,N). It remains to show
that for all ¢ € {2,...,n}, param(&;0) C {azy,...,azxs}. Since C’' satisfies the invari-

ant InvUntouched(s), we know that j” < s. But C’ is well-formed (item 3) hence
we deduce that paramC, (¢”) < j”. Since C and C' have the same shape and sat-
isfy InvVarConstraint(s), we deduce that param€,_ (¢”) = paramC,_ (¢”). But for all
X € vars?(¢"), (0,0) € Sol(C) implies param®_ (X6) < param$,,,(X). Hence, along with

max max
param®,. (¢") < j”, it implies that param¢_ (¢”6) < j” < s. Since for all i € {2,...,n},

max

& € st(¢"), we can deduce that param$,, (&6) < s.

Condition 2: By hypothesis, there exists a constraint system C’ in the column of C,
(& i>u) € ®C), (¢,i >u) e d(), f € F. such that

e path(§) = path(¢’), i < sand i/ <s
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e ND(C) E Viu # f(x1,...,2,) Vs a1 V...Vs f'x, where & = z; ...z, are
variables.

e there exists X1,..., X, € vars®(C’) such that C[f(Xy,...,X,)0 |gcnd'(C") = v
and such that params, (f(X1,...,X,,)0’)s where ©' = mgu(En(C")).

max

We prove in Condition 1 that (o,8) € Sol(C) implies that for all (X, kF"#') € D(C’),
X0(®(C)o)l = X0(®(C")p~to)l = t'p~Lo. Hence, for all (¢,il-"v') € ®(C’), Property 5
of a well formed constraint systems for C’ implies that ¢0(®(C")p~to)| = v/p~lo with
paramz,, (C0)i.

Let © = mgu(En(C)) and © = mgu(En(C’)). By hypothesis, we know that Xq,...,
X, € vars?(C’), hence thanks to Property 7 of a well formed constraint system, we have
that for all i € {1,...,n}, C|X;0' |y € T(Fe, Fj - AX UX?) and for all £ € st(XO'),
path(&) exists implies that there exists j and v such that (£,5 > v) € ®(C’). Hence,
Clf(X1,...,Xn)0 ] o)0' (C') = « implies that f(X1,..., X,)0'0(D(C")p~to)l = u'p~lo.
Since f(X1,...,X,)00(®(C")p~to)l = f(X1,...,X,,)0'0(®(C)o)! and up = u’, we can
deduce that f(Xi,...,X,)0'0(®(C)o)] = uo.

Moreover, we know that paramC. (f(Xy,...,X,)0’) < s which implies that for all
Y € vars?(f(Xy,...,X,)0"), param¢_ (Y) < s. But C and C’ have the same shape and
both satisfy the invariant InvVarConstraint(s). Hence param<, (Y) = paramS, (). Since
(0,0) € Sol(C), we have that param,, (Y) < s implies param¢_ (Y#) < s. We conclude
that param®_ (f(X1,...,X,,)0'0) < s.

Hence, we proved that there exists &,...,&, € II, such that param$,_ (&) < s for
alli e {1,...,n}, and f(&1,...,&)(®(C)o)l = uo. But ND(C) E Vi.u # f(z1,...,2,) V
sF'riVv...Vs f'x, where ¥ = x; ..., are variables. Moreover, (o, ) € Sol(C) implies
that o E ND(C) which is a contradiction with the fact that f(&y,...,&,)(®(C)o)] = uo.
Hence, Sol(C) = 0. O

Appendiz D.5. Link between solutions of two constraint systems

With the previous to establish soundness (Lemma 42) and completeness (Lemma 5),
we can see that our rules preserve the set of first-order solution of a constraint system. On
the other hand, Lemma 42 indicates that it is possible that some second-order solutions
are not preserved, for example the solutions that use several recipes to deduce the same
key. Even if the non-preservation of the whole set of second-order solutions could be
surprising at first sight, the idea is to preserve enough second-order solutions to be able
to establish symbolic equivalence as stated in the following lemma.

Lemma 45. Let (C,C’) be a pair of normalised constraint systems having the same
structure and obtained by following the strategy. We denote by ® and ®' their associated
frame. We denote by Sy, Si their associated set of free variables. Let RULE(p) be a
transformation rule applicable on (C,C"). Let (C1,C}) and (Cs,Ch) the two resulting pairs
of constraint systems obtained by applying RULE(D) on (C,C’), and we denote by @1, P/,
Dy, and P, their associated frame.

Let 0,0 and o’ be three substitutions such that (o,0) € Sol(C), (¢’,60) € Sol(C"), and
®o ~ ®'c’. For all substitution ¢’,

1. (0,0") € Sol(C) if, and only, if (¢’,8") € Sol(C').
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2. Leti € {1,2}, and o; be a substitution such that o|s, = oi|s, and (d;,0") € Sol(C;).
Then, (0},0") € Sol(C}) for some substitution o} such that o'|s; = o}|s;. Moreover,
we have that Init(®;)o; = Init(P)o and Init(P})o; = Init(P')o’.

Proof. Let 0,0 and ¢ be three substitutions such that (o, 8) € Sol(C), (¢’,0) € Sol(C’),
and ®o ~ ®’'c. Let 6 be another substitution. We prove the two properties separately.
The variation can be proved in a similar way.

1. We assume that (o,60") € Sol(C), and we show that (0/,6") € Sol(C’). The other
implication can be done in a similar way. Let C = (S1; So; ®; D; E; Er; ND; NoUse)
and C' = (S};5%;9'; D'; E'; Ef; ND';NoUse’). First, since (0’,6) € Sol(C’), we
have that o’ = ND' A E’. Second, since C and C’ have the same structure, we have
that Fr; = Ej;, and so ¢’ |= Ef;. Moreover, for any X,il-"u € D', we have that
param(X0') C {azy,...,ax;} and for any ground recipe ¢ in II,., ¢ conforms to
@0’ w.r.t. NoUsef) if, and only if, & conforms to ®'¢’ w.r.t. NoUse'¢’. In order to
conclude, it remains to show that (X6')®o’| = u'c’] for any (X,it"u') € D’.

Since (o,6) € Sol(C) and (o,0") € Sol(C), we have (X0)Pc| = (X0 )Pol for each
constraint (X, i+’ u) € D. Since o ~ ®'0’, we have that (X0)®'0’| = (X¢)®'0’|
for each constraint (X,iF’ ') € D’ (by relying also on the fact that C and C’ have
the same structure). Moreover, since (o”,60) € Sol(C’), we have that (X6)®'o’| =
u'c’| for each constraint (X,iF’w') € D’. Altogether, this allows us to obtain
that (X60")®'0’| = u'0’] for each constraint (X,iF’u’) € D’. This allows us to
conclude.

2. Let i € {1,2} and o; be a substitution such that o = 0i|yemsi(c) and (03,0") €
Sol(C;). First, by inspection of the rules, it is easy to see that Init(®;)o; = Init(®)o

and Init(®})o; = Init(®')o’. Since C; and C. have the same structure, we have
that En(C;) = En(Cl), and so ¢’ = En(Cl). Moreover, for any X,jF"u € D(C)),
we have that param(X6') C {az1,...,az;} and for any ground recipe & in I, &

conforms to ®;0' w.r.t. NoUse’ if, and only if, ¢ conforms to .6’ w.r.t. NoUse'd'.
In order to conclude, it remains to show that there exists a substitution o} such
that (0,0') € Sol(C!), i.e. such that (X0')®;0l] = u'cl] for any (X,j+"u') € D!
and o} = ND; A E..

Thanks to Lemma 5, we have that (o,6’|,4rs2(c)) € Sol(C). Thanks to Item 1, we
know that (0’,0'|,ars2(cy) € Sol(C"). Then, we prove the results by case analysis
on the rule RULE(p) (we rely on the notation of Figures 1 and 2) foccusing on the
additional constraints that have been added in C;.

Rule Cons, i = 1: Since (07, 6’| yars2(c)) € Sol(C’) and ' E Exj, we have (X0')®'0’| =
t'o’ and root(X#') = f. Thus, we can deduce that root(t'c’) = f. Let o, = o’ U
{oy = t), ...,z — t} where t'o’ = f(t},...,t!) and so o} E t' ="f(2},...,2)).
Moreover, (0/,0'|yars2(c)) € Sol(C’) implies that o' = ND' A E' which means that
ol E ND'NE' ANt ="f(2],...,2) and so o} E ND A E!. At last, since we already
know that X60' = f(X16¢',..., X,0") and (X0')®'0'| =t'o’ =1f(z)0l,...,x},0)), we
can deduce that (X;0")(®'c})] = 2o} for j = {1...n}.
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Rule Cons, i = 2: We have that (¢/,0") € Sol(C’), thus it remains to prove that
0" F root(X) # f. We know that ¢’ F Erf; which means that 6’ F root(X) # f.

Rule Ax1oM, i = 1: We already know that ¢ £ Ep} thus ¢’ F X ="¢. Thus it
remains to prove that o’ F u/="v". We know that (¢/,0") € Sol(C’), and thus we
have that X0 (®'c’)] = w0’ and £0'(P'c")| = v'o’. Moreover, thanks to Item 1, we
have that (0,0") € Sol(C). This implies that X0’ (®o)l = uo and £6'(Po)] = vo.
But, we know that ®c ~ ®'¢’ and we have that o E u="v. Thus, we can deduce
that £0'(®'0")| = X0'(®'0")| and so o’ F v/ ="v'.

Rule AXIOM, i = 2: We already shown that ¢’ = Er} and so 8’ = X #” €. We have
nothing else to prove.

Rule DEST, 7 = 1: Since (04, 6") € Sol(C;), we can deduce f(§, X3, ..., X,,)0' (Do)l =
wo; € T(Fe, N). Moreover, we know ®g ~ ®'¢’, thus f(£, Xs, ..., X,)0(®0)| €
T (Fe, N) implies f(§, Xo, ..., X,,)0 (?'0")| € T(Fe, N) which means that £6'(®'c”)]
can be reduced by the destructor f. Thus, f(u},...,u},) — w’ being a fresh
renaming of £ — r, we can extend ¢’ into o, such that ujo} = v'o}. More-
over, for each rewriting rule, we have that vars!(u’) C vars!(u}) for j = 2...n,
thus f(§, Xa,..., X,,)0'(®'0")) € T(Fc, N) implies that X;0'(®}o;)] = ujo’ for
j=2...n.

Rule DEST, ¢ = 2: The non deducibility constraint added in C} corresponds to the
fact that for all (&1,...,&,) € I, with parameter included in {az,...,az;}, we
have & ®'0’| # €000’V f(&1,..., &) P 0') & T(Fe, N). But, by hypothesis, we
know that (02,6") € Sol(C2) and 0 = 02|yarsi(cy = 02. Thus, o2 F ND; and
so for all recipes (&1,...,&,) € I, with parameter included in {az1, ..., az;}, we
have & Pal # £0Pal V f(&1,...,&n)Pol € T(Fe, N). Lastly, since we have that
$o ~ ®'¢’, the result holds.

Rule EQ-FRAME-FRAME: We add an equation u; =" us (resp. a disequation u; #7 Us).
Moreover, we have that ujo = £;6'(®o)| for j = 1,2. Thanks to Item 1, we know
that (o’,0") € Sol(C’) which means that w0’ = §;0'(®'0"){, for j = 1,2. Since
®o ~ P'g’, we have that ujoc = ugo (resp. ujo’ # ubo’) and this allows us to
conclude.

The case of the rule EQ-FRAME-DED can be done in a similar way.

Rule EQ-DED-DED: We know that (o/,6") € Sol(C’), and thus we have X¢'(®'0")| =
u'o’ and for all Y € wars?(€), Y0'(®'0’)] = w'o’ where (Y, k' w’) € D(C"). Hence,
by construction of v/, we deduce that &0'(®'c’)] = v'c’. Moreover, thanks to
Item 1, we have that (0,0") € Sol(C). Similarly, this implies that X6'(®o)] = uo
and £6'(®o)| = vo. We do a case analysis on i.

Case i = 1: In such a case, §' F Fy(C}) and so @’ £ X =7¢. Thus it remains to
prove that o’ £ u/ =" v'. But, we know that ®o ~ ®’¢’ and we have that o F v =".
Thus, we can deduce that £0'(®'0”)| = X0'(®'0")| and so o’ F v’ ="v'.

Case i = 2: In such a case, we only have to prove that u'c’ # v'¢’. We know that
uo # vo which implies that X0’ (®o)| # £6'(Po)l. But we have ®o ~ &’c’ hence
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X0 (Po)] # £0'(Po)] implies X0 (D'0’)| # £0'(D'0’)| and so u'c’ # v'¢’. This
allow us to conclude.

Rule DED-ST : Since (0, 6’) € Sol(C;), we know that £6'(®o;)] = uo; and depend-
ing on the value of i, the constraints added on C; indicates whether there exists
&1,...,&, € I, such that f(&,...,&)P0) = £0'(Po)l, or not. But once again,
since we have ®c ~ ® ¢’ by hypothesis, we can transfer this property on o’. This
allows us to conclude. O

Appendix E. Soundness and completeness at the matrices level

Using the lemmas 5, 42 and 45, we now establish completeness and soundness at the
matrices level.

Lemma 46. Let V, V' be two row matrices of constraint systems obtained by following
the strategy. Let RULE(P) be a transformation rule applicable on (V,V'). Let (Wi, Wy)
and Wa, W5) be the two resulting pairs of row matrices of constraints systems obtained
by the application of RULE(p).

Wy~ Wi and Wy = Wh is equivalent to V =, V'

Proof. We prove the two directions of the equivalence separately. We assume w.l.o.g.
that V (resp. V') is a row matrix of size n (resp. n’). Let V = [Cq,...,Cy] and V' =
[Ci....,CL/]. We know that W, and Wa (resp. W; and W) are row matrices of size n
(resp. /). Let W; = [Ci,...,Ci] and W! = [C},...,Cl4] for i = 1,2.

Let 1 < j<nand1l <k <n'. We denote by ®; the frame associated to C; and
by ®}. the frame associated to Cj,. Let ¢ € {1,2}. Similarly, we denote by <I>§- the frame
associated to Cj and by @}’ the frame associated to Cy/.

Right implication: Let 1 < j <n and let (0,6) € Sol(C;). By Lemma 42, we know that
there exists ¢', i € {1,2} and o; such that (o;,6") € Sol(C}) and o|s,(c,) = oils,(c,)- By
hypothesis, we have that W; ~; W/. Hence, there exist 1 < k < n/ and a substitution o
such that (a},0’) € Sol(C}/) and ®%0; ~ ®o;. Thanks to Lemma 5, we deduce that:

(Ui|varsl(Cj)a 0’|'U(LT'$2(CJ')) € So'(cj) and (Uﬂ'uarsl(C;C)a 0l|'ua7'32((3,’c)) € SOI(CIIC)

with Init(®%)o; = Init(®;)0ilvarst(c,) and Init(®})o; = Init(®3,) 07 |varsi(cy)- Note that
0 lvars2(cy) = 0'vars2(c;) since C, and C; have the same structure. Moreover, by hypoth-
esis, we have that o = Ui|wrsl(c].). Thus, we can apply Lemma 45 on C; and Cj,. Since
(0,0) € Sol(C;), we deduce that (¢’,0) € Sol(C},) where o’ = o§|mr$1(c;€). Lastly, since
Dlo; ~ Bfo], Init(®%)o; = nit(®;)o and Init(P})o] = Init(P})o’, we easily deduce that
®,0 ~ ®).0’. The other implication can be done in a similar way.

Left implication: Let 1 < j < n, i € {1,2} and let (0;,6') € SoI(C;). By Lemma 5,

we know that there exists o and 6 such that (o,0) € Sol(C;) with o = 04|yars(c;) and

0 = 0'|yars2(c,;)- By hypothesis, we have that V ~, V'. Hence, there exists 1 < k < n’

and a substitution o’ such that (¢’,60) € Sol(C},) and ®;0 ~ ®.0’. Thus, we can apply

Lemma 45 (second item) on C; and Cj. Since (0;,0") € Sol(C}), we deduce that (o7,6") €

Sol(C}') for some substitution o/ such that o/ = Jg\var51(clf€). Moreover, we have that
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Init(fbj-)ai = Init(®;)o and Init(®})o} = Init(®},)o’. Since ®jo ~ ®}.0’, we easily deduce
that ®0; ~ ®;'o;. The other implication can be done in a similar way. O

Theorem 2. [soundness and completeness for internal rules] Let My, M/ be two
matrices of constraint systems obtained from a pair of sets of initial constraint systems
by following the strategy S. Let RULE(pP) be an internal transformation rule applicable on
(My, M}) on the i™" row. Let (Ma, Mb) be the resulting pair of matrices of constraint
systems obtained by the application of RULE(p). We have that:

Moy g MYy is equivalent to My ~; M)

Proof. Since M; and M/ have the same structure, we know that they have the same
number of lines, say m. Let My = [V1,..., V] and M| = [Vi,..., V. ]. Let (Wi, W)
and (Wa, W)) be the two resulting pairs of row matrices of constraint systems obtained
by applying RULE(p) on (V;, V!). Hence My = [V1,..., Vic1i, W1, W2, Vit1,..., V], and

,2 = [Viv e z{—lvwivwév z{+1v' ' avrln}

By Definition 13 of the symbolic equivalence of matrices of constraint systems, we
have that M; =, M) is equivalent to V; ~ V; for every j € {1,...,m}. Thanks to
Proposition 46, we easily deduce that V; = V! is equivalent to Wy a3 W} and Wy ~; W5,
This allows us to conclude. O

Theorem 3. [soundness and completeness for external rules] Let M, M’ be two ma-
trices of constraint systems obtained from a pair of sets of initial constraint systems
by following the strategy S. Let RULE(D) be an external transformation rule applicable
on (M,M'). Let (Mq, M}) and (Ma, M%) be the two resulting pairs of matrices of
constraint systems obtained by the application of RULE(p). We have that:

My =g My and My =, MY is equivalent to M ~; M’

Proof. Since M and M’ have the same structure, we know that they have the same
number of lines, say m. Let M = [Vy,..., V] and M’ = [V{,..., V] ]. When RULE(p) is
applicable on (V;,V;), let (W; 1, W/ ) and (W; 2, W, ,) be the two resulting pairs of row
matrices of constraint system. Otherwise, let (W1, W] ) = (L, L) and W;2, W ,) =
(Vi, V). We have that:

o M; = [lel,. .. ,Wm,l]; Mll = [Wi,la .. '7W7/n,1]7 and
o Mo =Wia,...,Wpa], My=[Wj,,..., W, 5]

By Definition 13 of the symbolic equivalence of matrices of constraint systems, we
have that M ~, M’ is equivalent to V; ~, V] for every i € {1,...,m}. Relying on
Proposition 46 when the rule is effectively applied on (V;,V}) (when the rule is not
applicable, the result trivially holds), we deduce that for every i, V; =4 V! is equivalent
to Wi =, Wi, and W o &, W, , which is equivalent to M; ~; M) and My ~, Mj.
This allows us to conclude. O

Appendix F. Soundness and completeness of LeafTest

The purpose of this appendix is to establish the following result.
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Theorem 4. Let (Mg, M) be a pair of sets of initial constraint systems and (M, M)
be a leaf of the tree whose root is labeled with (Mo, M) and which is obtained following
the strategy S. We have that M ~; M’ if, and only if, LeafTest(M, M') = true.

First, we will show that the pairs of matrices obtained at the leaves satisfy some
nice properties (see Appendix F.1). Then, we will see that there is a need for a special
treatment to deal with non-deducibility constraints, and this is explained in Appendix
F.2. In Appendix F.3, we show that any constraint system obtained at the end (and
which is different from L) has a solution, and we conclude by establishing Theorem 4.

Appendiz F.1. Shape of the leaves

Following the idea developed e.g. in [25], the purpose of our transformation rules
is to transform constraint systems until reaching constraint systems that are in solved
form. Solved constraint systems enjoy some nice properties, e.g. they have a solution,
and they are therefore convenient to decide satisfiability. In order to be able to decide
symbolic equivalence between sets of constraint systems, we have to consider a slightly
different notion of solved form and we have also to lift this notion at the matrix level.

Definition 20. A well-formed constraint system C = (S1;S2;®; D; E; Er;; ND; NoUse)
is solved (or in solved form) if:

1. C satisfies the invariants InvVarConstraint(s;az ), InvNoUse(spmaz ), InvVarFrame(s,az),
InvDest(Simaz), and InvDedsub;

2. E is a formula of the form N\, ux =" vy AV, i 27w, ;] where wy; € T(Fo, X1,
zij € XY, and uy, vp € T(Fo, N UXY).

3. for all X € vars®(D), for allf € F., for all&,i > u in ®, we have that By # X ;é?{
and By ¥ root(X) #" f.

By convention, the constraint system L is in solved formed.

Property 2 ensures that disequations do not involve names so that it will be possible
to produce similar disequations on other constraint systems. Property 3 allows us to
ensure that each deducibility constraint would be satisfied by considering any recipe
made up of contructors above elements occurring in the frame ®. As expected, we then
need to lift the notion of solved form at the matrix level.

Definition 21. We say that a pair (M, M’) is in solved form if all the constraint
systems in this pair are in solved form, and (M, M) satisfies InvMatrix(s,,q5) as well as
InvGeneral. Moreover, we have that:

for all constraint systems C, C' on the same column, there exists a variable renaming
p: XENS1(C) — X1 S1(C!) such that:

1. mgu(E(C)) s, (c)p = mgu(E(C")) s, (cr), and D(C)p = D(C’);
2. {(up,u’) | (§i>u) € DA, > u) e D Apath(§) = path(&)} is included in
{(u,u) | ue T(F y,NUXY};

for all constraint systems C, C' in (M, M"), there exists a variable renaming p : X1 — X1
such that:
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3. E(C)p restricted to inequations is equal to E(C') restricted to inequations, and

D(C)p is equal to D(C").

The two first properties of Definition 21 focus on the messages inside the constraint
systems. Intuitively, Properties 1 and 2 will help us to prove that all the constraint
systems have the same set of first-order solutions. To understand why these properties
hold, we need to come back to the creation of new rows in a matrix of constraint systems,
and so to the application of internal rules. In Subsection 3.4, we describe the application
of internal rules as a way to keep the result of the guesses on static equivalence inside
a single matrix. Thus, it is natural that the first-order solutions of different constraint
systems in a same column are the same.

Property 3 indicates that there exists a matching on the inequations of message for
all constraint systems on a same row. The purpose of this property is for us to prove
that any substitution satisfying the inequations in one constraint systems will be match
by an other first-order substitution that satisfies the inequations in an other constraint
system.

Lemma 47. Let (Mg, M{) be a pair of sets of initial constraint systems and (M, M)
be a leaf of the tree whose root is labeled with (Mo, M) and which is obtained following
the strategy S. We have that (M, M') is in solved form.

Proof. We have that there exist (M1, M) and (M3, M5) such that:
(Mo, Mp) =" (My, M}) =" (M2, M5) =" (M, M)
where:
e (My, M}) is obtained at the end of Phase 1 of the strategy; and
o (Mo, M}) is obtained at the end of Step a of Phase 2 of the strategy.

Thanks to Lemma 27, we know that (M1, M) satisfies PP1E. Hence, any constraint
system occurring in M; or M) satisfies InvDedsub, InvVarFrame(s,,,..), InvDest(s;qz),
InvNoUse(smaz ), InvUntouched(s;q.) and InvVarConstraint(s,,q.). The rules applied on
Phase 2 are instances of CONS, EQ-DED-DED and AXIOM. Hence thanks to Lemma 11, we
deduce that any constraint system in (M, M) satisfies InvNoUse(s,,44), InvDest(Spaz),
InvVarFrame(s;,q.) and InvDedsub. Moreover by Lemma 10, we deduce that any con-
straint system in (M, M) satisfies InvUntouched(s,q.). At last, by Lemma 9, we deduce
that any constraint system in (M, M") also satisfies InvVarConstraint(s;az)-

Since (M, M]) satisfies PP1E, we deduce that (M, M) satisfies InvMatrix(s;,q,) and
InvGeneral. Hence thanks to Lemma 12 and 14, we deduce that (M, M’) also satisfies
InvMatrix(s;,q,) and InvGeneral.

Let C be a constraint system occurring in M or M’ that is different from L. The
pair (M, M’) being obtained at the end of the strategy implies that the rule CoONs
and AXIOM are not applicable on any constraint system in M, M’. Hence we deduce
that either Property 3 holds or there exists X € vars?(D(C)) such that AXioM(X, path)
and CoNs(X,f) are useless for all path, f. But we know that C satisfies InvDest(s4z)-
Hence DEST(E,£ — r,s) is useless for any £,¢ — r,s. This case is impossible since C is
normalised and we know that C #1. Hence, we deduce that Property 3 holds on C.
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We now show the properties 1 and 2 that has to be satisfied by any pair (M, M)
of matrices in solved form. If we assumed that C and C’ was in the same column. We know
that (M, M) satisfies the invariant InvGeneral and C, C’ both satisfy InvVarConstraint(s,q)
and InvUntouched(s,,q,). Hence by Lemma 25, we deduce that the properties 1, 2 hold.

It remains to show property 2 of solved constraint system and property 3 of solved pair
of matrices. Thanks to Lemma 29, we know that (Mg, M) does not contain universal
variables. But the rules CoNs, AXioM and EQ-DED-DED do not add new universal
variable. Hence (M, M’) does not contain universal variables. (M, M’) being at the
end of the strategy implies that the rule AxioMm, CONS and EQ-DED-DED are no longer
applicable. Consider C a constraint system in (M, M’).

Let \/7_, w; #” v; such that E(C) = EAV/, u; #" v; for some E. Thanks to Lemma 30,
we know that either n = 1, u; € X!, v; does not contain any names and Li(v1) < L% (u1);
or forallie {1,...,n}, u; ;é? v; satisfies one of the following properties:

1. u; € X' and v; € N: In such a case, there exists (X, kF’u;) € D. But Axiom(X,
path) is useless for any path. Since C satisfies InvDest(s;,4.), DEST(,, ¢ — 1, 8) is
useless for any &,/ — r,s. But in such a case, a normalisation rule is applicable
which is a contradiction with the fact that C is normalised. Hence this case is
impossible.

2. u;,v; € XY, En(C) K root(X) £ f and Ep(C) E root(Y) £’ g, for all f, g € F., where
(X,pF"u;), (Y,qF" v;) € D(C): In such a case, for all g € F,, Er(C) F root(Y) +'g
implies that Cons(Y,g) is useless. But AxioM(Y,path) is not applicable and
En(C) E root(Y)#" g implies that AX1om(Y, path) is useless for all path. Since
C satisfies InvDest(s;qz), DEST(E, ¢ — 1, 5) is useless for any £, ¢ — r,s. But in
such a case, a normalisation rule is applicable which is a contradiction with the
fact that C is normalised. Hence this case is impossible.

3. u; € X1, root(v;) € F.and for all f € F., Ery(C) E root(X) #° f, where (X, p+’ u;) €
D(C): Since for all f € F., Ex(C) E root(X)#"f, then similarly to the previous
case, we prove that this case is impossible.

Since all cases are impossible, we can deduce that n = 1, u; € X', v; does not contain any
names and £} (v1) < £} (u1). Note that this already allows us to show Property 2. Lastly,
by applying the same reasoning as above, the rules AX1oM and CONS not being applicable
allows us to prove that for all g € F., Er(C) ¥ root(X) #’ g where (X,i+"u;) € D(C),
and if v, € X' then for all g € F,, Er(C) ¥ root(Y) #" g where (Y, j+"v1) € D(C). But
EQ-DED-DED is not applicable. In particular, it is not applicable with parameter X and
¢ where £6%(C) = v;. However, the applications conditions of Figure 2 are satisfied for
the rule EQ-DED-DED(X, £). Therefore, we deduce that EQ-DED-DED(X, £) is useless and
so for all constraint system C’ in M or M’, we deduce that E(C') £ X8'(C") #7 €6(C").
This allows us to conclude that Property 3 of solved pair of matrices is satisfied by

(M, M'). O

Appendiz F.2. Dealing with the non-deducibility constraints

We may note that, due to the presence of non-deducibility constraints, systems in
solved form are not trivially satisfiable. However, as explain in Section 4, our strategy
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was specifically designed to take care of non-deducibility constraints (Step e in Phase 1).
Actually, we only kept the constraint systems whose non-deducibility constraints could
be satisfied. More precisely, we show that we do not need to take care of deducibility
constraint to decide whether a constraint system obtained at the end (on a leaf) admits
a solution.

Lemma 48. Let M be matriz of constraint systems obtained by following the strategy.
Let C and C' be two constraint systems from the same column in M. Let (a,0) € Sol(C)
and (0',8') € Sol(C’) such that oys,(c) = 0|g,(cr)- We have that:

1. Init(®(C))o = Init(®(C"))o’;
2. for all (&,i > u) € ®(C), for all (§',i' > u') € ®(C'), if path(§) = path(&’) then

uo =u'o’;

3. for all X € S5(C) = S2(C'), if (X,iF"u) € D(C) and (X,iF"u') € D(C'), then

uo =u'o’.

Proof. Since C and C’ are both from the same column of M, we deduce that they have
at least one common ancestor. Let Cy be the constraint system on the row matrix of
initial constraint system such that Co —* C and Cy —* C'.

Property 1: Let u,u’ € T(F.,N UX?') such that (az;,i > u) € ®(C) and (az;,i > u') €
®(C'), for some i. Furthermore let ug € T (F., N U X!) such that (az;,i > ug) € ®(Co).

Since Cy —* C and Cq —* C’, we obtain from Lemma 7 that u = ugX and v’ = upX’
where ¥ = mgu(E), ¥ = mgu(E’). But (0,0) € Sol(C) implies that o & E(C) and so there
exists og such that o = Xog. Similarly, there exists of, such that o/ = ¥'o(. Moreover, ug
is a term in the initial constraint system Cy, hence vars!(ug) C S1(Co) = S1(C) = S1(C’)
which also implies that ugos, () = ugo and “0‘7\/51 ) = ugo’. At last, by applying the

hypothesis o, (¢) = U‘/SI oy which leads to ugo = ugo’. Hence, we have that:
uo = upX(Xog) = ugo = ugo’' = u¥' (X)) =u'o’.

Property 2: Let (§,i > u) € ®(C) and (£',7' > ') € ®(C’). We know that C and C’ are
well-formed constraint systems. Thanks to Property 5 of a well-formed constraint system
and the fact that (o,0) € Sol(C) and (¢/,8’) € Sol(C’), we deduce that £0(®(C)o)| = uo
and £'0'(®(C")o’)L = v'o’. We have seen that Init(®(C)o = Init(®(C’))o’. We have
assumed that path(§) = path(¢’), and we know that ue,vw'c’ € T(F.,N). Hence we can
apply Lemma 33 which leads to £6(®(C)o )l = &'¢'(2(C")o’)] and so uo = u'o’.

Property 3:Let X € S5(C) = S2(C’). There exists Y € S3(Co) such that X € vars?*(C[YO]p(c))
where © = mgu(Er(C)). Let © = mgu(En(C’)), ¥ = mgu(E(C)) and ¥’ = mgu(E(C").
By applying Lemma 6 on Y, we have that Y0 (Co)E = C|Y O] g ()" (C).

But (o,6) € Sol(C) implies that o = E(C) and so there exists o such that ¢ = Yoy,
and 0'(C)o = 6'(C)og since C is normalised. Hence, Y6'(Co)o = C[YO]p(c)0'(C)oo =
ClYO]e()6*(C)o. Similarly, we have that Y6 (Co)o’ = C|[YO']g(cr)0" (C')o’.

Our inductive hypothesis tells us that o5, = al’ s, Which implies that §1(Co)o =
§1(Co)o’. Furthermore, M satisfies InvGeneral, hence for all Z € S5(C) = S»(C’),
ClZB]sc) = C[ZO'|pcry. Since Y € S5(Co) then Y € S3(C) and so we deduce that
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ClY® |o(cry = C|YO]op(c)- Hence, we deduce that C|Y O |¢(c)d' (C)o = C[YO[g(c)d" (C')o’.
Since X € wvars*(C[YO]p(c)), we can conclude that X46'(C)o = X§'(C')o’ and so

uo =u'o’. O

Lemma 49. Let (Mo, -) be a pair of sets of initial constraint systems, s be an integer, and
(M, ) (resp. (My,_)) be a pair obtained at the beginning (resp. end) of Step a of Phase 1
with support s, and such that (Mg, ) —=* (M,) =* (M1,.). Let Ci be a constraint
system in My. Assume that the constraint system C in M ancestor of C; (denoted
C —* C1) satisfies Sol(C) = Sol(C). Let (a,0) € Sol(C1) such that (o,0) & Sol(C1). There
exists a constraint system Cy in My which is in the same column as C1, and such that:

1. C is ancestor of Ci, i.e. C =* C};
2. {(&i) | i<sA(&iu) e ®(C)}={(&1) i <sA(Ei>u) € d(C)};
3. {path(§) | (& s > u) € 2(C1)} € {path(§) | (& s > u) € (C1)};

4- {path(&) | (§,5s > u) € NoUse(C1)} = {path(§) | (&, s > u) € NoUse(C7)}N{path(¢) |
(&, s> u) € D(C)};

5. there exists (07,0") € Sol(CY) such that oys,(c) = 0(s, c)-

Proof. Let N be the length of the derivation (M, _) —* (My,-). We prove this result
by induction on N. According to the strategy, every application of the rule DEST or
EQ-FRAME-DED implies the application of the same rule with the same parameters on
each row of the matrix. Hence, for the induction, we assume that the sequence of
applications of a rule DEST or EQ-FRAME-DED on each row is applied simultaneously.

Base case N = 0: In such a case, M = M, and therefore C = Cy, and Sol(C;) = Sol(Cy).
By choosing C; = C; = C, properties 1, 2 and 3 trivially holds. Furthermore, since
NoUse(C}) C ®(C}), property 4 holds. At last, by hypothesis we have (o,6) € Sol(C;)
which implies that (o,0) € Sol(C;). With C; = Cj, we conclude that (o,6) € Sol(C).
Hence property 5 holds.

Inductive step N > 0: Let RULE(p) be the last rule applied. Let My be the matrix such
that My — M (note that since we are in Step a of the strategy, the rule applied is
necessarily an internal rule) and let Co be the constraint system in My ancestor of C;
(i.e. Co — C1). Thanks to Lemma 5, (c,6) € Sol(Cy) implies that (o/,0") € Sol(Cy) with
O'I/SI =015, and Oyars2(c,) = 0.

Hence by induction hypothesis, we know that there exists a constraint system C5 in
M which is in the same column of C3, and such that:

1. C is ancestor of Ch, i.e. C —* C}

{(&i)[i<sA(§iru)e®(C)}={(§i)|i<sA(§i>u) e ®(C)}

- {path(¢) [ (§,s > u) € 2(C2)} € {path(¢) | (§,s > u) € 2(C3)}

- {path(¢) | (&, s > u) € NoUse(C2)} = {path(¢) | (¢, s > u) € NoUse(C3)} N {path(¢) |
(&, s> u) € P(Ca)}

. there exists (0”,0") € Sol(C)) such tl;l;‘; ols, = 0ls,-

B~ W N
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Thanks to the description of the strategy (see Section 4), we know that applying the
rule DEST or EQ-FRAME-DED is always followed by the application of the same instance
of the rule on each row of the matrix. However, when the parameters of the instance of
the rule are not compatible with the constraint systems on a row of the matrix, this row
stays untouched. Hence, we do a case analysis on the rule applied and on whether the
parameters were compatible or not. Note that Property 3 of the inductive hypothesis on
Co and C} implies that if the parameters of the rule are compatible for Co, then they also
are compatible for Cj.

e RULE(p) = EQ-FRAME-DED(Xy, &) where Xo,&y are not compatible parameters
for C4: In such a case, it implies that there is no frame element in ®(C) with
path(&) as path. Hence, C} remains unchanged and so C} is a constraint system in
M. However, we know that for all (£,s > u) € ®(Cs), there exists (¢/,s > u') €
®(CL) such that path(§) = path(¢’), thus we can deduce that X, &y are also not
compatible parameters for Co which means that C; is in fact C5. Hence, by denoting
Ci = C4, the result holds.

e RULE(p) = DEST( o, ¢ — 1, 8) where &, ¢ — r,s are not compatible for Cl: Simi-
larly to the previous case, it implies that there is no frame element in ®(C5) with
path(&) as path. Hence C; = C; and by denoting C; = C5, the result holds.

e RULE(p) = EQ-FRAME-DED(X), &) where Xo,& are compatible parameters for Ch
but not for C2: In such a case, there exists a frame element (£, s > u) € ®(C5) such
that path(&p) = path(§). Furthermore, there is not such frame element in Cy. Since
the rule is applied on Cj and (¢”,6") € Sol(C5), then by Lemma 42, we can deduce
that there exists a constraint system C; in M; such that:

— C4 — C{ which implies C —* C] hence property 1 holds.
- ’;lhelz(rle exist (¢”,0"") € Sol(Cq) such that of§ ) = 05, () hence property 5
olds.

Hence it remains to proves Properties 2, 3 and 4. But the rule EQ-FRAME-DED
does not add new frame elements in the frame, thus properties 2 and 3 are trivially
satisfied. At last, by the rule EQ-FRAME-DED, we may have:

NoUse(C;) = NoUse(C5) U {(&, s > u)

But, by hypothesis X, £y are not compatible parameters for Co then it means that
there is no frame element ({, s > v) € ®(Cq) such that path({) = path(&y) = path(§).
Hence, we have that:

{path(¢) | (¢, s > u) € NoUse(C1)} N {path(¢) | (&, s > u) € D(Ca)}

{path(¢) | (€, s > u) € NoUse(C3)} N {path(¢) | (&, s > u) € B(C)}

Therefore, property 4 holds.

e RULE(p) = DEST( 0, ¢ — 1, 8) where &,L — 1, s are compatible parameters for Ch
but not for Co: Properties 1 and 5 are proved similarly to the previous case. It
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remains to prove Properties 2, 3 and 4. Since &y,¢ — 7, s are compatible parameters
for C}, there exist (&,7 > u) € ®(C}) such that path(§) = & and ¢ < s.

Let g € Fy4 be the destructor symbol of £ — r. This instance of the rule DEST
may only add a frame element ((,s > w) where path(¢) = g - path(&). Hence
Property 2 holds. Furthermore since ®(C5) € ®(C}), Property 3 also holds. At
last, since the rule DEST does not add frame in element in NoUse, we have that
NoUse(C;) = NoUse(C5) and so Property 4 holds.

RULE(p) = EQ-FRAME-DED(Xy,&y) where Xo,&y are compatible parameters for
both C3 and C}: Thanks to Lemma 42, we can deduce that there exists a constraint
system Cj in M such that:

— C4 — C{ which implies C —* C] hence property 1 holds.

— there exist (¢”,6"') € Sol(Cy) such that o3 () = 05, () hence property 5
holds.

Moreover, since the rule EQ-FRAME-DED does not add new frame elements, prop-
erties 2 and 3 also holds.

Let u,u’ € T(F.,NUX?) such that (Xo,i+"u) € D(C;) and (Xo,i+"u') € D(C}).
Furthermore, let (§,s > v) € ®(Cy) and (¢, s > v') € ®(C}) such that path(§) =
path(¢) = path(&p).

We already proved that (o,6) € Sol(Cy), (¢””,0") € Sol(C}) and oys,(c) = ls, ()
Thus, by Lemma 48, we can deduce that uoc = u'¢” and vo = v'¢”. Thus,
o Eu="uvis equivalent to o’ E «' =" v’. But by the description of the rule, we have
that (&, s > u) € NoUse(C) is equivalent to o F u="v; and (&', s > v/) € NoUse(C})
is equivalent to o’ «' =" v’. Hence we conclude that

(&,s > v) € NoUse(Cy) is equivalent to  (¢/,s > v") € NoUse(C})
and so Property 4 holds.

RULE(p) = DEST( o, ¢ — 1, 8) where &,¢ — r,s are compatible parameters for C
and Co. Thanks to Lemma 42, we can deduce that there exists a constraint system
C{ in M; such that:

— C, — C{ which implies C —* C] hence property 1 holds.

- ‘}clhirle exist (¢”',0"") € Sol(C]) such that a"gl(c) = Glﬂsl(c) hence property 5
olds.

Let g € F4 be the destructor symbol of ¢ — r. This instance of the rule DEST may
only add a frame element (¢, s > w) where path(¢) = g-path(&y). Hence Property 2
holds.

Let (§,5 > u) € ®(C1) and (&, > ') € ®(C{) such that path(¢) = path(¢’) =
path(&p). First of all, thanks to Property 2 of our inductive hypothesis, we deduce
that j = j'.

Assume now that there exists (¢, s > w) € ®(Cy) such that path(¢{) = g - path(&o).
We show that there necessary exists (¢',s > w’) € ®(C}) such that path(¢’) =

g - path(&o).
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Since path(¢) = g - path(&) then there exists Xs,..., X, € X2 such that {( =
g(¢, Xo,...,X,). Furthermore, thanks to (c,6) € Sol(Cy), to the definition of
a solution of a constraint system and to Property 5 of a well-formed constraint
system, we deduce that (0(®(Cy)o)] = wo.

But (¢",0") € Sol(C1) and oyg, () = Ullgl(c)' Thus, by Lemma 48, we can deduce
that Init(®(C1))o = Init(®(C}))o”” which implies (0(®(C1)o)l = CO(®(CL)a’")] €
T(F.,N). Furthermore, Lemma 48 also implies that uoc = v'¢’’. Hence we have
that €0 (®(C})0")) = €0(®(C1)o)l = €B(®(C)o™)). Thus, g(€'8", Xa, ...,
Xn.0)(®(C)e")] € T(Fe, N). With ¢’ E ND(Cf) thanks to (o”,6") € Sol(C}),
the description of the rule DEST allows us to conclude that there exists (¢, s >
w') € ®(C}) such that path(¢’) = path(¢). Hence Property 3 folds.

Since the rule DEST does not add a frame element in NoUse, we conclude that
Property 4 holds. O

Lemma 50. Let M, M be two matrices of constraint systems obtained respectively at
the beginning and end of Step a of Phase 1 with support s such that M —* My. Let C;
be a constraint system in My. Assume that C the constraint system in M ancestor of Cy
satisfies Sol(C) = Sol(C), and let (o,0) € Sol(Cy). Assume that

1. for all X € vars®*(D(Cy)), for all position p of C|X0|a(c,), if root(C|X0]a(c,)) €
Fa, then there is no ground recipe & € IL,. such that {(®(Cq)o)l = X0'|,(P(C1)o)l
and param, (&) < param, (X0|,); and

maX(
2. for all £,¢" € st({X0 | X € vars?>(D(C1))}), path(§) = path(¢') implies &€ = ¢'.

There exists a constraint system Cy in the same column of C1 and there exists (¢/,0') €
Sol(C) such that oys,(c) = 0(g, ¢y and for all X € S3(C1), X0 = X¢'

Proof. Our hypothesis on M, M7 and C; allows us to apply Lemma 49. Hence we have
that there exists a constraint system Cj in the same column as C; such that:

1. C—*Cl;

2. (&) li#sn(&ivu)e ®(C)}={(&)|i<sn(§i>u) e P(Ch));

3. {path(§) | (& s >u) € ®(C1)} C {path(§) | (§;s >u) € D(C])};

4. {path(§) | (£, s > u) € NoUse(C1)} = {path({) | (£, s > u) € NoUse(C1)} N{path(¢) |

(5> u) € ®(Cr)};
5. there exists (¢0/,0") € Sol(C1) such that oys, () = 07g, (¢)-

However, Property 5 is not a sufficient for our result. Hence we will build a new substi-
tution 0" that satisfies the properties stated in the Lemma.

Since C; and Cj have the same shape, we have that S3(C1) = S2(C1). Furthermore,
since during Step a of Phase 1 with support s, the only added deducible constraint are
of the following form: X, sk’ u, for some X and u where X ¢ So(Cy).

We now show that there exists a renaming p of the recipe variables such that:

o {(Xp.i) | (X,iFu) € D(C1)} C {(Xi§)1| (X,ik"u) € D(CY)}



o {(€p.1) | (€1 u) € @(Cr)} CH{(S,4) [ (§,i > u) € B(C1)}

First of all, since C; and Cj have the same shape, we deduce that S2(C1) = S2(C}) and
{(X,0) | (X,iF"u) € D(C)AX € S2(C1)} = {(X,i) | (X,iF"u) € D(C;)AX € So(C)}.
Hence, we define p on S5(C) is the identity. Let (X,iF"u) € D(Cy) such that X ¢
S2(C1). Since M satisfies PP1Sa(s), we deduce that there exists a unique frame element
(g(&1,..,&n),j > v) € ®(Cy) and k € {2,...,n} such that j = s and { = X. But
we already proved that {path(§) | (§,s > u) € ®(C1)} C {path(§) | (&, s > u) € P(C))}.
Hence along with Property 3 of the invariant PP1Sa(s) on Cj, we deduce that there exists
(g(&), X%,..., X)), s > v') € ®(C;) and path(§]) = path(&y). Thus, we define p on X
such that Xp = X,.. Moreover, since X, & S2(C), we deduce that there exists uj, such
that (X}, st u}) € D(C;). Hence we conclude that {(Xp,i) | (X,iF"u) € D(C1)} C
{(X.0) | (X.i+"u) € D(C))}.

We already know that {(£,7) | ¢ # sA (§,i > u) € ®(C1)} = {( V) i< sA (&>
u) € ®(C})}. Moreover, for all (£,i > u) € ®(Cy), for all X € vars?(¢), param@L (X) <
(thanks to C; being well-formed. But C; satisfies InvUntouched(s). Hence if i # s
and X € wvars?(§), then i < s and so X € S3(C). Thus, if i # s then {p = €. Let
(6,5 > u) € ®(Cy). Since C; is well-formed (item 3), paramC. (¢) exists and so for all
Z € wars®(€), there exists (Z,jF"u) € D(C;). Thus by construction of p, we deduce
that there exists u’ such that ({p,s > u) € ®(Cy) and so {({p, 1) | (§,i > u) € ®(C1)} C
{(60) | (61 u) € B(C)).

Hence, for all X € vars*(D(C})) Nimg(p), we define X0 = Xp~10. It remains to
define the variables that are not in img(p).

First of all, for all Y € vars*(D(Cy)), for all position p, if root(C|Y 61 |a(c,)lp) =8 €
Fq then path(Y|,) € F; - AX. But since (0,0) € Sol(Cy), then Y0|,(®(C1)o)l €
T(Fe, N).  Moreover, we know that (0/,0") € Sol(Ci) with o1s,(c) = 0[g,¢)- By
Lemma 48, we know that Init(®(Cy))o = Init(®(C1))o’ and so Y|,(®(C1)o’)| € T (Fe, N).

Furthermore, the matrix M is obtained at the end of Step a of Phase 1 of the strategy,
then Ci satisfies the invariant InvDest(s). Thus, with ¢’ F ND(C}), we can deduce that
either (a) there exists a frame element (&, s > u) € ®(C]) such that path(§) = path(Y9|,)
or else (b) there exist a frame element (£',7 > v) € ®(C}) such that path(¢’) is a suffix of
path(Y0|,) and (¢',i > v) € NoUse(C7).

Case (b): Since (o,6) € Sol(Cy), we deduce that Y@ conforms to ®(C;) w.r.t. NoUse(Cy).
Hence, we deduce that there is no frame element on ®(C;) which recipe have path(§’)
as path. Hence, thanks to property 2 of the well formed constraint system, we can also
deduce that there exists a position p’ of C|Y8]g(c,) such that C|Y0]g(c,)l, = path(')
and i = s. But by Property 8 of a well-formed constraint system, (¢, s > v) € NoUse(C})
implies that there exists Z € vars®(Cj) such that C|Zmgu(Em(C}))]a(c;)d" (C1) = v and

paramrcn{QX(ngu(EH(C{))) < s.

Since we proved that Init(®(Cy))o = Init(®(C}))o’, then ZO(P(C1)o)| = £'0(P(C1)o)l =
Y 0|,(®(C1)o)]. Hence we have that Y0|,(®(C1)o)) = Z6(®(C1)o )] where param,,,, (Z0) <
s which is a contradiction on the hypothesis on . Thus we can deduce that this case is
impossible.
Case (a): Let’s denote Y|, = g((1, ..., (). Thanks to M satistying invariant PP1Sa(s),
we know that there exists Xa,...,X,, € vars?(D(C})) such that & = g(&1, Xa, ..., Xy)
for some &;. Furthermore, we know, by definition of 6, that all recipe in # with the same
path is equal to Y0|,. Hence for all i € {2,...,n}, we define X,;0"” = (;.
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Let Sx be the set of all the others variables in vars?(D(C})) not already defined
at this stage. For all X € Sx, we define X0” = C|X0'|g(c;)6%(C1)0” which exists by
following the order <y on Sx.

Typically, the variables in Sx represents the variables that could not be instantiate
thanks to 6. Thus, since (¢/,6") € Sol(C}), we used ¢’ to defined those variables. The
expression C| X6’ |¢(c1)0%(C1)0" represents the fact that the context of X6 and X" are
the same.

Finally, for all X € vars?(C}) \ vars®(D(C})), we define X0"” = Xmgu(E(C}))0"”

To verify that (o/,6") € Sol(C}), it remains to prove that 8” F Er(C;). The others
propriety are indeed satisfied by construction of §”. Thanks to M; satisfying invariant
PP1Sa(s) (item 4), we know that the variable in vars?(D(C})) do not appear in any
inequation in Er(Cj. Furthermore, since by definition of 6", ¢ satisfies mgu(En(C})),
we can deduce that 8” F Ey(C)). O

Lemma 51. Let M be a matriz of constraint systems obtained at the end of Step e
of Phase 1 of the strategy with s as support. Let C be a constraint system in M. Let

(0,0) € Sol(C). We have that there exists 6" such that (c,0") € Sol(C) and

1. for all X € vars*(D(C)), for all position p of C| X0 |gcy, if root(Cl X0 |gcy,) €
Fa, then there is no ground recipe § € II,. such that {(P(C)o)l = X0'|,(2(C)o)] €
T(Fe, N) and param,, (§) < param,,,. (X¢'|,); and

2. for all £,¢ € st({X0 | X € vars®>(D(C))}), path(¢) = path(¢’) implies € = &'.

Proof. We begin by proving the first property of the result: We show that there exists 6’
such that (o,6") € Sol(C) and for all X € vars?(D(C)), for all position p of C| X6’ |¢ ),
if root(C| X0 ]o(cy,) € Fa, then there is no recipe £ € II, such that {(®(C)o)| =
X6/|p(q)(c)0-)\l’ € T(fC7N) and parammax(g) < parammax(X9/|;D)'

We prove this property by induction on the number of positions p which do not satisfy
the property. Let’s denote this number m(6)

Base case m(0) = 0: In such a case, the result trivially holds.

Inductive step m(6) > 0: Otherwise, let X € vars?(D(C)), a position p and a ground
recipe § € II, such that root(C| X0 a(c)lp) € Fa, (B(C)o)| = X0[,(2(C)o)] € T (Fe, N)
and param,,,.(§) < param . (X6|,).

First of all, thanks to Lemma 35, we know that there exists £ € II. such that
&' conforms to ®(C)§ w.r.t. NoUse(C)d, £(P(C)o)) = &'(P(C)o)) and param,, (&) <
parammax(g)'

Secondly, thanks to Property 1 shown in Lemma 41, we know that there exists
a position p’ and £ € st(£'), such that p’ is a prefix of p and XO[¢'],(P(C)o)d =
X0[¢"],(®(C)o)d and XO[¢"], € 1I,.

We want to apply Lemma 40 for the replacement. We know that C satisfies the
invariants InvVarFrame(s) and InvUntouched(s). Thus for all (¢,i > u) € ®(C), for
all Z € vars®(¢), param$,,,(Z) < i. But, for all Z € vars®(C|X0[¢"], |o(c)), either
Z € vars®*(C| X0 o)) else Z € vars®(Cl€" ] (c)). Since £” € st(¢') and param, . (&) <
param,,. (§) < param,., (X0|,), we can deduce, thanks to Lemma 39, that ~(X < Z).
Hence we can apply Lemma 40 which gives us that there exists 8’ such that (0,60’) is a
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pre-solution of C with X6" = X0[¢"],/, 0/ E mgu(En(C)) and for all Y € vars?(D)~{X},
ClY O |oc) = ClY 0o (c).-

However, we know that M is obtained at the end of Step e of Phase 1 with support
s. Hence thanks to Lemma 27, M satisfies PP1SbE(s, k) where k is the column C and
so C satisfies: for all (X,i > z) € D(C), for all (§,j > u) € ®(C), for all f € F,
Eq ¥ root(X)#£'f and Ey ¥ X £"¢. Hence, we can deduce that 6 E Er(C) and so
(0,0") € Sol(C).

At last, since we replace a subterm of X6 by a recipe of strictly smaller maximal
parameter and for all Y € wvars?*(D) ~ {X}, C|Y#'|]s = C|Y0]o, we can deduce that
m(0") < m(#). Hence we conclude by applying our inductive hypothesis.

We now show the second property of the result. First of all, we know that for
all X € wvars?(D(C)), X6 conforms to ®(C)# w.r.t. NoUse(C). Hence, if there exists
XY € vars®(D(C)), & € st(X0) and &' € st(Y6) such that path(¢) = path(¢’) and
& # ¢, it implies that root(€) € F4 and there is no frame element (¢,i > u) € ®(C) such
that path(§) = path(¢) (otherwise it would contradict the conformity of X6 to ®(C)d
w.r.t. NoUsef). Hence it implies that there exists p (resp. p') position of C|X60|s(c)
(resp. C|Y0|s(c)) such that X6, = ¢ (vesp. Y 0|, =¢').

Hence, we do our proof by induction on the number of position that do not satisfies
the wanted property: Let u(@) be the set defined such that u(f) = {path | XY €
vars®(D(C)) and &, &' € st(X0,Y0) and path(§) = path(¢’) and & # ¢'}.

Base case p1(f) = (): In such a case, the result trivially holds.

Inductive step pu(f) # §: Let w be a minimal path in term of size in u(6). Let X, be
a minimal variable in term of <y of all variables X where there exists a position p of
C|X0]s(c)y such that path(X0|,) = w.

Hence we know that there exists pg position of C[ X0 |4 (cy such that path(Xof|,,) =
w. We will replace any recipe that have w as path by X(6|,, that we denote &. Hence,
we do a new induction on:

m(f) = Z Nbocc (6, {Y0 | Y € vars®(D(C))}) — nbocc(&0, {Y O | Y € vars®(D(C))})
path(§)=w

Base case m = 0: In such a case, it implies that any subterm whose path is equal to w,
is in fact &. Hence it contradicts the fact that w € p().

Inductive case m > 0: Otherwise, we have that there exists Y € wvars?*(D(C)) and
p position of C|Y6]g(cy such that path(Yd|,) = w but Y|, # X0[,,. We want to
apply Lemma 40 hence we have to verify the application conditions of the lemma. Let
&= X0lp,.

e Since £ is a subterm of X6 and (o,0) € Sol(C), we have that £ conforms to ®(C)d
w.r.t. NoUse(C)f. Furthermore, thanks to the first property we shown in this
lemma, we know that path(§) = path(Y'¢|,) implies param,,, () = param.. (Y0|,).

Hence since Y0|, € st(Y) and (0,0) € Sol(C), we deduce that param,,,(§) <
param¢_ (V).

max

e Since path(§) = path(Y0|,), £(®(C)o)l € T(Fe, N) and YO|,(®(C)o)] € T (Fe, N),
then by Lemma 33, we have that £(®(C)o)] = Y6|,(®(C)o)]. Furthermore path(§) =
path(Y0|,) also implies that C|Y 0[], ]ac) = ClY O0ac)[CLE]a(c)]p-
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e X, was chosen as minimal under <g, hence for all Z € vars®(C|¢]p(c)6%(C)), if we
had Y <y Z then it would imply that Y <g¢ X since we have that Z <9 Xy. This
is a contradiction, hence we have that ~(Y <¢ Z).

Thus by Lemma 40, we have that there exists 6" such that (o,6’) is a pre-solution of
C with Y0 = Y0[¢],, 0/ F mgu(En(C)) and for all Z € vars®D ~ {Y'}, we have that
ClLZ0' o) = ClZ0]a(c)-

But with (0,0) € Sol(C), we trivially have that o F E(Cy). Moreover, since C is a
constraint system obtained from Step e, we have shown that for all Z € vars?(D(C)), for
all f € F,, there is no inequation in Fr(C) of the form Z ;é?f or root(Z) #?f where £ is
a recipe of ®(C). Hence we have that 6’ F Fr(C) and so (,0") € Sol(C).

By construction, we have that m(6’) < m(#). Furthermore, the construction of ¢’,
iLe. YO0 = Y0[¢], and for all Z € vars®’D \ {Y}, C|Z0'|o(c) = C|Z0]s(c), imply that
Xp is also a minimal variable in term of <y from all variables X € vars?(D(C)) where
there exists a position p of C| X6’ |g(c) such that path(X6'|,) = w. Hence we can apply
our inductive hypothesis on # which conclude the result. O

Definition 22. The relation Rr, over I, x II,. is the least relation that contains
& Rr, & when path(§), path(¢&’) are defined and path(§) = path(¢’), and that is closed by

constructor application, i.e. for any f € F. of arity n,

S RF &, o 6 RE & = (&, 6) Re F(ELL--4,6).

Lemma 52. Let ® a ground frame, and £,£ two ground recipes in I1,.. We have that
Cl¢le =C|& | o tmplies € Rx, &

Proof. We prove the result by induction on |C|£|g| but we will also prove in the same
time that if C|€|es = C|¢' |, and path(&), path(£’) exist then path(¢') = path(€).

Base case |C|€]a| = 1: In such a case, there exists (¢,7 > u) € ® such that path({) =
path(§). Since C|£'|¢ = C|£] o, we deduce that path(£’) = path(§) and so € Rg, £'.

Inductive step |C|€]a| > 1: By definition of a context, it implies that £ = f(&1,...,&,)
and C|¢]e = f(C|&1]a, ..., Cl&n]s). Similarly, & = g(&f,...,&,) and C|¢'|e = g(Cl&] |,
...,Cl& o). Since Cl¢|es = C|¢&'|o, we deduce that g = f and for all i € {1,...,n},
Cl&le = Cl&]e. If f € F. then by induction on ¢ and &, we deduce that for all
ie{l,...,n}, & Rx, &. Along with f = g, we conclude that £ Rz, £

Else we have f = g € F4. But £ and £ are recipes in II,.. Hence it implies that
root(§1) € F. and root(§]) € F.. Hence path(¢) and path(¢’) exists and path(§) =
f-path(&1), path(¢’) = f - path(¢]). But by inductive hypothesis on &1, &}, we deduce that
path(&;) = path(&]). Hence we conclude that path(£) = path(¢’) and so &€ Rz, &'. O

Lemma 53. Let M be a matriz of constraint system obtained during Step b to d of
Phase 1 of the strategy. Let M’ be the father of M. Let C1 a constraint system in M
and C} be its father in M'. Let Cl be a constraint system in the column of Cy in M’. Let
(07,07) € Sol(CY), (o, 04) € Sol(Cy) and (a1,61) € Sol(Cy). If

! I
1. 1lvarst(cy) = 015 O1lvars2(cp) = 015

2. O—:/l|S1(Ci) = oé|Sl(Cé);
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3. for all X € So(C), X0, R, X0 and

4. for all X, Y € S5(C3), for all p € Pos(C|X05]a(cy)), for all p € Pos(ClY 0 |a(cy)),
if path(X05|,) = path(X65|,/) then X65|, = X65],

then we have that there is a constraint system Co in the same column as C; in M and
(02,02) € Sol(Ca) such that

2. 0'2|va7"sl(C§) = Jéy 92|varsz(Cé) = 95
3. for all X € SQ(Cl), X0, R]:C X0,

4. for all X,Y € S3(Ca), for all p € Pos(C| X0z |a(cy)), for all p € Pos(ClYO2]a(c,)),
lf path(X92|p) = path(X<92|p/) then X@le = Xeg‘p/.

Proof. Since M’ is the father of M, we do a case analysis on the rule applied on M’.

Case of internal rule not applied on Ch: In such a case, it implies that Cj is also a
constraint system in the column of C; in the matrix M. Hence, by denoting Co = C},
and (o2,02) = (0},05), we trivially have that the two first wanted properties. Hence, it
remains to show that X6; = X0, for all X € S3(C;). But since Cs is in M, we know that
Cy and C; have the same structure and so S2(C1) = S2(C2). Similarly, we have S3(C}) =
S2(Ch). At last, the rule applied is an internal rule hence we have S5(C1) = S2(C}). Thus,
01]vars2(c;) = ¢ implies that for all X € S3(C1), X6 = X0;. Hence with X0] Rz, X0,
and 62 = 6, then we deduce that X6, R, X60;. Moreover, 3 = 05 and hypothesis 4
implies property 4.

Case of internal rule applied on Ch: In such a case, it implies that C; = €] and so
(01,601) = (01,07). Let C3 and C4 be the two constraint system obtained by application
of RULE(p) on Cj. By the definition of an internal rule, we know that both C3 and C4
are in the column of C; in the matrix M.

Thanks to Lemma 42, (04,05) € Sol(C}) implies that there exists i € {3,4} and
(0,0) € Sol(C;) such that olg,(c,) = 05ls,(c;)- Furthermore, the only possible rule ap-
plicable in this case are AxioM, CONS, EQ-FRAME-FRAME, EQ-DED-DED and DED-ST.
Since the strategy dictates that EQ-DED-DED can only be applied internally when € is a
variable with param,,, () < s then, by following the proof of Lemma 42, we deduce for
all X € 95(Cy), C[ X0,y = C|X05]ac,). But thanks to Lemma 52, we deduce that
X0 Rr. X0).

Let p,p" positions of C| X8]s(c,), C|Y0|a(c,) respectively where X, Y € S5(C). As-
sume that path(X0|,) = path(Y 0|, ). But C|X0|a(c,) = C|X0]ac;) and C|YO|ac,) =
ClY05]a(c;). Hence path(X0[,) = path(Y0|,) implies that path(X05|,) = path(Y 65|, ).
By hypothesis 4, we deduce that X05|, = Y05|,. Hence, thanks to C[X0|gc,) =
ClX05] o), ClYOac,) = ClY03]a(c;) we deduce that C|X0,]ac,) = CLYOl,]a(c)-
Since X6,Y 0 conforms to ®(C;)0 w.r.t. NoUsef, we deduce that X6|, = Y6|,. More-
over, since X6 (resp. X03) conforms with ®(C16) (resp. ®(Ci05)) and C|X0]g(c,) =
ClX05]e(c,) Since S3(Cy) = S2(C;) and by hypothesis, X0} R, X0), we have that
X0, Ry, X0] Rr, X05 Ry, X0. Hence, the result holds by denoting C; = C; and
(02,02) = (0, 0).
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Case of external rule: In such a case, the rule RULE(p) is applied on both C] and Cj.
The only possible external rules are CoNs, AXiOM and EQ-DED-DED. By definition of
an external application of the rule, we also know that if C is the right (resp. left) son of
C1 then there exists a constraint system C’ in M such that C’ is the right (resp. left) son
of C{. We do a case analysis on the rule applied.

e Rule CoNS(X, f), left son: In such a case, Fr(C1) = En(C)) A X ="f(X1,..., Xn),

En(Cy) = En(CONX ="f(X1,...,X,);and BE(Cy) = E(COHAXSY(C)) =" f(z1,...,zn),
E(Co) = E(CY) A XL (Ch) ="f(y1,-..,yn) Where X;, x;,y; are fresh variables for all
i€{l,...,n} in S3(C1) = S2(C2). Moreover, X € S3(C}) = S2(C}).
By hypothesis, we know that (o1,6;) € Sol(Cy), 01]vars2(c;) and (03,05) € Sol(C}).
Hence 01 F Er(Cy) implies that root(X6;) = f € F.. But X0, Rx, X0} thus we
deduce that root(X64) = f. We define 0y = 05 U {X; — X04|1;... X, — X054, }.
We show that for all i € {1,...,n}, X;61 Rr, X,;02. root(X6,) = root(X6]) =€
F. and X0] Rr, X6, implies by definition of Rz, that X0 = f(&,...,&)
and X605 = f(¢1,...,¢,) for some &1,...,&,,C1,...,Cn, and for all ¢ € {1,...,n},
& Rr, (. Since for all i € {1,...,n}, X;0; =& and X;0; = (;, the result holds.

Moreover, since for all i € {1,...,n}, C|(i]a(c,) is a subterm of C| X0 |g(c,), then
hypothesis 4 implies property 4.

It remains to build o9. Since (04,05) € Sol(Ch), we know that X85 (P(Ch)oh)) =
f(ug,...,u,) where for all i € {1,...,n}, G(®(Ch)os)l = u,;. Since y1,...,yn
are fresh variables, we define oo = o4 U {y1 — u1,...,Yn — up}. Hence o9 F
X6H(Ch)="f(y1,--,yn). Hence we conclude that (o2, 6) € Sol(Cz).

e Rule CoNs(X,f), right son: In such a case, Er(C1) = En(C}) A root(X)#"f and
En(Cy) = En(Ch) A root(X) # f. By hypothesis, we know that (o1,61) € Sol(Cy),
O1]vars2(c;) and (03,05) € Sol(C%). Hence 0, = Er(Cy) implies that root(X6}) #
f e F.. But X0] Rxr, X6, thus we deduce that root(X65) # f. Hence the result
holds with (o9, 603) = (04,05). Moreover, hypothesis 4 trivially implies property 4.

e Rule AxioM(X, path), left son: En(C1) = En(C)) A X ="¢1, En(C2) = En(Ch) A
X ="&, E(Cy) = E(C)) AX8'(C)) =" path(&1)dY(C}) and E(C2) = E(Ch) A XS(Ch)
=" path(£2)d" (C3) where path(&;) = path(&).

By hypothesis, we know that (01,601) € Sol(C1), 01]vars>(c;) and (a,05) € Sol(C%).
Hence 61 F Ep(Cy) implies X0] = £1607. But X0] Rx, X6, hence since path(X6]
exists, we deduce that path(X6}) exists and path(X65) = path(X#6;). Moreover,
(0%,05) € Sol(C}) also implies that X6} conforms with ®(C})0, w.r.t. NoUsef).
Hence since &3 is a recipe of a frame element of ®(C}) such that path(&) =
path(&;) = path(X#8)), we conclude that X0, = £;6,. Hence 0, & Fr(Ce). More-
over, hypothesis 4 trivially implies property 4.

Since (a7}, 60}) € Sol(C}), (db, %) € Sol(Ch) and o4 |s, ;) = 03s,c; then by Lemma 48,
we have that X&1(Ch)oh, = X81(Cy)oy and path(£1)861(C)o} = path(&2)8%(Ch)ab.
Hence, o} satisfies X6'(C1) =" Y'§'(C}) implies that o F X6 (Ch) =" path(&2)5(Ch).
Hence (04, 04) € Sol(Cs).

e Rule AXI0M(X, path), right son: Ep(C1) = En(Ci) A X #" &, En(C2) = En(Ch) A
X +" &. By hypothesis, we know that (01,01) € Sol(C1), O1]vars2(c;) and (03, 05) €
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Sol(C%). Hence 6, E Ep(Cy) implies X0, £ £,60}. Since X6, conforms with ®(C})8}
w.r.t. NoUse(C})#Y, it also implies that path(X6,)#’ path(¢;). But X6; Rr. X6,
hence path(X#6) = path(X6}) and so path(X6)}) # path(£2). Thus, we deduce that
X0 # &0, and so the result holds with (o9, 63) = (04, 05).

e Rule EQ-DED-DED(X, ), left son: Fr(C1) = En(C))AX ="Y, En(Cs) = En(Ch) A
X ="Y,E(C) = E(C}))AX&(C})="Y & (C}) and E(C2) = E(Cy)AX ' (Ch) =" Y §(C)).
By hypothesis, we know that (o1,61) € Sol(C1), 01vars2(c;) and (o, 605) € Sol(C5).
Hence 61 F En(Cy) implies X607 = Y0]. But X60] Rz, X0, and Y0 Rr, Y05.
Hence, we deduce that X6, Rz, Y8,. Moreover, thanks to hypothesis 4, X6, Rz, Y,
implies that X6, = Y0, and so 65 E En(Cs).

Since (o}, 60}) € Sol(C}), (0, 0%) € Sol(Ch) and o'ls,(c1) = 05ls,c; then by Lemma 48,
we have that X&' (Ch)oh = X61(C))oy and Y §L(Cy)oy = Y §1(Ch)oh. Hence, o} sat-
isfies X61(C})="Y &' (C}) implies that o F X6 (Ch) =" Y6(Ch). Hence (0h,0,) €
Sol(Cz). Thus the result holds with (o2, 62) = (04, 05).

e Rule EQ-DED-DED(X, &), right son: E(C1) = E(C)) A X6'(C})# Y6'(C}) and
E(Cy) = E(C) A XY (Ch) ="Y'(Ch). Since (0},0;) € Sol(Ch), (aob,04) € Sol(Ch)
and o’ [g, (¢;) = 0%s,¢; then by Lemma 48, we have that X§'(C)oh = X46'(C1)o}
and Y61(C})o}, = Y& (Ch)ob. Hence, o satisfies X3'(C})#’ Y61(C}) implies that
o E X61(Cy) #" Y5 (Ch). Hence (cb,6,) € Sol(Cy). Thus the result holds with
(92,02) = (5, 05). -

Appendiz F.3. Existence of a solution

Lemma 54. Let M be a matriz of constraint system obtained after applying Step e of
Phase 1 of the strategy for some support s. Let C be a constraint system in M. We have
that Sol(C) = Sol(C)

Proof. We prove this result by induction of the support s of the Step e. For the purpose
of the induction, we assume that Step e of Phase 1 with support 0 corresponds to the
initial matrix, i.e. the row matrix made of initial constaint systems. Note that an
initial constraint system does not contain any deducibility constraint, and therefore the
property trivially holds.

Base case s =0 : In such a case, we know that M is a row matrix of initial constraint

systems. Hence, we trivially have that Sol(C) = Sol(C) and so the result holds.

Inductive step s > 0: Let (0,6) € Sol(C). Thanks to Lemma 51, we know that there

exists 6" such that (0,6’) € Sol(C) and

1. for all X € vars*(D(C)), for all position p of C|X0']g (), if root(C| X6 |o(c)) €
Fa, then there is no recipe { € II,. such that {(®(C)o)l = X€'|,(®(C)o)] and

2. for all £,¢ € st({X0' | X € vars?>(D(C))}), path(¢) = path(¢’) implies & = ¢’.

Since s > 0, we also know that there exists a matrix M, ancestor of M such that
My is obtained at the end of Step a of the first phase with support s. Hence, there exists
a constraint system C; ancestor of C such that C; is in Mj.
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By a simple induction on the number of rule applied between M; and M, we prove,
thanks to Lemma 5, that there exists (o1,60;) € Sol(Cy) such that Olvarsi(c;) = o1 and
g‘vars2(C2) =06.

Let X € vars®(D(Cy)) and p a position of C| X 61 |¢(c,) such that root(C[ X601 ¢ (c,)lp) €
Fa. We show that there exists Y € vars?(D(C)) and p" a position of C[X6|p(cy such
that root(C|Y8]sc)lp) € Fa-

The rule DEST was never applied to obtained M from My, thus 0],4,s2(c,) = 01 im-
plies that root(C[ X601 | (c,)lp) = root(C|X0|sc)lp) € Fa, and so root(C[ X601 |a(c,)lp) €
Faq implies root(C|X0|g(c)lp) € Fa. But thanks to Property 7 of a well formed con-
straint system, we know that C|Xmgu(Er(C))]aec) € T(Fe U (F; - AX)) and for all
Y € vars*(Xmgu(En(C)), Y € vars?*(D(C)). Hence, root(C|X0]ec)lp) € Fq implies
that there exists Y € wars?(D(C)) and a position p’ such that Y|, = X60|, and
I’OOt(CLY@J ®(C) ‘pl) € Fq.

Hence, we deduce that (o1, 67) satisfies:

1. for all X € vars*(D(Cy)), for all position p of C|X61]e(c,). if root(C[ X6 |o(c)) €
Fua, then there is no recipe & € II, such that {(®(C1)o)d = X01]|,(®(C1)0)d and
parammax(g) < parammax(X(gl'P); and

2. for all £,¢" € st({X0; | X € vars®>(D(C1))}), path(¢) = path(¢’) implies £ = ¢'.

Moreover, let My be the matrix ancestor of My obtained from Step e with support
s — 1. Thanks to our inductive hypothesis, we know that for all constraint system Cy
in My, we have Sol(Cy) = Sol(Cp). Hence, we can apply Lemma 50 on C; and (o7, 6;)
which implies that there exists a constraint system Cy in the same column of C; and there
exists (02,02) € Sol(Ca) such that o1[g, (¢,) = 02|s,¢c, and for all X € S5(C1), X0, = X0s.
X6, = X0, trivially implies that X6; Rr, X03. Moreover, since X6; = X6y and for
all £,¢ € st({X6, | X € vars®(D(C1))}), path(¢) = path(¢’) implies & = ¢, we deduce
that for all X,V € S3(Cz), for all p € Pos(C|X03]a(c,)), for all p € Pos(C|Y 05 |a(cy)),
if path(X65|,) = path(X65],/) then X65|, = X05],.

Once again with a simple induction on the number of rule applied between M and
M , we use Lemma 53 to prove that there exists a constraint system C’ in the column
of C in M and (¢”,6") € Sol(C’) such that o”|g, ¢y = 0ls,(c) and for all X € S»(C),
X0 = X0".

But thanks to Lemma 26, we know that the matrix M satisfies InvMatrix(s). Thus
there exists a renaming p of first order variable such that:

e {wp| (X,iF'2) e DC)Ni<s}={x]|(X,iF"2) € D(C')Ai< s}
o {up|(&iu)e®C)ANi<st={u|(&i>u)edC)Ni<s}
o ND(C)p = ND(C')

Moreover, (0,0") € Sol(C), (¢”,8") € Sol(C’) and o|s,c) = 0| (cr)- Hence by
Lemma 48, we can deduce that for all (X,iF"z) € D(C’), with i < s, we have that
(X,iF"xp) € D(C') and 20" = xpo. Thus with ND(C)p = ND(C') and (", 6") € Sol(C’),
we have that ¢” F ND(C') which implies ¢” E ND(C)p. Since for all x € vars'(ND(C)),
Li(z) < s, we conclude that po F ND(C)p which implies that ¢ F ND(C) and so
(0,0) € Sol(C). O
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Lemma 55. Let (M, M’) be a pair of matriz obtained at the end strategy. For all

constraint system C in M or M’, Sol(C) = Sol(C).

Proof. Let (0,0) € Sol(C). Let C’ be the constraint system ancestor of C such that C’
is on the matrix obtained from the last Step e of Phase 1. With a simple induction
on the number of rule applied from C’ to C, we use Lemma 5 to show that there exists
(0/,0") € Sol(C") with o]yars1(cry = 0. But by Lemma 54, we know that (o”,6") € Sol(C’).
Furthermore, the rules applied on phase 2 of the strategy do not add new non-deducible
constraint system hence we can deduce that o' F ND(C') and o|,qps1(c/y = o implies
that o E ND(C) and so (o, 6) € Sol(C). O

Using Lemma 55, we can now show that any constraint system on a leaf that is
different from L has at least one solution.

Lemma 56. Let (M, M’) be a pair of matriz obtained at the end strategy. Let C be a
constraint system in M or M’ different from L. There exists (0,6) € Sol(C).

Proof. Assume that C #L. Thanks to Lemma 47, we know that (M, M’) is in solved
form. Hence we deduce that C satisfies InvVarConstraint(s,,,,) and all right hand terms
of deducible constraints are distinct variables. Therefore, for each deducibility constraint
(X,iF"x) € D(C), we can define 0 on vars?(D(C)) such that X6 € T (F.,{az,}) for all
X € vars®*(D(C)).

We show that for all u, (az1,1 > u) & NoUse(C). (M, M’) is in solved form implies
that C is well-formed. Hence, if (az1,1 > u) € NoUse(C) then by Definition 18, item 8,
there exists X € vars?(C) such that param$,_ (Xmgu(E(C))) < 1 which is impossible.
Hence (az1,1 > u) € NoUse(C) and so for all £ € T(Fe, {az1}), for all 0, £ conforms to
@0 w.r.t. NoUsed.

Since the set T(F.,{az1}) is infinite, we have an infinite set of pair of substitu-
tions (o,0) where for all (X,i"z) € D(C), X0(®o)| = zo, param(X0) = {az,} C
{azy,...,az;} and X0 conforms to ®0 w.r.t. NoUsef). We extend each of (o,0) by
(0/,0") such that 0'|,qrs2(D(c)) = 05 ' |varst (D(c)) = 0, for all X € vars?(C)\vars?(D(C)),
X0 = Xmgu(En)¢; and for all = € vars'(C) \ vars(C), xo’ = rmgu(E)o. Hence obtain
an infinite set of pre-solution (o, 6) of C such that o = mgu(E) and 6 = mgu(Er). More-
over, we also know that for all (X,iF7z) € D(C), for all f € F,, Er ¥ root(X) #"f. At
last, we also know that Ep # X 75? ax1. Hence, we deduce that 6 F Ery.

It remains to prove that there exists a pre-solution in this infinite set that satisfies the
inequations in F(C). Since each variable in the inequations are a variable of vars'(D(C))
and the set of possible values for each of these variable is infinite. Then, thanks to [36],
we deduce that there exists at least one (og, ) of pre-solution such that oq E E(C) and
so (09,00) € Sol(C). Therefore, thanks to Lemma 55, we deduce that (og,6p) € Sol(C)
and so the result holds. O

Lastly, we are interested in the symbolic equivalence of matrices of constraint systems.
But in fact, when the matrices are in solved form, we can show that any constraint system
on the same row of the matrices are symbolically equivalent.

Definition 23. Let C = (51,52, 9,D, E, Er;, ND) be a well formed solved constraint

system. Let o be a substitution mapping vars'(C) to ground messages. We define a new

semantics on logic formula built upon elementary formulas using classical connectives.
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The semantics for the elementary formulas are given below and is extended as expected

to general formulas. We have: for all i € N, for all u,v € T(Fe, N UX1),
o 0k uw="v ifoEFu="v
e ok u# vifoEu#"v or there exists © € vars' (u)Uvars' (v) such that L5 (x) > i

Lemma 57. Let C be a well formed solved constraint system on a leaf. Let n € N. Let
(0,60) such that:

e 0F<, E(C)
e for all (X,iF"u) € D(C), X0®(C)o) = uo and param$, (X0) < i

o forall (X,iF"u) € D(C), C| X0 € T(FU(F;-AX)) and for (£,5 > v) € ®(C),
if path(§) € st(C|X0](c)) then j <.

e for all X € D(C), X6 conforms to ®(C)0 w.r.t. NoUse(C)6
There exists (0',0") € Sol(C) such that o1 (2)<ny = 0 |(2]£h(@)<n)

Proof. Since C is in solved formed, we know that it satisfies InvVarConstraint(s,az)-
Hence, we have that for all (X, i+’ u) € D(C), u is a variable. Furthermore, all right hand
variables of the deducibility constraints are distinct. Thus, for all (X,iF’2) € D(C),
Li(x) = .

Let 09 = oqz|Li(z) < n}. Let Dy = {(X,i"z) € D(C) | i > n}, g = Init(®)oyg
and Ey = E(C)og. Dy, ¢ and Ej represent a simplified version of C where we fixed the
value of the variables in dom(oy).

Let (az1,1 > u) € ®p. Thanks to the origination property of a constraint system, we
know that vars!(u) = (. Furthermore, since C is a well formed constraint system, we also
have that (azq1,1 > u) & NoUse(C). Hence for all £ € T(F. U {az1}), for all substitution
A, we have £(®gA)} € T(F.,N). Thus for all (X,iF’x) € Dy, x can be instantiated by
any recipe £ € T(F. U {az1}). But the set 7(F. U {az1}) is an infinite set and for all
x € vars'(Eyp), © € vars'(Dp). Therefore, thanks to [36], we deduce that there exists a
substitution (o1, 6;) such that dom(6;) = vars?(Dy), dom(oy) = vars'(Dyp) and:

e for all (X,it"z) € Do, X0; € T(F.U{az1}) and zoy = X01(Pgo1)l
e 0 satisfies the inequations of Ej.

We define 0" such that:

e for all X € vars?(D(C)) \ vars®(Dy), X0 = X0

e for all X € vars?(Dy), X0 = X6,

e for all X € vars?(C) \ vars?>(D(C)), X0’ = Xmgu(En(C))0'.
Furthermore, we define ¢’ such that:

* I'laict@<ny = 00 = 0lialey@)<n}

b U/‘{a:|£é(;v)>n} =01
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e for all z € vars'(C) \ vars'(D(C)), zo’ = zmgu(E(C))o’.

We verify that (o/,8") € Sol(C): For all (X,il-"2) € D(C), if i < n then X6 = X6.
But param¢_ (X6) < i and o "ltz1cL(@)<ny = 00 = Ol{z|cL(z)<ny- Thus we have that
X0'(®(C)o") = X0(®(C)o)| = zo = z0’.

Furthermore, since for all (§,5 > v) € ®(C), for all Y € vars?(¢), param$,,, (V) < j,
thanks to C being in solved form and so satisfying the invariant InvVarFrame(s,,q.). But
for all (X,i"z) € D(C), for all (£, > v) € ®(C), path(§) € st(C|X0]a(c)) implies
j < i and so for all Y € vars?(C|X60]pc)0%(C)), param§,,, (Y) < param$,,(X). Hence
we deduce with a simple induction on i that for all (X,iF"z) € D(C), if i < n then
X0 conforms to ®(C)0 w.r.t. NoUse(C)f implies that X6 conforms to ®(C)0" w.r.t.
NoUse(C)6'.

Moreover, for all (X,i"z) € D(C), if i > n then X0' € T(F.U {az1}) and so X0’
trivially conforms to ®(C)6#" w.r.t. NoUse(C)¢’.

We already know that o satisfies the inequations of Ey where Ey = E(C)oy. Hence
by definition of ¢’, we have that o’ E E(C).

At last, we know that for all X € wvars?(C) ~\ vars?(D(C)), X0 = Xmgu(En(C))0'.
Furthermore, since C is in solved form, we have that for all X € vars?(D(C)), for all
f € F,, for all ¢ recipe of ®(C), Er(C) ¥ X #" ¢ and Er(C) ¥ root(X) #' f. Hence, we
conclude that 6" F Ep(C).

To sum up, we have proved that (o/,0") € Sol(C). But since C is a constraint system
on a leaf, then by Lemma 55, we know that Sol(C) = Sol(C). Hence we conclude that
(¢’,0") € Sol(C). O

Lemma 58. Let (M, M) be a pair of matriz obtained at the end strategy. Let C,C’ be
two constraint systems on the same row in (M, M) (C and C' may be part of the same

matriz). If C #1 and C' #1 then C =4 C'.

Proof. We show one side of the equivalence, the other side being done symmetrically.
Let (0,0) € Sol(C). Thanks to Lemma 47, we know that (M, M’) are in solved form.
We will show that there exists ¢’ such that:

1. (¢/,0) is a pre-solution of C’ with o’ F mgu(E(C’)) and 6 £ E(C’);

2. o £ E(C') and for all £, €' € I, if C[€]o(c), CL€' o(e) € T(FoU (Fj - AX)) then
o £(2(C)o)) = &' (2(C)o){ is equivalent to E(P(C’)o")| = &'(P'(C")o" )
e {(P(C)o)l € T(F.,N) is equivalent to &(P(C")a’)| € T(Fe, N)

3. (C)o ~ B(C')o’ and (o, 6) € Sol(C")

Property 1: Since (M, M’) are in solved form then C and C’ also have the same structure.
Hence, we deduce that Er(C) = En(C’). But (0,0) € Sol(C), thus 6 E Er(C) and so
6 E En(C’). Moreover, since C' is normalised, then mgu(E(C’)) exists and vars!(®’) U
vars'(D') = img(mgu(E’))). Thus, we will first define o’ on the variables contain in ®’
and D'; and then for any variable y € vars'(C’') we will have yo’ = y mgu(E’)o’

We define ¢’ recursively on the index of minimal constraint of a variable z:
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Base case L}, (x) =0 : By definition of a constraint system, for all (X, k" u) € D(C'),
k > 0 which means that for all x € vars*(D’), £t (z) > 0. Thus, the result trivially
holds.

Inductive step L, (z) > 1 : Let (X, k" x) € D(C') such that k = £}, (x). Since C and C’
have same structure, we deduce that there exists (X, k" y) € D(C) and param(X6) C
{azy,...,az;}. C being in solved form indicates that C satisfies InvDest(s;q.). Hence
thanks to Lemma 36, we have that C| X0|gc) € T(F. U (F; - AX)), which also means
that CI_XQJ@(C’) € T(FU(F; - AX)).

(0,0) € Sol(C) implies that 6 conforms to ®(C)# w.r.t NoUse(C)f. Once again, due
to the same structure between C and C’, we have {£,4 | (§,i > u) € NoUse(C)} = {¢,1i |
(&,i > u) € NoUse(C')}. Thus, 6 conforms to ®(C)0 w.r.t NoUse(C)f implies that 6
conforms to ®(C")0 w.r.t NoUse(C').

Let ¢ € st(X6) such that C|(|a ) € (Fj - AX). By definition of a context we know
that there exists (§,p > v) € ®(C’) such that path(§) = path(¢). Furthermore, since 6
conforms to ®(C’)0 w.r.t NoUse(C')f, we have that ¢ = £6. Since C’ is in solved formed,
C satisfies InvVarFrame(s,,..) and so for all Y € vars'¢, there exists (Y, g y) € D(C)
such that ¢ < p. But we also know that the right hand term of the deducible constraints
are distinct variables. Hence, we have that £}, (y) = ¢ < p. Moreover (o,0) € Sol(C)
implies, thanks to (M, M) satisfying InvGeneral, that param(£6) C {az1, ..., az,} and
so p < k. Thus, we can deduce that £}, (y) < k. By applying our inductive hypothesis
on y, we know that (Y8)(®(C')o’)| = yo'. By Property 5 of a well formed constraint
system, we now can deduce (£0)(®(C")o’)] = ((P(C")o")| = vo’ € T(Fe, N).

Furthermore, we proved that C|X0|gc) € T(Fe U (Fj - AX)) which allows us to
conclude that (X60)(®(C')o’)) € T(F.,N) and so we define xo’ such that : zo’ =
(X0)(B(C)o" )L € T(Fa, ).

Property 2: We first prove that for all n € N, ¢’ F<,, F(C') implies that for all £,¢’" € I,
if Cl¢lacr), ClE Ja@ey € T(FeU (Fj - AX)), § and £ conforms to ®(C')f, and for all
x € vars* (Cl€] a0 (C)) Uwars' (CL€ | o(c)0' (C')), L (x) < n, then

o {(P(C)o")) € T(Fe, N) implies &(®(C)o)l € T(Fe,N)
o S(2(C)o")) =¢(2(C)a")| € T(Fe, N) implies {(®(C)o)| = £'(®(C)o)l € T(Fe, N)
We prove this result by induction on (|£(®(C")o’)}|, param,,, (&) + param . (£)) :

Base case (|(®(C")o" )|, param . (€) 4+ param,,, (¢')) = (0,0): Such a case is impossible
thus the result holds.

Inductive step (|€(P(C")o’)d|, param ., (&) + param..(£')) > (0,0) : We prove the result
by case analysis on the two recipes £ and £ :

e root(§) = root(¢’) € F. : In such a case, assume that & = f(&1,...,&,) and
&= f(&,....&,). Since f € F, &(®(C")o")L = &' (P(C")o’)] implies & (P(C")o’)] =
£.(2(Ca"), for k=1...n and [ (®(C")o" )| < [£(@(C")o")]|, for k =1...n. At
last, since vars' (Cl&x|a(cy6'(C)) € vars'(C|&] o0 (C')), for k = 1...n, then
we can apply our inductive hypothesis on § and &, which means that for all
ke{l,...,n},

§(2(C)o)) € T(Fe, N) 4and &(2(C)o)l = & (2(C)o)!
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Thus, we deduce that {(®(C)o)] € T(Fe, N) and £(P(C)o)l = &' (2(C)o)l.

Cl¢]ay € Fy - AX and there exists (¢,p > uj) € NoUse(C’) with (0 = & : First
of all, Cl¢]acy € Fj - AX and & conforms to ®(C’)6 implies that there exists
(¢, q > uj) € ®(C’) such that (0 = ¢&.

C and C’ being on the same line of a pair of matrices of constraint systems on
the leaves, we deduce that Fy(C) = En(C’) and there exists u} € T(F.,N U &)
such that (¢,p > u}) € ®(C) N NoUse(C). Let’s denote © = mgu(Er(C)), we have
©=0.

Since C is well-formed then by the property 5 of a well-formed constraint system, we
deduce that (¢0)®(C)o) = uio € T(F.,N) and so {(P(C)ol € T(F.,N). Secondly,
by the property 8, we also know that there exists X € vars?(C’) = vars?(C) such
that

- CLX@/JCP(C’) S T(.FC,.F; - AX U X2>
— ClXO]g(c0'(C') = uj and paramS._ (X©) < p

where ©’ = mgu(En(C').

Furthermore, by hypothesis, we assumed for all (Z,qF’2) € D(C'), C|Z0]gc) €
T(F. U (F; - AX)), thus we have that C[X0|gcy € T(Fe U (F; - AX)). At
last, by Property 5 of a well formed constraint system, we can also conclude that
(X0)®(Co'| = ujo'].

Furthermore, the equation CLX@’Jé(c/)él(C') = u}, due to the application of the
rule EQ-FRAME-DED, implies that C|X©O|g()0'(C) = ui. Hence, with the same
reasoning, we deduce that (X0)®(C)o] = uyol. But param,,, (X60) < p therefore
we can apply our inductive hypothesis on (X8, ¢’) which means that &'®(C)o) =

(XO)®(C)o) = mal = E(@(C)a)l.

Clé)a@ey; ClE Joery € F; - AX: In such a case, we know that there exists (¢,p >
uy), (¢',p' > uh) € ®(C’) such that (0 = £ and ¢'0 = &’. Furthermore, since C
and C’ have the same structure, there exists uy,us € T(F., N U X') such that
(<7p > ul)v (Clap/ > u2) € @(C)

Since C, C’ are well-formed then by the property 5 of a well-formed constraint
system, we deduce that £(®(C)o)] = uio, £ (P(C)o)l = ugo, (P(C)o’")| = ufo’
and &' (®(C")o’)] = uho'.

But (M, M’) is a leaf, then the rule EQ-FRAME-FRAME((, ¢’) is already applied on
(M, M’"). Thus,

— either we have F(C) F u; =" ug and E(C') F v} =" u}: By the normalisation of
a constraint system, we deduce that u; = ug and uj = uh. Thus, we trivially
have that £(®(C)o)l = &'(P(C)o)l.

— or E(C) Eu1 £ uy and E(C') E uj £ uh: £(D(C)o’)| = £ (®(C")o’)} implies
that o/ ¥ u) #"ub. But we know that for all z € wvars'(u}) U vars' (uh),
LL (z) < n, thus we have o’ i u; #” uy implies that o’ <, E(C'), which is in
contradiction with our hypothesis.

144



e Cl¢]acy € Fj - AX and root(¢') € F. : By Lemma 57, we know that there exists
(O'/I, 9/) S SO'(C/) such that O—/|{m\£é,(m)§n} = 0//|{z|£é,(z)§n}'

Since C|{]a(cry € Fy - AX, then there exists (¢,p > u) € ®(C) and ((,p > v') €
®(C’) such that (§ = £. Furthermore, since C, C’ are well-formed then by the
property 5 of a well-formed constraint system, we deduce that £(®(C)o)] = uo and
E(®(Co')) = wo’. Since (¢”,0") € Sol(C’), we also have that ¢8'(®(C")o")| =
u'c”.

By hypothesis, we know that for all z € varsl(C[gjq)(c/)él(C’)), L (z ) < n. Fur-

: !/ _ 1 _ / //
thermore since o |{z|£é,(z)§n} =0 |{w‘£é/(w)§n}, we can deduce that v'o’ = v'c

Thus we have ¢0'(®(C")o")] = £(P(C")o’)].

Similarly, we have that for all € vars!(C|¢’ J@(Cl 5t
Cle'Jaery € T(Fe U (Fy - AX)), we have C[¢’ J<I>(C’ 'c
Hence, (¢”,0") € Sol(C’) implies that &'(®(C')o’)d =
Cl¢ Jae)d*(C)0".

Thus, £(®(C)o’)] = &'(P(C")o’){ implies that (6'(P(C")o")| = ¢'(P(C")o"){. But
(¢”,0") € Sol(C’) implies ¢” E ND(C'). Furthermore, since C’ satisfies InvDedsub
and since root(¢’) € F. implies root(¢’) € F., we can deduce that there ex-
ists X1,...,X, € vars®(C’) such that C|[f(X1,...,X,,)0 |0 (C") = v/, where
©' = mgu(En(C’)). Furthermore, since Xi,...,X,, was obtained by the appli-
cation of the rule DED-ST on the frame element (¢,p > '), we also have that
Clf(X1,...,Xn)0]ac)0(C") = u, where © = mgu(En(C)) = ©'.

But thanks to C being well formed, we know for all i € {1,...,n}, C|X;0'|pcr) €
T(FcU(F; - AX)). Hence we can deduce from Property 5 of a well-formed con-
straint system that f(Xi,...,X,)0(®(C")o’)] = v'o’. Similarly, we also have that
f(X1,...,X,)0(2(C)o)] = uo.

At last, root(¢') € F. implies that there exists &1, ..., &, such that & =f(&y,...,&,).
Hence, by applying our inductive hypothesis on (X;0,&;) since | X;0(®(C")o’}| <
|€®(C)a’||, for i = 1...n. Hence we deduce that f(Xi,...,X,)0(®(C)o)] =
&'(®(C)o)d. Since we already proved f(Xq,...,X,)0(®(C)o)l = uo = £(P(C)o)d,
we conclude that £(®o)] = &'(Po)d.

(C"), Li(x) < n. Since
o' = Cl¢! Jaeryd'(C)a".
¢'(®(C")o") where (' =

We continue the proof of Property 2 by proving that for all n € N, ¢’ F<,, E(C’). We
prove this result by induction on n:

Base case n = 0: In such a case, we know that for all u#’v in E(C'), for all 2 €
vars'(u) Uwars! (v), £ (x) > 0. Moreover, we know that u,v € T (F., X') thanks to C’
being in solved formed. Thus we can conclude that ¢’ F<y E(C').

Inductive step n > 0 : Let u# v in E(C') such that for all z € vars'(u) U vars(v),
L () < n. But since €’ is in solved form, we know that there is no name inside u
and v. Thus, we can define two recipe &, & such that £ = ul\, £ = v\ where ) is the
substitution {x — X0 | X,pF’ 2 € D(C")} and £®(C")o'| = uo’, £®(C")o'| = vo'.
We know that for all (X,p+"2) € D(C"), C|X0gc € T(F. U (F; - AX)) therefore
we can deduce that C|¢]g(c), ClE oy € T(Fe U (F; - AX)). Furthermore, for all
x € vars' (u,v), for all w € st(ClaX] o)) N (Fy - AX)), if (¢,q > t) € ®(C’) is the
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frame element such that w = path(¢), then ¢ < £}, (z) < n and we know that by the
property of origination that for all y € vars!(t), £ (y) < g. Thus we deduce that for all
ye WTSl(CLfJ@(C')fsl(C/)) U varsl(CLg’Jé(c/)(Sl(C’)), Le(y) < n.

Assume now that uo’ = vo’. By our inductive hypothesis, we know that o’ F<,,_1 E’
and from the first result we showed in Property 2, we can deduce that {®(C')o’| =
&'®(C")o’| implies that EP(C)o) = £'P(C)o). But thanks to (M, M’) being in solved
form, we know that that there exists a renaming p such that up#” vp in E(C), £®(C)o| =
upo and £'®(C)o] = vpo. Hence, it implies that o ¥ E(C) which is incoherent with
(0,0) € Sol(C). Our assumption is contradicted and so uo’ # vo’. Hence the result
holds.

By combining the first and second result of Property 2, we prove that ¢’ E E(C’)
and for all £,¢&" € IL,., if C|&]a(cr), ClE Jaery € T(Fe U (F; - AX)) and &, & conforms to
®(C')6 then

o §@(C)0")) = £(2(C)0). implies £(@(C)o) ) = £/(B(C)o)
o L(®(C)o")] € T(F., N) implies £(®(C)o)l € T(Fe, N)

By hypothesis, we know that (0,0) € Sol(C) and so ¢ F E(C). Thus, we can
use the same reasoning as for the first result to prove that: for all £, € II,., if
Clé]a(e), ClE Jae) € T(Fe U (F; - AX)) and £, & conforms to ®(C)f then

o E(®(C)0)) = £(B(C)o)) implies £(D(C")o")] = £(D(C)o")L
o {(P(C)o)l € T(F.,N) implies £(®(C")o’)| € T(Fe,N)
Thus, we conclude the proof of Property 2.

Property 3: We have to show that ®(C)o ~ ®(C")o’ and (¢’,0) € Sol(C’"). From Property
2, we proved the static equivalence for any recipe £, &’ € I, such that C[£]¢(c), Cl¢ Ja(c) €
T(F.U(F; - AX)) and &, & conforms to the frame ®(C)6 (and so ®(C’)6).

Thanks to Property 2, we deduce that o/ £ E(C’). Hence we have that (0/,0) €
Sol(C’). But, thanks to Lemma 55, we know that Sol(C’) = Sol(C’). Hence, we have that
(¢/,0) € Sol(C"). Thus, by Lemma 36, we can deduce that for all £ € II,., £&(®(C")o’){ €
T (Fe, N) and & conforms to ®(C")# w.r.t. NoUse(C')# implies that C|{]acry € T (Fe U
(Fj - AX)).

Let &, ¢ € T0,.. Let M(&,&’) be the multiset of recipe ¢ such that ¢ € st(£) U st(¢')
and ¢ doesn’t conforms to the frame ®(C')8 w.r.t. NoUse(C’)d. We prove our result by
induction on the natural order on multiset.

Base case M(£,€') = (:  In such a case, we can deduce that ¢ and & conforms to the
frame ®(C")# w.r.t. NoUse(C')#. Thus, thanks to Lemma 36, C[{]ac) € T(Fe U (Fy -
AX)) and C[¢'Jg(cry € T(Fe U (Fj - AX)). Thus we deduce by applying Property 2.

Inductive case M(&,&') #0: Let ¢ € st(£)Ust(£') the smallest recipe such that ¢ doesn’t
conform to the frame ®(C)f. In such a case, we can deduce that C|(]g(c) € (Fj - AX)
(if not, we would have ¢ = f((1,...,(,) and there exists ¢ € {1...n} such that (;
doesn’t conforms to the frame ®(C)# which contradict ¢ being the smallest). Since
Cl¢lac) € (F; - AX), then there exists (3,1 > u) € ®(C) and (3,7 > u') € ®(C") such
that path(8) = path({). We do a case analysis on (8,7 > u):
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Case (B,i > u) ¢ NoUse(C): In such a case, since { does not conforms with ®(C)d
w.r.t. NoUsef, we deduce that { # 6. Hence ¢ = f((1,...,(,) for some f € Fy.
Moreover, by minimality of ¢, for all i € {1,...,n}, we know that ¢; conforms to ®(C)6
w.r.t. NoUsef. Furthermore, path(3) = path(¢) implies that 8 = f(B1,...,05,) and
path(81) = path(¢1). Thus, ¢; conforms to ®(C)# implies that ¢; = $16. Furthermore,
we know that (®(C)al € T(F,,N) and (30)®(C)ol € T(F.,N), then by Lemma 32, we
deduce that (,®(C)al € T(Fe, N) and (80)P(C)ol € T(F.,N), for k =1...n. At last,
from the rewriting rule we consider and from (; = 516, we can deduce that (8,0)®(C)ol =
kP (C)ol. But all of 8z and (j conform to ®(C)f, which means by Property 2 that
(Be)®(C)o'|L = (®(C')o'|, for k=1...n and so (P(C")o’] = (80)P(C")o’|.

At last, since ( is a subterm of £ or £’ (w.l.o.g. subterm of £), there exists a position p
such that ¢ = £,. But M(&[B86],,¢') is strictly smaller than M(€, &) since ¢ doesn’t con-
forms to ®(C)# and 36 does. Thus we can apply our inductive hypothesis on (§[56],,¢’)
and so:

e £[80],2(C)ol € T(F.,N) is equivalent to £[30],2(C")o’] € T(Fe,N)

o if £[30],2(C)ol € T(F¢,N) then £[6],2(C)ol) = {'®(C)ol is equivalent to £[30],
O(Co'l =D(C)o'|.

But (®(C)ol = (80)®(C)ol and (P(C')o’| = (80)@(C’)o’|. Hence we deduce that:
o (B(C)ol) € T(F.,N) is equivalent to £®(C' )l € T (Fe, N)

o if £B(C)) € T(FsN) then £D(C)ol = P(C)ol is equivalent to £D(C')o’| =
£o(C)o' ).

Hence the result holds.

Case (B,i > u) € NoUse(C): Thanks to C being well-formed, we know that there
exists X € wvars?(C) such that X6 € II,., X6 conforms to ®(C)# w.r.t. NoUse(C)f, and
XO0(®(C)o)) = BO(P(C)o)l. Moreover, similarly to the previous case, we can show that
CP(C)ol = pOP(C)ol and (P(C)o’'] = BOP(C')o’]. Hence we would want to apply our
inductive hypothesis on {[X 6], and £’ where p is the position of ¢ in . However, {[X6],
is not necessary a recipe in II,. Thus we have to transform first this recipe so that we
can apply our inductive hypothesis.

Subproperty: We show that for all recipe v € II,. conforms to ®6 w.r.t. NoUsef, for all
position p of &, if v € IL,., v®(C)ol = £[,®(C)ol and v®(C')o’] = £|,P(C")o’] then that
there exists a subterm 4" of v and a position p’ prefix of p such that {[y],(®(C)o)l =
EN 1y @(C)ad, E[]p(@(CHo" ) = &[] ®(C")o’] and £[¢'],r € II,. We prove this result
by induction on the length |p| of p.

Base case |p| = 0. In such a case we have that p = €. In such a case since v € II,., we
deduce that {[y], € II,. Hence the result holds.

Inductive step |p| > 1: In such a case, we have that p = py -r for some r € N and some p;
such that [p;| < [p|. Assume that {,, = f(£1,...,&,). We have to distinguish two cases:

1.7 =1, g € Fq and root(y) € F.: Since v®(C)ol = &|,®(C)ol and {@(C)ol €
T (Fe, N) then by Lemma 32, we deduce that g is reduced. We do a case analysis
on f:
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e f = sdec with ), [7] = sdec(senc(y1,72),&2) and §,@(C)o) = 72 ®(C)ol. But
Y2 € st(y) and 2 conforms to ®(C)0 w.r.t. NoUse(C)f. Moreover, & € st(&)
hence M(&,&') > M(v2,&). Hence by our main inductive hypothesis, we
deduce that 1,8(C)o"} = &B(C)o’) and 50 &, [1]R(C)o'L = 1B(C)oL.
Thus, we apply our inductive hypothesis on 7/ = 71 and p;. Hence the result
holds

o f € Fy~ {sdec}: The proof is similar to the case f = sdec.

2. Otherwise: By definition of II,, we have that {[X6], € II,, and thus the result
holds with ¢’ = ¢ and p’ = p.

Main proof: We already know that X6(®(C)o)] = 86(®(C)o)]. Since X0 and 56 con-
forms to ®0 w.r.t. NoUsef, we deduce that X0(®(C')o’)L = SO(P(C")o’)]. Further-
more, we proved that (®(C)ol = BOP(C)ol) and (P(C')o'|l = BOP(C')o’]. Hence we
deduce that X0(®(C)o)] = ¢P(C)ol and XO(P(C')o’)| = (P(C’)o’|. Thanks to Sub-
property, we deduce that there exists p’ prefix of p and a subterm 7 of X6 such that
E(@(C)o)) = £ @(C)al, E(R(C")o' ) = &[Y]y®(C)o’) and £[v],y € II,.. But v is a
subterm of X6 hence is conforms to ®(C)f w.r.t. NoUse(C)f. Hence, since ¢ do not
conforms to ®(C)0 w.r.t. NoUse(C)#, then M({[y]y, &) < M(€, ). Hence we can apply
our inductive hypothesis on ({[v],,¢’).
EP(C)al € T(Fe,N) implies E[y]y®(Col € T(F.,N) and so &[], ®(C')o’| €
T (F.,N') which allows us to deduce that £®(C’)o’] € T (Fe, N). Similarly, if £&(C)ol €
T(Fe,N) and £2(C)o) = £'®(C)ol then {[y], ®(C)ol = P(C)ol. Thus, thanks to our
inductive hypothesis, £[y], ®(C")o’} = £'®(C")o’| and so £D(C')o’] = '®(C")o’). The
other side of the equivalence can be done symmetrically. Hence the result holds. O

Using the previous lemma, we can finally prove that the pair of matrices on the leaves
are symbolically equivalence if and only if they satisfy the final test.

Theorem 4. Let (Mg, M() be a pair of sets of initial constraint systems and (M, M’)
be a leaf of the tree whose root is labeled with (Mg, My) and which is obtained following
the strategy S. We have that M ~g M’ if, and only if, LeafTest(M, M’) = true.

Proof. Assume that M (resp. M’) has n rows and m (resp. m’) columns. We prove the
two implications separately.

Left implication (<): Assume that LeafTest(M, M’) = true. Let ¢ € {1,...,n} and
Jj € {l,...,m}. Let (0,0) € Sol(M, ;) where M, ; represents the constraint system
occurring at the ¢th row and jth column in M. Since M, ; has a solution, we deduce
that M; ; #1. Hence, thanks to LeafTest(M, M’) = true, there exists j' € {1,...,m'}
such that M ;, # 1. By Lemma 58, we deduce that M; ; =5 M; ;,. Thus, ( 0) € M, ;
implies that there exists ¢’ such that (o’,0) € Sol(M; ;) and CIJ(M )0~ @M )o".
The other side of the equivalence is proved symmetrically. Therefore we deduce that

M=, M.

Right implication (= ): Assume that M =, M’. We have to show that LeafTest(M, M') =
true. Let ¢ € {1,...,n} and let j € {1,...,m}. Assume that M, ; #L1. Thanks to
Lemma 56, we deduce that there exists (o,6) € Sol(M; ;). But M ~; M’, thus there
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exists j' € {1,...,m’} and ¢’ such that (0’,0) € Sol(M; ;) and ®(M; ;)0 ~ ®(M; ;/)o’.
Since M ;, contain at least a solution, we deduce that M; ;, #1. The other side of

the equivélence is proved symmetrically. Therefore, we deduce that LeafTest(M, M’) =
true. O

Appendix G. Termination

In this section, we show that the strategy S explained in Section 4 terminates by
establishing the following theorem.

Theorem 5. (termination) Applying the transformation rules on a pair of sets of initial
constraint systems and following the strategy S always terminates.

The strategy S is made of two phases (each phase is composed of several steps).
We show termination of each phase separately. Termination of Phase 1 is proved in
Proposition 1 whereas termination of Phase 2 is established in Proposition 2.

Appendiz G.1. Phase 1: Taking care of deducibility constraints

The first phase of our strategy consists of applying transformation rules to put con-
straint systems in “pre-solved” form. As depicted below, this first phase is a cycle of
several steps. The integer s indicates the support of the rules that are applied during the
cycle.

s:=s+1

if no rule of Step b

/\ i .

if s =smax

k:=k+1

We show termination of each step separately, and consider also the cycle Steps b/c.

Appendiz G.1.1. Step a: frame analysis

During this step, we apply the rules DEST and EQ-FRAME-DED, with support equal
to s, as long as possible with priority on the rule EQ-FRAME-DED. The application of
those rules has to be a strong application for at least one constraint system that occurred
in the row of the matrix on which we apply the rule.

Lezicographic measure py.o(C) on a constraint system C. When C #1, the measure
11.4(C) is a 4-tuple defined as follows:

1. |vars*(D(C))|

2. the multiset {{n | (§,7 > u) € ®(C) A DEST(,,£ — 7, s) not useless}} where n =
[{v € st(u) | root(v) € {aenc,senc, (), sign}}|

3. |®(C) ~ NoUse(C)|
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4. [{(X,9) | (X,i>u) € D(C) A (& > v) € ®(C) ~ NoUse(C) A E(C) # u#" v}|
We extend this measure to pairs of matrices. We have that
(MM = {{p1..(C) | C € Mor C e M'}}.

By convention, we have that u1.,(L) = (0,0,0,0).

Intuitively, the first item represents the number of first-order variables occurring in
deducibility constraints. An application of DEST during Step a preserves this number
while an application of EQ-FRAME-DED may decrease it strictly. The second item of this
measure represents the subterms of the frame that may be deducible thanks to an appli-
cation of the rule DEST. Typically when the application of DEST(, ¢ — r,s) is useless,
then no new subterm u in (§,> w) can be deduced thanks to DEST. The third item of
the measure represents the number of frame elements that are not considered as useless.
Lastly, the fourth item represents the possible parameters for which an application of
EQ-FRAME-DED is not useless.

Lemma 59. Let (Mo, M() be a pair of matrices obtained during Step a of Phase 1
(following the strategy S). Let RULE(P) be an instance of DEST (resp. EQ-FRAME-DED)
applicable on (Mo, My), and (M1, M}) be a resulting pair of matrices after the appli-
cation of such a rule. We have that pi*,(My, My) < p*, (Mo, M}).

Proof. Let C be a constraint system occurring in (Mg, M{), and C;, Co be the two
constraint systems obtained by applying an instance of DEST or EQ-FRAME-DED. We
show, by case analysis on the rule, that:

p1.0(C1) < p1.q(C) and  p1.q(C2) < p1.4(C)

Case EQ-FRAME-DED(X, £): The definition of EQ-FRAME-DED implies that there exists
(X,i > u) € D(IC) and (§,s > v) € ®(C) with ¢ < s. Furthermore, we have that
D(C1) = D(C)o and ®(Cy) = ®(Cy)o where 0 = mgu(u,v). But thanks to the property
of origination of a constraint system (Definition 3 - item 3), we know that vars!(v) C
vars'(D(C)).

Assume first that o is different from the identity. In such a case, since C; is normalised,
we have that dom(c) N wars!(D(C1)) = 0 and so |vars'(D(C1))| < |vars'(D(C))|. Hence
we have that p1.4(C1) < p1.4(C).

Assume now that o is the identity. In such a case, we have that 71 (u1.4(C)) =
m1(1.4(C1)) (the first component of the measure is left unchanged) and o (1 4(C)) =
ma(11.4(C1))). Moreover, by the definition of the rule EQ-FRAME-DED, we know that
(&, > v) € NoUse(Cy) while (§,s > v) ¢ NoUse(C). Hence we have that |®(Cy)| —
[NoUse(C1)| < |®(C)| — [NoUse(C)| and so p1.4(C1) < p1.4(C).

For the constraint system Co, since no substitution is applied on C, then 71 (u1.4(C)) =
m1(11.4(C2)) and ma(p1.4(C)) = ma(u1.4(C2)). Furthermore, we have that NoUse(C) =
NoUse(C2) hence m3(u1.4(C)) = m3(p1.4(C2)). On the other hand, we have E(Cp) =
E(C)Au ;é? v. Hence we deduce that m4(p1.4(C2) < ma(pt1.4(C)) and so p1.4(C2) < p1.4(C).

Case DEST(E, ¢ — 1, s): By definition there exists ¢, u such that (£, > u) € ®(C). First

of all, we deduce u ¢ X'. Indeed, thanks to Lemma 27, we know that (Mg, M)

satisfies Property PP1Sa(s). Hence if u € X, then either (a) (§,i > u) € NoUse(C') if
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i < s, or else (b) there exists (X,jF’u) € D(C). Case (a) is impossible since the rule
DEST(, ¢ — 1, s) would not be applicable, and case (b) is also impossible since it would
imply that the rule EQ-FRAME-DED(X, &) is applicable which contradict the strategy
that imposes that the rule EQ-FRAME-DED are prioritised over the rule DEST.

According to Figure 1, ®(C)o U{(¢',s > wo)} = ®(C1) and D(C)oU{Xa, s ug;...;
X, dF"u,} = D(C1) where f(ui,...,u,) — w is a fresh renaming of the rewrite rule
¢ — r and ¢ = mgu(u; ="u). But according to the definition of our rewrite rules,
u & X1 implies that either Olvarst (u) is the identity or ol,qrsi(w) = {x = pk(z)} where
x € varst(u) and z € vars'(uy). Therefore, along with the fact that vars®(uz, ..., u,) C
vars! (uy), we deduce that |vars*(D(C1))| = |vars'(D(C)|.

Furthermore, w is a strict subterm of u; hence wo is a strict subterm of uo. For sim-
plicity, let’s denote F’ = {aenc, senc, (), sign}. For all ({,p > v) € ®(C), since 0]yqps1(p) 18
either identity or oyqrs1(py = {x — pk(y)}, then have that [{t € st(vo) | root(t) € F'}| =
[{t € st(v) | root(t) € F'}|. Furthermore, wo being a strict subterm of uo implies that
|{t € st(wo) | root(t) € F'}| denoted ny is strictly inferior to |{t € st(uc) | root(t) € F'}|,
denoted my. At last, DEST(,, ¢ — 1, s) is useless on C; hence there exists a multiset S
such that m2(u1.4(C))) = SU{{n2}} and ma(11.4(C1)) = SU{{n1,n1,n1,n1,n1}} (there
are five rewriting rules available). Thus, n; < ng implies that mo(u1.4(C1)) < m2(11.4(C))
and so 11.4(C1) < p1.4(C).

For the case of the constraint system Ca, since DEST({, ¢ — 7, s) is useless on Cs and
since only non-deducibility constraint are added, we trivially have that |vars'(D(Cz))| =
vars'(D(C))| and m2(p1.4(C2)) < m2(p1.4(C)). Hence we have p1.4(Ca) < p1.4(C).

We finish the proof by showing that pi*,(Mi, M}) < pi*, (Mo, Mg). Each appli-
cation of DEST or EQ-FRAME-DED is internal. Assume that Mgy = [Ry,...R,] and
M{ = [R},...,R])] where R;, R, are row matrices. Assume w.l.0.g. that the rule
is applied on the first line. By definition of the application of an internal rule, we
have My = [Wy,Wa, Ry, ..., R,] and M} = [W{, W}, R, ..., R} where Wy, Wy (resp.
W1, W3) are the two row matrices obtained from Ry (resp. R}).

Let C be constraint system in Ry (resp. R}). Let C; and Co be the two sons of C
by application of the rule. We know that C; € Wy (resp. C; € W{) and Co € W (resp.
C; € W)). But since we proved that p1.4(C1) < p1.4(C) and p1.4(C2) < p1.4(C), we
deduce that p7’, (M, M}) < pi?, (Mo, Mp). O

Appendiz G.1.2. Steps b and c: dealing with internal deducibility constraints

As stated in Section 4, after Step a, the strategy alternates between Ste b and Step c.
We first establish termination for each step separately (for any support s, and any column
number k). Then, we will show termination of Steps b and ¢ together.

Step b alone. We define a lexicographic measure p1,(C) on constraint system C as
follows (when C #.1, by convention, we have that u1,(C) = (0,0,0,0,0,0,0,0).):

1. The multiset {{(X,f) | B & root(X) £ f,(X,i+ u) € D,u € X',f € F, and there
exists g € F, such that Ey £ root(X)#" g}}.

2. The number of first-order variables occurring in deducibility constraints, i.e. |vars! (D).
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3. The number of frame elements on which DED-ST is not useless
4. The number of pair of frame elements on which EQ-FRAME-FRAME is not useless

5. The number of function symbols and names occurring in the right-hand side of a
deducibility constraint.

6. The number of (X, f) such that root(X)#’f not in Er, (X,iF u) € D and f € F,.

7. The number of (X, ¢) such that (X,iF’u) € D, (&,jF v) € ®, j <iand X # € is
not in FEry.

8. The number of deducibility constraints, i.e. |D|.

Lemma 60. Let C be a well-formed constraint system satisfying InvVarFrame(s), and
RULE(D) be any instance of a rule (except DEST and EQ-FRAME-DED) with support in-
ferior to s. Assume that RULE(P) is strongly applicable on C, and let C1, Co be the two
constraint systems obtained by applying RULE(p) on C. We have that:

p16(Cr) < p1p(C) AN p1p(C2) < p1s(C)

Proof. We prove the this result by case analysis on the rule RULE(p).

Rule Cons(X, f): Since we know that the rule is strongly applicable on C, we know that

there exists 4, such that (X,iF"¢) € D(C) and t ¢ X' or t € X! and there exists g € F,
such that root(X)#’ g is in E(C).

We first focus on C;. We know that C; is normalised. Hence, the rule CONS adds in
D(Cy) the deducibility constraints (Xy, i’ z,0) where Xy, ) are fresh, for k = 1...n,
and o = mgu(t,f(z1,...,z,)).

But since X}, are fresh and En(C1) = En(C) A X =7f(Xy,...,X,,), we deduce that
(X1, g) € m(p16(C1)), for all g, k = 1...n. Furthermore, since for all (Y, 5+’ v) € D(C)
other than (X,il-"t), (Y,jF"vo) € D(Cy), then (Y,g) € mi(1u14(C1)) implies (Y,g) €
m1(p1.5(C1)). Hence we deduce that w1 (p1.5(C1)) < 71 (u1.6(C)).

If t € X! then we have at least (X,f) € m1(C). But since X ¢ wvars?(D(C1)), we
deduce that 71 (u1.5(C1)) < m1(p1.6(C)). Thus, we conclude that g1 5(C1) < p1.5(C).

Else t ¢ X'1: If root(t) # f, we have that C;] =1 hence the result trivially holds. Else
root(t) = f and so it implies that root(¢) = f and dom(c) = {x1,...,z,}. Hence x40 is
a strict subterm of ¢, for k = 1...n. Hence we have that vars'(D(C;)) = vars'(D(C))
and so mo(11.4(C1)) = m2(p1.5(C)). t & X! also implies that ®(C;) = ®(C) and ND(Cy) =
ND(C). Hence, since the application conditions of DED-ST and EQ-FRAME-FRAME
only depends on these two elements, we deduce that m4(u1.5(C1)) = ma(u1.5(C)) and
m3(p1.5(C1)) = m3(u1.5(C)). At last, since dom(o) = {x1,...,2,} and z,o are strict
subterms of ¢, we can deduce that m5(p1.(C1)) < m5(11.5(C)). Thus, we conclude that
t1.6(Cr) < p1p(C).

We now focus on Cs. In such a case, the only difference between Cy and C is that
En(Cs) = En(C) Aroot(X)#" f. Hence we trivially have that 7 (11.4(Ca)) = m1(1.5(C)),
for k =2...5. On the other hand, if t € X! then we have 71 (111.4(C2)) < 71 (1.5(C)) else
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we have that 71 (u1.5(C2)) = m1(p1.6(C)) and mg(p1.6(C2)) < m(p1.6(C)). Hence, in both
cases, we can conclude that p15(C2) < p1.5(C).

Rule AxioM(X, €): Since the rule is strongly applicable on C, we know that there exists
(X,iF"u) € D(C), (&7 > v) € ®(C) such that j < i and either u ¢ X' or t € X! and
there exists g € F. such that Ep(C) F root(X) #’ g.

We first focus on C;. We know that C; is normalised. Hence, we have that D(C;) =
D(C)o ~ {X,iF"uo} where 0 = mgu(u,v). Furthermore, we have Er(C;) = Ern(C) A
X ="¢. Thus, we have that m (1.4(C1)) < 71 (11.5(C)). We now do a case analysis on
the terms u and v:

e Case u € X!: In such a case we have that there exist f such that (X,f) €
71 (p1.5(C)). Since D(C1) = D(C)o~{X,iF’ uc}, we can deduce that 7 (111.4(C1)) <
m1(u1.5(C)). Thus we conclude that pg.4(C1) < p1.6(C).

e Case u € X' and o is the identity: o being the identity implies that v = v
and so thanks to the origination property of constraint system, we have that
lvars'(D(Cy))| = |vars*(D(C))|. Furthermore since ®(C;) = ®(C), we trivially have
that 7r4(u1,b(6’1)) = 7T4(,u1.b(C)) and ﬂg(ul.b(cl)) = Wg(ﬂl_b(C)). At last, (A Q Xl
implies that u is either a name or root(u) € F.. Thus D(C;) = D(C) ~ {X,il"u}
implies that 75(u1.5(C1)) < m5(1.5(C)). Thus we conclude that p 5(C1) < p1.5(C).

e Case u € X' and o is not the identity:. By the property of origination of a
constraint system, we know that vars'(v) C wvars'(D(C)). Hence we have that
lvarst(D(C)a)| < |vars'(D(C))|. We proved that D(C;) C D(C)o, therefore we can
deduce that ma(p1.5(C1)) < m2(p1.5(C1)). Thus we conclude that p1 5(C1) < p1.5(C).

We now focus on Cs. In such a case, the only difference between Cs and C is that E(Cs) =
En(C) A X #" €. Hence we trivially have that mg(11.4(Ca)) = 71 (p1.5(C)), for k=1...6.
Moreover, Er(Ca) = Er(C) A X #° ¢ also implies that 77 (p1.5(C2)) < m7(11.5(C)). Thus
we conclude that p15(C2) < p1.5(C).

Rule EQ-FRAME-FRAME(&1, &2): Since the rule is (strongly) applicable on C (for Phase 1),
we know that there exists (&1,41 " u1) € ®(C), (&2, uz > ug) € (C).

We first focus on C;. We know that C; is normalised. Hence, we have that D(C;) =
D(C)o where o = mgu(uy,uz2). Thus, we have that w1 (1.5(C1)) < m1(11.6(C)).

By the origination property of a constraint system, we know that vars!(uy,us) C
vars'(D(C)). Hence we deduce that vars'(D(C1)) C vars'(D(C)). In case o is not the
identity we have that |vars!(D(C1))| < |vars'(D(C))|. Thus we deduce that u,(C1) <
#1.6(C).

Otherwise, we have that o is the identity, and we have that vars'(D(Cy)) = vars'(D(C))
and so ma(p1.6(C1)) < ma(p1.5(C)). Furthermore, o being the identity also implies that
®(Cy) = ®(C). Thus we deduce that m3(u1.4(C1)) = m3(u1.6(C)). At last, since we con-
sider an application of the rule EQ-FRAME-FRAME, we trivially have that m4(u1.4(C1)) <
m4(p1.(C)). Thus, we conclude that p15(C1) < p1.5(C).

Rule EQ-DED-DED(X, Y'): Since the rule is strongly applicable on C, we know that there
exists (X,i-"u) € D(C) and (Y, j " v) € D(C) such that u = v € X'!. In such a case, we
first have that Co = L since Ep(Ca) F u £" 4 yields L by normalisation. Thus we deduce
that p1.5(Co) < p1.6(C).
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We know focus on C;. We have that D(C;) = D(C) ~ {Xil-"u}. Hence we deduce
that Wk(/ilvb(cl)) S Wk(ﬂl.b(c))a for k£ = 1,6,7 and that 7r8(u1_b(C1)) < Wg(p,l_b(C)).
Furthermore, since ®(C;) = ®(C), we deduce that 7 (u1.(C1)) = mx(p1.6(C)), for k =
2,3,4,5. Thus we conclude that p1 (C1) < p1.5(C).

Rule DED-ST(E, f,4): Since the rule is (strongly) applicable on C, we know that there
exists (&,7 > u) € ®(C) such that (£,i > u) & NoUse(C). We know that C satisfies the
invariant InvVarFrame(s) hence we deduce that u & X'

We first focus on C;. In case root(u) # f, we have that C; =L since C; is normalised
(otherwise, we would have E(C1) = E(C) Au="f(z1,...,,) which is reduced into 1 by
the normalisation rule (Ninsl)). Thus we deduce that p1.5(C1) < p1.5(C).

Otherwise, we have that root(u) = f. In such a case, we have F(C1) = En(C),
®(Cy) = ®(C) and D(Cy) = D(C)U{ X}, i+’ x,0}k=1. n such that z,0 is a strict subterm
of u and X}, are fresh, for k = 1...n and o = mgu(u=""f(x1,...,2,)). X being fresh
implies that there do not exist g € F, such that Er(C;) F root(X)#’ g. Hence we deduce
that 7m1(11.5(C1)) = m1(1.6(C)). Furthermore, thanks to the origination property of a
constraint system, we know that vars!(u) C vars'(D(C)), thus thanks to 2,0 being strict
subterm of u, we deduce that ma(p14(C1)) < ma(p1.5(C)). At last, we are focused on the
case of the application of the rule DED-ST, therefore we trivially have that m3(u1.5(C1)) <
m3(11.5(C)). Thus we conclude that py 5(C1) < p1.6(C).

We now focus on Cz. In such a case, we have that En(Cs) = En(C), ®(C2) = ®(C)
and D(Cq) = D(C). Hence we trivially have that m(p1.6(C2)) < 7 (u1.5(C)), for k =1,2.
At last, since we consider an application of the rule DED-ST, we trivially have that
m3(p1.6(C2)) < w3(p1.5(C)) and so we conclude that py 5(Ce) < p1.5(C). O

During Step b with parameter s and k where & is the index of the column of (M, M),
an internal rule is applied on the " line of the matrices (M, M’) only if this rule is
strongly applicable on constraint system on the ‘" line and k" column of (M, M’).
Hence, for a pair of matrices of constraint system, we define a measure from puq 5(-),
denoted %, (), which is the following multiset:

(Mo M) = {{p1.5(C) | i € N and C is on the it" line and k* column of (M, M’)}}

Hence thanks to Lemma 60, we can deduce the following corollary.

Corollary 3. Let (Mg, M() be a pair of matrices of constraint systems obtained during
Step b of Phase 1 with parameters s and k, and following the strategy S. Let RULE(p) be
an instance of an internal rule applicable at this stage, and (My, M}) be the resulting
pair of matrices. We have that: p%,(My, My) < pu¥, (Mo, M{)

Step c alone. The purpose of this step is to definitely remove internal deducibility con-
straints. During this step, an application can be either an internal one or an external one,
and this last case may imply some modifications in the whole matrix. The application
condition of a rule during this step of the strategy heavily depends on the subset X!(C)
which collects all the first-order variables of the deducibility constraints whose recipe
variable is not in S3(C). Hence, the measure that we use to show the termination of this
step also depends on this set.

Let C = (S1; 52; ®; D; E; Erp; ND; NoUse) be a constraint system, we define a lexico-
graphic measure on C, denoted p1 .(C), which is composed by :
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1. The multiset {{(j,p) | (X,iF"u) € D(C),ul, € X (C), LL(ul,) = j and X € Sa}}.

2. The multiset {{X,Y | (X,sF u) € D(C),(Y,sF v) € D(C),X,Y & S2(C) and u =
ve X}

3. The number of (X, f) such that Er ¥ root(X)#" f, (X,i+ u) € D, X € Sy, f € F.
and vars(u) N X (C) # 0.
§

4. The number of (X, €) such that (X,iF"u) € D, (£, >v) € ®, j <14, En HX A€,
X € Sy and vars(u) N XY(C) # 0.

By convention, we have that u; .(C) = (6,0,0,0) when C =L.
Furthermore, we extend this measure to a pair (M, M’) of matrices as follows:

ki (M, M) = {{p1.(C) | i € N and C is on the it" line and k* column of (M, M')}}

Thanks to this measure, we are now able to show that the Step ¢ of Phase 1 of the
strategy terminates for parameters s and k.

Lemma 61. Let (M, M’) be a pair of matrices obtained during the Step ¢ of Phase 1 of
the the strategy with parameters s and k, and assume w.l.0.g. that k is less or equal to the

number of columns in M. Assume that the rule CONS(Xo,f) can be applied externally
on (M, M) such that (Xo,jo " 1) € D(My,1), io € {1,...,n} and

L, »(Xo,jo " ug) = min {.c}wm (Z,0+"v)

ie{l,...,n}(Z,(F"v) € D(M;y),
vars(v) N XY (M) #0,Z € So

For all term u, for all i € {1,...,n}, if (Xo,joF"u) € D(M;y) and u € X' then
u & XH(Mig).

Proof. For simplicity, we will denote C = Mj, 1 and C' = M, ;.. We know (X, jo - ug) €
D(C). Let (Xo,j0F"u) € D(C') such that u € X!. Assume that u € X'(C’). In such a
case, we have that L}, (Xo, jo F’ u) = (jo,€). But we know that (X, jo F’ uo) € D(C) and
by the minimality of £}(Xo, jo " ug), we deduce that LE(Xo, jo F ug) < (jo,€). Hence
we deduce that ugp € X! and ug € X*(C).

But uy € X'(C) also implies that there exists (Y, j " ug) € D(C) such that Y ¢ So.
Moreover, the minimality of L};(Xo, joF’ug) also implies that there is no deducibility
constraint (Y’ v) € D(C) such that ug € wvars'(v) and j' < jo. Hence, thanks
to C being well-formed (Definition 18, item 10) we deduce that j, < j. Consider the
pair of matrices of constraint system system (M7, M) ancestor of (M, M’) such that
(M1, M) is obtained at the end of Step b with parameters s and k. Thanks to Lemma 27,
we know that (M, M) satisfies PP1SbE(s, k). Let C; be the constraint system in My
ancestor of C. Since no internal rule are applied other than EQ-DED-DED during step c,
we deduce that (Y’, j'F"v") € D(Cy) for some v and so thanks to Property PP1SbE(s, k),
we deduce that for all f € F., Er(Cy) H root(Y) " f. Once again thanks to the fact that
no internal rule are applied other than EQ-DED-DED during step ¢, we can easily show
that for all f € F,, Er(C) & root(Y) #" f.

Furthermore, Property PP1SbE(s, k) indicates that for all X € vars?(D(Cy)), for all
f € F., Eq(C1) ¥ root(X)#"f. Hence, if if there exists f € F. such that Ep(C) k
root(Xo) +£"f, it would implies that there exists C” such that C; —* C” —* C, C" is
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obtained during step ¢, (Xo,jo"up) € D(C"), (Y,jF ug) € D(C") and for all f € F,
En(C) ¥ root(Xo)#' f. But in such a case, the rule EQ-DED-DED should have been
applied according to the strategy and so we would have that (Y, j’z0) € D(C) which
is a contradiction. Hence we conclude that u ¢ X'(C’). O

Lemma 62. Let (M, M) be a pair of matrices obtained during the Step ¢ of Phase 1 with
parameters s and k. Let RULE(P) be an instance of a rule which is applicable according
to Step c of the strategy and let (My, M}) and (Mo, M%) be the two pairs of matrices
of constraint systems obtained by application of RULE(p) on (M, M’) (in case RULE(D)
is EQ-DED-DED, there is only one resulting pairsince EQ-DED-DED is applied internally).
We have that:

p’]lc('(MlaMll) < :u”f('(MvM,) A :ullc('(M%MIQ) < Mllc(‘(Mw/\/l/)

Proof. We prove the result by case analysis on the rule RULE(p):

Rule EQ-DED-DED(X,Y): Since this rule is applied internally, there exists C in the kP
column of (M, M’) such that EQ-DED-DED(X,Y") is strongly applicable on C. Further-
more, we deduce that X ¢ S5(C) and Y € S3(C). Assume that (X,iF’z) € D(C) and
(Y,j"2) € D(C). According to the strong application condition of EQ-DED-DED(X,Y))
in case of internal rule for phase 1, we have that 7 < i.

By normalisation, we have that Co =L and so we trivially have that p1 .(C2) < p1.0(C).

We focus on Cy: Since Y € S3(C) and x € X!, we can deduce that £L(Y,jF z) =
(7,0). But D(C;) = D(C) ~ {X,it"z}.

If there is no (Z,¢F"z) € D(C) such that Z # X and Z ¢ S2(C), we have that
x & X!(Cy). Hence, we can deduce that £} (Y, jH’ ) is not defined and so m1 (p1.¢(C1)) <
1 (p1.¢(C)). Thus we deduce that p1..(C1) < p1..(C)

Else there exists (Z, ¢ 2) € D(C) such that Z # X and Z ¢ S»(C
X1(C). Thus, with D(C;) = D(C)~{X,iF’ x}, we deduce that 7y (p;..(C
Furthermore, we (X,Z) € ma(p1..(C)) while (X, Z) & ma(u1.c(C1)).
deduce that ma(u1..(C1)) < ma(1..(C)) and so that p1..(C1) < p1..(C).

Since we proved that w1 .(C1) < p1..(C) and p1..(C2) < p1..(C) and since the rule is
applied internally, we deduce that u¥ ,(Mq, M}) < u¥ (M, M').

Rue CoNs(X, f): The rule is applied externally. Hence we will show that for all constraint

). Thus X}(C;) =
1)) = m1(p1.c(C)).

Hence we easily

system C in the k' column, we have that ;. .(C1) < p1..(C) and pq..(C2) < pi1.(C) where
C; and Cq are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists Cy such that Céo (X, i " up)
is minimal. Thus, we will show that in the case of Cy, p1..(C1) < t1..(Co) and p1..(C2) <
11.(Co), where C; and Cy are the constraint systems obtained by applying the rule on
Co-

We first focus on C;. Thanks to Lemma 61, we know that for all C in the £** column,
for all i € N, for all term u, (X,igr"u) € D(C) and v € X' implies u & X*(C). We
distinguish several cases:

e Caseu € X': By normalisation, D(C1) = (D(C){X,io " u})oU{X;,i0 " x;}j=1.
where ¢ = {u — f(z1,...,2,)} and z; are fresh variables and u ¢ X*(C). Hence
we deduce that for all (Y, j7v) € D(Cy), for all p, if v|, € X}(C;) then v|, € X!,
v, = v|p,o and (Y,jF"v) € D(C). Thus we deduce that v|, € X!(C) and so
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1 (p1.c(C1)) = m(p1.0(C)). Since X; € S3(C1), for j = 1...n, we deduce that
To(p1.6(C1)) = m2(p1..(C)). At last, z; & X'(Cy), for j = 1...n also implies that
i (11.(C1)) = mi(p1..(C)), for i = 3,4 and so we deduce that u1..(C1) = p1..(C).

e Case u ¢ X' and vars'(u) N X(C) = (: In such a case, we have that D(C;) =
(D(C) ~ {X,ipF u}) U {Xj,i0 F? xjo}j=1..n where zjo is a strict subterm of w,
for 5 = 1...n and ¢ = mgu(u=""f(x1,...,2,)). Thus, vars'(u) N X' (C) =
implies that vars'(zjo) N XY(C) = 0 for j = 1...n. Therefore, we have that
LL (X, ioH" xj0) does not exist, for j = 1...n which implies that 7;(u1..(C1)) =
mi(p1.c(C)) for j = 1,3,4. At last, since X; € S52(C1), for j = 1...n, we deduce
that 72 (p1..(C1)) = m2(p1..(C)) and so we conclude that p .(C1) = p1..(C).

o Caseu & X1 and vars'(u) N X(C) # (0: In such a case, we still have that D(C;) =
(D(C)~{ X, igF u})U{X,,ioF zj0}j=1..n where ¢ = mgu(u, f(z1,...,2,)). Since
u g X', we can deduce that for all j € {1,...,n}, for all p, if z;o|, € X}(C;) then
ulj.p = zjol, € X1(C). With the fact that £ (x) = L, (2) for all z € vars' (D(C)),
we can deduce that (£} (z;0lp),p) < (LE(xj0lp), 4 p), for all j € {1,...,n}. Thus
we can deduce that 71 (u1..(C1)) < m1(p1..(C)) and so 1 .(C1) < p1..(C).

Note that by the application condition of the rule Cons(X,f) for Step ¢, we can
deduce that ug € X! and vars! (ug) "X (Co) # 0. Thus we have p1..(C1) < p1..(Co)

We now focus on Ce. In such a case we have that D(Cz) = D(C). Hence, we trivially
have that m;(u1.0(C2)) = mi(11.(C)), for @ = 1,2. On the other hand, since Er(Ce) =
En(C)Aroot(X) #” f, we have that m3(p1.0(C2)) < m3(p1.¢(C)) which allows us to conclude
that p1.0(C2) < pa1.c(C).

Note that by the application condition of the rule Cons(X,f) for Step ¢, we can de-
duce that up ¢ X! and vars' (ug) N X' (Cy) # 0. Thus we have 73(p1..(C2)) < 73(p1.(Co))
which allows us to conclude that p; .(Ca) < p1.0(Co).

Rue AX10M(X, path): The rule is applied externally. Hence, similarly to the case of the

rule CONS, we will show that for all constraint system C in the k" column, we have that
11.c(C1) < p1..(C) and py o(Co) < p1..(C) where C; and Co are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of Cp,
11.¢(C1) < p1..(Co) and p1.(Ca) < p1..(Co), where C; and Cy are the constraint systems
obtained by applying the rule on Cy.

By definition of the rule, we know that there exists (X,i"u) € D(C) and (&5 v) €
®(C) such that j <.

We first focus on C;. By definition of the rule, we have that D(C;) = D(C)o ~
{X,iF’ uo} where ¢ = mgu(u,v). Furthermore, we have that ®(C;) = ®(C)o.

Let x € vars'(v). By the property of origination of a constraint system, we deduce
that L£}(z) < i. Let (Y,¢+7t) € D(C) such that z € vars't and LL(z) = ¢. By the
minimality of £§ (X,it"ug), we deduce that = & X!(C).

Let z € XY(C) Nwars! (u). If 2 € img(o) then we have that « € vars®(vo). But by the
property of origination of a constraint system, we deduce that there exists (Y,£F’t) €
D(Cy) such that £ < j < i and = € vars!(t). Moreover, z € X!(C) implies that for all
(Z,mF"w) € D(C), x € vars'(w) implies that £L(Z, m+’ w) exists. But by minimality
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of L (X,it" ug), we deduce that i < m. Hence, we deduce that £ (z) = i. Since we
already show that £} (z) < ¢ < j <1, we deduce that £} (z) < Lg(x).

Let (Y,£F"to) € D(C1), let p a position such that to|, € X!(C1). We distinguish two
cases:

e Case 1, t|, = to|, and t|, & vars'(c): In such a case, it implies that t|, €
X!(C). Furthermore, we deduce that (L{(t],) = L& (t],). Hence we have that
H(Le, (tlp).p) | (2,1 F 1) € D(C1) Aty = tlp} = {{(Le(tp),p) | (Z,0'F ) €
D(C) AUy = tlp}}

e Case 2, to|, € img(o): We have shown that in such a case, L} (to|,) < Lg(tolp).
Since to|, € vars'(u), we deduce that {{(L{, (tolp),p) | (Z,0'F"t') € D(C1) A
]y =tolp}} < {{(Le(toly), ') | (Z,0'F' ') € D(C) At|y =tolp}}.

Hence we deduce that m1(u1..(C1)) < m1(1..(C)) and if vars!(u) N X1(C) # 0 then
T1(11.6(C1)) < m1(p1.c(C)).
At last, since D(C;) = D(C)o~{X,iF uc} and E(C;) = En(C)AX =" €, we deduce
that m;(p1..(C1)) < mi(p1.(C)), for i = 2,3,4. Thus we conclude that pi .(C1) < p1..(C).
Note that vars'(ug) N X (Cy) # 0. Hence we have that m1(u1..(C1)) < m1(p1.(Co))
and so p1.(C1) < p1..(Co).

We now focus on Cs. In such a case, we have that D(Cy) = D(C) and Ep(Cs) =
En(C) A X #” €. Hence we trivially have that m;(p1..(C2)) = mi(p1..(C)), for i = 1,2,3.
Furthermore, we also have that m4(p1..(C2)) = ma(p1..(C)) if vars'(u) N X1(C) = 0, else
Ta(p1.6(C2)) < ma(p1.(C)).

We conclude that 11 .(Ca) < p1..(C) and since vars! (ug)NX!(Co) # (), we also conclude
that ,Ul_c(CQ) < ,ul.c(Co). O

Lemma 63. Let (M, M’) be a pair of matrices obtained during the Step ¢ of Phase 1 with
parameters s and k. Let RULE(P) be an instance of a rule which is applicable according
to Step ¢ of the strategy and let (My, M}) and (Ma, ML) be the two pairs of matrices
of constraint systems obtained by application of RULE(p) on (M, M’) (in case RULE(p)
is EQ-DED-DED, there is only one resulting pairsince EQ-DED-DED is applied internally).
We have that:

lec(MlﬂMi) < H’Ifc(M7MI) A ulfc(M27Ml2) < lec(MVM/)
Proof. We prove the result by case analysis on the rule RULE(p):

Rule EQ-DED-DED(X,Y): Since this rule is applied internally, there exists C in the k!
column of (M, M’) such that EQ-DED-DED(X,Y") is strongly applicable on C. Further-
more, we deduce that X ¢ S5(C) and Y € S5(C). Assume that (X,i-"2) € D(C) and
(Y,j"x) € D(C). According to the strong application condition of EQ-DED-DED(X,Y))
in case of internal rule for phase 1, we have that j < 1.

By normalisation, we have that Co =1 and so we trivially have that p; .(C2) < p1.(C).

We focus on C: Since Y € S3(C) and z € X!, we can deduce that £L(Y,j+x) =
(4,0). But D(C;) = D(C) ~ {X,iF’x}.

If there is no (Z,£F"x) € D(C) such that Z # X and Z ¢ S2(C), we have that
x & X!(Cy). Hence, we can deduce that £} (Y, jH ) is not defined and so m1 (p1.¢(C1)) <
71(p1.6(C)). Thus we deduce that p .(C1) < p1..(C)
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Else there exists (Z, ¢ 2) € D(C) such that Z # X and Z ¢ S5(C). Thus X'(C;) =
X1(C). Thus, with D(Cl) = D(C)~{X,il" 2}, we deduce that 71 (1..(C1)) = 71 (p1.(C))-
Furthermore, we (X,Z) € ma(p1.c(C)) while (X,Z) & m2(p1.c(C1)). Hence we easily
deduce that 7o (p1..(C1)) < m2(p1..(C)) and so that w1 .(C1) < p1..(C).

Since we proved that p;..(C1) < p1..(C) and p1..(C2) < p1..(C) and since the rule is
applied internally, we deduce that u% (M, M}) < uh (M, M').

Rue ConNs(X, f): The rule is applied externally. Hence we will show that for all constraint
system C in the k' column, we have that p;..(C1) < p1..(C) and pq..(C2) < pi1.(C) where
C; and Cq are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists Cy such that Céo (X, i " up)
is minimal. Thus, we will show that in the case of Cy, p1..(C1) < 11..(Co) and 1. (C2) <
11.(Co), where C; and Cy are the constraint systems obtained by applying the rule on
Co-

We first focus on C;. Thanks to Lemma 61, we know that for all C in the £** column,
for all i € N, for all term u, (X,igk"u) € D(C) and v € X' implies u & X*(C). We
distinguish several cases:

e Caseu € X': By normalisation, D(C1) = (D(C){X,ioF’ u})oU{X;,i0 " =;}j=1. n
where 0 = {u — f(z1,...,2,)} and z; are fresh variables and u ¢ X*(C). Hence
we deduce that for all (Y, " v) € D(Cy), for all p, if v|, € X'(C;) then v|, € X!,
v, = v|,o and (Y,jF"v) € D(C). Thus we deduce that v|, € X!(C) and so
1 (p1.c(C1)) = m(p1..(C)). Since X; € S2(C1), for j = 1...n, we deduce that
Ta(p1.6(C1)) = m2(p1..(C)). At last, z; & X'(C1), for j = 1...n also implies that
i (11.(C1)) = mi(p1..(C)), for i = 3,4 and so we deduce that u1..(C1) = p1..(C).

e Case u ¢ X' and vars'(u) N X1(C) = 0: In such a case, we have that D(C;) =
(D(C) ~ {X,igF u}) U{X;,igF" zj0} ;=1 where z;0 is a strict subterm of w,
for j = 1...n and 0 = mgu(u=""f(z1,...,7,)). Thus, vars'(u) N X{(C) = 0
implies that vars'(z;o) N XY(C) = @ for j = 1...n. Therefore, we have that
LE (X ioH" 2j0) does not exist, for j = 1...n which implies that 7;(u1..(C1)) =
mj(p1..(C)) for j = 1,3,4. At last, since X; € S3(Cy), for j = 1...n, we deduce
that mo(u1..(C1)) = m2(p1..(C)) and so we conclude that p1..(C1) = p1..(C).

e Caseu ¢ X' and vars'(u) N X1(C) # (: In such a case, we still have that D(C;) =
(D(C)~{ X, igF u})U{X,,ioF zj0}j=1..n where ¢ = mgu(u,f(z1,...,2,)). Since
u g X', we can deduce that for all j € {1,...,n}, for all p, if z;o|, € X}(C;) then
ulj.p = zj0l, € X*(C). With the fact that Lj(x) = L, (z) for all 2 € vars' (D(C)),
we can deduce that (£} (z;0p),p) < (L¢(xj0lp), 4 p), for all j € {1,...,n}. Thus
we can deduce that 71 (u1..(C1)) < 71 (p1..(C)) and so py.(C1) < /LLC(C)

Note that by the application condition of the rule Cons(X,f) for Step ¢, we can
deduce that ug & X! and vars! (ug) NX(Co) # 0. Thus we have p1..(C1) < p1..(Co)

We now focus on Ce. In such a case we have that D(C2) = D(C). Hence, we trivially
have that m;(p;. C(Cg)) = m;i(1.c(C)), for i = 1,2. On the other hand, since En(Cs) =
Er(C)Aroot(X) #" f, we have that m3(p1.0(C2)) < m3(p1.¢(C)) which allows us to conclude

that p1.c(Ca) < p1.(C).
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Note that by the application condition of the rule Cons(X,f) for Step ¢, we can de-
duce that up ¢ X! and vars' (ug) N X' (Cy) # 0. Thus we have m3(pu1..(C2)) < m3(p1.(Co))
which allows us to conclude that p1..(C2) < p1.(Co)-

Rue AXIOM(X, path): The rule is applied externally. Hence, similarly to the case of the

rule CONS, we will show that for all constraint system C in the k" column, we have that
11.c(C1) < p1..(C) and py o(C2) < p1..(C) where C; and Co are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of Cyp,
11.c(C1) < p1.6(Co) and pq +(C) < p1..(Co), where C; and Cs are the constraint systems
obtained by applying the rule on Cy.

By definition of the rule, we know that there exists (X,i+"u) € D(C) and (¢, jF v) €
®(C) such that j <.

We first focus on C;. By definition of the rule, we have that D(C;) = D(C)o ~
{X,i" uo} where o = mgu(u,v). Furthermore, we have that ®(C;) = ®(C)o.

Let x € vars'(v). By the property of origination of a constraint system, we deduce
that £4(z) < i. Let (Y,/F"t) € D(C) such that x € vars't and L}(z) = (. By the
minimality of £§ (X,it"up), we deduce that = & X*(C).

Let z € X(C)Nwars'(u). If x € img(o) then we have that x € vars!(ve). But by the
property of origination of a constraint system, we deduce that there exists (Y,£F’t) €
D(Cy) such that ¢ < j < i and = € vars!(t). Moreover, z € X1(C) implies that for all
(Z,m+"w) € D(C), x € vars'(w) implies that £(Z, mF’ w) exists. But by minimality
of L& (X,it"ug), we deduce that i < m. Hence, we deduce that £ (x) = 4. Since we
already show that £} (z) <€ < j <1, we deduce that L (z) < Lp(x).

Let (Y,¢F"to) € D(Cy), let p a position such that to|, € X1(C1). We distinguish two
cases:

e Case 1, t|, = to|, and t|, & vars'(c): In such a case, it implies that t|, €
X!(C). Furthermore, we deduce that (L{(t],) = L& (t|,). Hence we have that
{ULL, (1), 9) | (2,807 ¢) € DE) Ay =t} = {(Lh W) p) | (2,071 €
D(C) AUy = tlp}}

e Case 2, to|, € img(o): We have shown that in such a case, L} (tol,) < Li(tolp).
Since tol, € vars'(u), we deduce that {{(L{ (tol,),p') | (Z,£'F't') € D(C1) A
t'ly = toly}} < {{(Le(tolp).p') | (Z, €' t) € D(C) At']y = tol,}}-

Hence we deduce that m1(u1..(C1)) < m1(p1.(C)) and if vars'(u) N XY(C) # 0 then
71 (p1.(C1)) < m1(p1.e(C))-
At last, since D(C1) = D(C)o~{X,iF uo} and En(C1) = Fn(C)AX =" £, we deduce
that m;(111..(C1)) < mi(p1.(C)), for i = 2,3,4. Thus we conclude that p1..(C1) < p1..(C).
Note that vars®(ug) N X(Cy) # 0. Hence we have that m1(u1..(C1)) < m1(p1.(Co))
and 80 p1..(C1) < p1..(Co).

We now focus on Cy. In such a case, we have that D(C2) = D(C) and Er(Cs) =
En(C) A X £ €. Hence we trivially have that m;(j11..(C2)) = 7 (11..(C)), for i = 1,2, 3.
Furthermore, we also have that m4(p1..(C2)) = ma(p1.(C)) if varst(u) N X(C) = 0, else
Ta(p1.c(C2)) < ma(pn.e(C))-

We conclude that i1 .(Ca) < p1..(C) and since vars! (ug)NX(Cy) # 0, we also conclude
that Ml.C(CQ) < Ml.c(CO)- O
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Lemma 64. Let (M, M) be a pair of matrices obtained during the Step ¢ of Phase 1 with
parameters s and k. Let RULE(P) be an instance of a rule which is applicable according
to Step ¢ of the strategy and let (My, M}) and (Mg, M%) be the two pairs of matrices
of constraint systems obtained by application of RULE(p) on (M, M’) (in case RULE(p)
is EQ-DED-DED, there is only one resulting pairsince EQ-DED-DED is applied internally).
We have that:

M]f.c(M17M/1) < M’f.c<M’M/) A M]f.c(MQ’Mé) < le.c(Mle>

Proof. We prove the result by case analysis on the rule RULE(p):

Rule EQ-DED-DED(X,Y): Since this rule is applied internally, there exists C in the k't
column of (M, M’) such that EQ-DED-DED(X,Y") is strongly applicable on C. Further-
more, we deduce that X ¢ S5(C) and Y € S3(C). Assume that (X,iF’z) € D(C) and
(Y,jF" x) € D(C). According to the strong application condition of EQ-DED-DED(X,Y)
in case of internal rule for phase 1, we have that 7 < i.

By normalisation, we have that Co =L and so we trivially have that 1 .(C2) < p1.0(C).

We focus on Cy: Since Y € S3(C) and = € X1, we can deduce that £L(Y,jF z) =
(7,0). But D(C;) = D(C) ~ {X,it"z}.

If there is no (Z,/F"z) € D(C) such that Z # X and Z ¢ S5(C), we have that
z & X'(C1). Hence, we can deduce that £} (Y, jH ) is not defined and so 71 (p11.¢(C1)) <
m1(p1.¢(C)). Thus we deduce that p1..(C1) < p1..(C)

Else there exists (Z, ¢ 2) € D(C) such that Z # X and Z ¢ S»(C
X1(C). Thus, with D(C;) = D(C)~{X,iF’ x}, we deduce that 7y (u;..(C
Furthermore, we (X,Z) € ma(p1..(C)) while (X, Z) & ma(u1.c(C1)).
deduce that mo(u1..(C1)) < m2(p1..(C)) and so that p1..(C1) < p1.c(C).

Since we proved that p .(C1) < p1..(C) and p1.(C2) < p1..(C) and since the rule is
applied internally, we deduce that u¥ ,(Mq, M}) < u¥ (M, M').

). Thus X(Cy) =
1)) = m1(p1.c(C)).

Hence we easily

Rue CONs(X, f): The rule is applied externally. Hence we will show that for all constraint

system C in the k" column, we have that p1..(C1) < p1.(C) and p1..(Co) < p11..(C) where
Cy and Cs are the constraint systems obtained by applying the rule on C. Furthermore,
by the definition of the strategy, we know that there exists Co such that £§ (X, ioF" uo)
is minimal. Thus, we will show that in the case of Cy, p1..(C1) < p1.(Co) and p1..(C2) <
11.(Co), where C; and Cy are the constraint systems obtained by applying the rule on
Co.-

We first focus on C;. Thanks to Lemma 61, we know that for all C in the £** column,
for all i € N, for all term u, (X,ioF"u) € D(C) and u € X' implies u ¢ X*(C). We
distinguish several cases:

e Caseu € X1: By normalisation, D(C1) = (D(C){X,io " u})oU{X;,i0 " =;}j=1. n
where ¢ = {u — f(z1,...,2,)} and z; are fresh variables and u ¢ X*(C). Hence
we deduce that for all (Y, " v) € D(Cy), for all p, if v|, € X'(C;) then v|, € X!,
v, = v|p,o and (Y,jF"v) € D(C). Thus we deduce that v|, € X!(C) and so
1 (p1.c(C1)) = m(p1..(C)). Since X; € S2(Cq), for j = 1...n, we deduce that
Ta(p1.6(C1)) = m2(p1..(C)). At last, z; & X'(C1), for j = 1...n also implies that
mi(11.(C1)) = mi(p1..(C)), for i = 3,4 and so we deduce that u1..(C1) = p1..(C).
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o Case u ¢ X' and vars'(u) N X1(C) = 0: In such a case, we have that D(C;) =
(D(C) ~ {X,igF u}) U{X;,igF" xj0};—1. . where z;0 is a strict subterm of u,
for j = 1...n and ¢ = mgu(u="f(z1,...,2,)). Thus, vars*(u) N X*(C) = 0
implies that vars'(z;o0) N X'(C) = @ for j = 1...n. Therefore, we have that
LE (X it 2j0) does not exist, for j = 1...n which implies that m;(u1..(C1)) =
i (p.c(C)) for j = 1,3,4. At last, since X; € S2(C1), for j = 1...n, we deduce
that mo(1..(C1)) = m2(p1.(C)) and so we conclude that p1 .(C1) = p1..(C).

o Caseu ¢ X' and vars'(u) N X1(C) # (: In such a case, we still have that D(C;) =
(D(C)~{X,ioF u})U{X;,io " 2jo};=1. » where o = mgu(u,f(z1,...,2,)). Since
u & X', we can deduce that for all j € {1,...,n}, for all p, if z;0|, € X'(C;) then
ulj.p = x50, € X1(C). With the fact that Lj(x) = L, (2) for all z € vars' (D(C)),
we can deduce that (L¢ (z0l,),p) < (L&(xj0lp),7-p), for all j € {1,...,n}. Thus
we can deduce that 71 (p1..(C1)) < m1(p1..(C)) and so p1..(C1) < p1..(C).
Note that by the application condition of the rule Cons(X,f) for Step ¢, we can
deduce that ug € X! and vars*(ug) NX(Co) # 0. Thus we have j1..(C1) < p1.¢(Co)

We now focus on Co. In such a case we have that D(C2) = D(C). Hence, we trivially
have that 7;(u1..(C2)) = mi(p1.(C)), for i = 1,2. On the other hand, since Ep(Cs) =
Er(C)Aroot(X) #" f, we have that m3(p1.0(C2)) < m3(p1.¢(C)) which allows us to conclude
that p1..(C2) < p1.(C).

Note that by the application condition of the rule Cons(X,f) for Step ¢, we can de-
duce that up ¢ X' and vars'(ug) "X (Cy) # 0. Thus we have m3(p1..(Ca)) < 73(11.6(Co))
which allows us to conclude that p .(Co) < p1..(Co).

Rue AXI0M(X, path): The rule is applied externally. Hence, similarly to the case of the

rule CONs, we will show that for all constraint system C in the k" column, we have that
11.c(C1) < p1.6(C) and py.(C2) < p1..(C) where C; and Cy are the constraint systems
obtained by applying the rule on C. Furthermore, we will show that in the case of Cp,
11.¢(C1) < p1.(Co) and py.(Ca) < p1..(Co), where C; and Cy are the constraint systems
obtained by applying the rule on Cy.

By definition of the rule, we know that there exists (X,i+"u) € D(C) and (&, v) €
®(C) such that j <.

We first focus on C;. By definition of the rule, we have that D(C;) = D(C)o ~
{X,iF" uo} where o = mgu(u,v). Furthermore, we have that ®(C;) = ®(C)o.

Let z € vars'(v). By the property of origination of a constraint system, we deduce
that £4(z) < i. Let (Y,£F7t) € D(C) such that = € vars't and L}(z) = (. By the
minimality of L5 (X, " ug), we deduce that = & X(C).

Let 2 € XY(C)Nwars! (u). If z € img(o) then we have that 2 € vars®(vo). But by the
property of origination of a constraint system, we deduce that there exists (Y,/F't) €
D(Cy) such that £ < j < i and x € vars'(t). Moreover, x € X}(C) implies that for all
(Z,m+"w) € D(C), x € vars'(w) implies that £;(Z, mF’ w) exists. But by minimality
of L¢, (X,iF" ug), we deduce that i < m. Hence, we deduce that £}(x) = i. Since we
already show that £} (x) < ¢ < j <1, we deduce that L} (x) < Lp(x).

Let (Y,¢F"to) € D(Cy), let p a position such that to|, € X! (C;). We distinguish two
cases:
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e Case 1, t|, = to|, and t|, & vars'(c): In such a case, it implies that t|, €
X!(C). Furthermore, we deduce that (L{(t],) = L& (t|,). Hence we have that
H(Le, (tlp).p) | (2,1 F 1) € D(C1) Aty = tlp} = {{(Le(tp),p) | (Z,0'F¢) €
D(C) Aty =tlp}}

e Case 2, to|, € img(0): We have shown that in such a case, L} (tol,) < Lg(tolp).
Since to|, € vars'(u), we deduce that {{(L{, (tolp),p) | (Z,0'F"t') € D(C1) A
tly =tolp}} < {{(Le(taly), ) | (Z,0'F' ') € D(C) |y =tolp}}.

Hence we deduce that m(u1.(C1)) < m1(1..(C)) and if vars!(u) N X1(C) # 0 then
T1(11.6(C1)) < m1(p1.c(C)).
At last, since D(C) = D(C)o~{X,iF uc} and E(C;) = En(C)AX =" £, we deduce
that m;(p1..(C1)) < mi(p1.(C)), for i = 2,3,4. Thus we conclude that pi .(C1) < p1..(C).
Note that vars'(ug) N X' (Cy) # 0. Hence we have that m1(u1..(C1)) < m1(p1.(Co))
and so p1.(C1) < p1..(Co).

We now focus on Cy. In such a case, we have that D(C2) = D(C) and Er(Cs) =
En(C) A X £ €. Hence we trivially have that m;(p1.¢(C2)) = mi(p1.¢(C)), for i = 1,2,3.
Furthermore, we also have that m4(p1..(C2)) = ma(p1.(C)) if varst(u) N X(C) = 0, else
74(j11.(C2)) < 7a(j11.0(C)).

We conclude that 11 .(Ca) < p1..(C) and since vars! (ug)NX(Co) # 0, we also conclude
that Ml.c(CQ) < ﬂl.c(CO)- O

Steps b and ¢ together. We have already shown that Step b and Step ¢ terminate. We
now have to establish termination of Steps b and ¢ together. For this purpose, we define a
measure on pair of matrices using £}(-). Let (M, M’) be a pair of matrices of constraint
systems. Assume w.l.o.g. that the parameter k corresponds to a column oin M. We
define a measure, denoted pf . (M, M), such that:

s (M M) = max { (0

i €N, X &S5, (X,jF u) € D(C) and C is
on the i*® line and k** column of (M, M)

We will first show that /‘If.b-s-c(M» M) can not increase during Step b and Step c.Moreover,
the strategy of Step ¢ will allow us to show that between the beginning of Step ¢ and the
end of Step ¢, the measure strictly decreases. Indeed, at the beginning of Step ¢, every in-
ternal deducibility constraints contain only variable as right hand term. Furthermore, we
know that these deducibility constraints can either be removed thanks to EQ-DED-DED
or either be instantiated by the application of AX1oM. But the choice of the rule and its
parameters are determined by minimizing £!(-). Hence, in the case of the rule AXIOM,
we always instantiate a variable x by a term that can only contain variables appearing
strictly at an earlier stage in the constraint system.

Lemma 65. Let C be a well-formed constraint system. Let RULE(p) be an instance
of one of the following rule : CONS, AXIOM or EQ-DED-DED. Let C1,Co be the two
constraint systems obtained by application of RULE(p) on C. For all i € {1,2}, for all
u € T(Fe, NUXY), if vars'(u) C vars'(D(C)) then L (uo;) < LE(u) where o; =
mgu(E(C;)).
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Proof. We do a case analysis on the rule. Note that, according to the definition of the
rule in Figures 1 and 2, we have that mgu(E(Cz)) = mgu(E(C)) and D(C3) = D(C) for all
the rules that we will consider here. Hence, we have that uoy = u and L, (u) = Lg(u).
Thus the result holds for ¢ = 2.

Rule Cons(X,f): Let (X,i"t) € D(C). According to Figure 1, we have that D(C;) =
(D(C)o~{X,iF" to})U{ Xk, i’ Tk }k=1..n, Where zy, X}, are fresh variables fork = 1...n
and o = mgu(t, f(x1,...,T,)).

Incaset ¢ X!, we have that dom(o) = {z1,...,2,}, D(C)o = D(C) and vars*(D(C)) =
vars'(D(Cy1)). Hence we deduce that uoy = u and £ (u) = L(u) and so L (uoy) =

Otherwise, we have that ¢t € X'. In such a case, 0 = {t — f(x1,...,2,)}. For all
x € vars' (D(C1)) ~ {z1,..., 20}, L, (x) = LE(x). Assume now that LE(t) < i thus
there exists (Y, j’v) € D(C) such that t € vars'(v) and £L(¢) = j. But it implies that
(Y,jF"vo) € D(Cy). On the other hand, if £} (t) = i we know that { Xy, i’ 2y }re1.n C
D(C1). Hence we deduce that for all k € {1,...,n}, £} (xr) = LE(t).

Since L (u) = max{L}(x) | z € vars'(u)}, we deduce that L (u) = L5 (uoy). Thus
the result holds.

Rule AX1OM(X, path): Let (X,i7t) € D(C) and (&, > v) € ®(C) such that path(¢) =
path. According to Figure 1, we have that D(C;) = (D(C)o ~ {X,iF"to}) were o =
mgu(t,v).

For all z ¢ vars'(t,v), we have that 2o = 2 and since D(C;) = (D(C)o~{X,it"to}),
we can deduce that £ (z) = L§(z).

Let « € dom(c). We show that for all y € vars'(zo), LE (y) < LE(x). If Li(x) =€
then it implies that there exists (Y, ¢’ w) € D(C) such that x € vars'(w). If X # Y
then we have that (Y, ¢+’ wo) € D(Cy) and since y € vars'(wo), we can deduce that
LE (y) < Li(z). Else if X =Y then it implies that 2 € vars'(t). But ®(C;) = ®(C)
which implies that (£, > vo) € ®(Cy). Thus, by the origination property of a constraint
system, we can deduce that y € vars'(vo) implies that there exists (Z,pH’ w’) € D(C1)
such that p < j and y € vars'(w'). Hence we deduce that £} (y) < p < j < Lg(x).
Hence the result holds.

Let z € vars!(img(o)). If £i(x) < i then since D(C1) = (D(C)o ~ {X,iF"ta}), we
deduce that L} (x) < Lp(x). Else Li(z) = i. But since 2 € wars'(vo), the by the
properties of origination, we deduce that L} () < Li(x).

We proved that for all # € vars' (u), we have that £ (x0) < L&(z). Thus we conclude
that £ (uo) < Li(u).

Rule EQ-DED-DED(X,Y): Let (X,i1F v1) € D(C) and (Y,ig+"vy) € D(C) such that
i1 > ip. According to Figure 2, we have that D(C;) = (D(C)o ~ {X,i1 ' vi0}) where
o = mgu(vy, va).

For all « ¢ vars'(vy,v2), we have that 2o = x thus we can deduce that Lp (z) =

Let z € dom(o). Let y € vars'(xzo). If L5(x) = ¢ then it implies that there exists
(Z, 0" w) € D(C) such that = € vars'(w). If X # Z then we have that (Z, (" wo) €
D(Cy) and since y € vars' (wo), we can deduce that £} (y) < L4 (x). Else if X = Z then
it implies that z € vars'(vy). But (Y,ig " ve0) € D(C1) and y € vars!(vyo). Hence we
have that £p (y) < iz <iy = LE(x).
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Let = € vars'(img(o)). If £L(x) < 41 then since D(Cy) = (D(C)o ~ {X,i1 - vio}),
we deduce that £} (z) < L{(z). Else L{(x) = i1. But since € vars'(veo) and
(Y, izF ve0) € D(Cy), we deduce that £ (z) < ip < iy = L(x).

We proved that for all z € vars' (u), we have that £ (x0) < L& (x). Thus we conclude
that £ (uo) < Li(u). O

Lemma 66. Let (M, M’) be a pair of matrices obtained at the end of the Step ¢ of
Phase 1 of the strategy with parameters s and k. Let (My, M}) be a pair of matri-
ces obtained by application on (M, M’) of Steps b and ¢ with the same parameters.
M]f.bJrc(MlaM&) < le.b+c(M’ M’).

Proof. Since (M, M') and (M7, M}) are both obtained at two consecutive end of step ¢
of phase 1, there exists (Ms, M}) such that (M, M’) =* (Mg, Mb) =* (M1, M]) and
(Mo, M) is obtained at the end of Step b of Phase 1. The proof of this result is divided
in two parts. We first show that pf, (Mg, Mb) < pf . (M, M’). Secondly we show

that M]f.b+c(M17Ml1) < Mllc.b—&-c(MQ’Mé)'

First part, pf, (Ma, Mb) < pk, . (M, M’): All the rules applied during Step b are
internal rules. Furthermore, we know that (M, M’) was obtained at the end of step ¢
which means that we already apply at leaf one Step b before obtaining (M, M’). Hence,
the rules DED-ST and EQ-FRAME-FRAME are useless on (M, M’) for the support s and
the column k. Thus the only rules that are applied between (M, M’) and (M, M},) are
CoNs, EQ-DED-DED and AXIOM.

Consider two pair of matrices (Mg, Mj) and (My, M))) such that (M, M’) —*
(Mg, M) — (M3, M%) —* (M, M}) and assume that RULE(p) is the rule applied on
(My, M}). Let C be a constraint system in the k" column of (M4, M}). If the rule
RULE(p) was not applied on C then C is in the k' column on (M3, M4). If the rule
RULE(p) was applied on C then there exists C; and Cy such that C; and Cy both in the
k*h column of (M3, Mj) and they are the two constraint systems obtained by applying
RULE(p) on C.

According to Figure 1 and 2, and the normalisation rules 3, for all i € {1,2},
for all (X,iF"u) € D(C;), there exists (Y,iF"v) € D(C) and v’ € st(v) such that
v'mgu(E(C;)) = u. But thanks to Lemma 65, L (v'mgu(E(C;))) < Lg(v') and so
LE (u) < LE(W). Since v € st(v), we deduce that LE (u) < LE(v). This allows us
to deduce that max{L} (u) | X € S2(Ci),(X,jF u) € D(C;)} < max{L(u) | X &
55(C), (X,j+"u) € D(C)}. Hence we deduce that uf,, (Msz, My) < pf, . (My, M}).
With a simple induction, we can conclude that uf ,, (Mg, Mb) < pf, (M, M).

Second part, pf . (My, M}) < pf,. (Ma, Mb): Let C; be a constraint system in the
kth column of (M1, M}). Let Cy be the constraint system ancestor of C; such that Cs is
in (MQ, M/Q)

Thanks to Lemma 27, we know that (M, M)) satisfies PP1ScE(s, k), and (Maz, M)
satisfies PP1SbE(s, k). Thus we deduce that for all (X,i"u) € D(Cy), if X & So(Cy),
then v ¢ X' and i = s. Furthermore, we deduce that for all (X,iF"u) € D(Co),
if X ¢ S5(Co), then v € X! and i = s. But the rules applied during step c either
remove internal deducibility constraint by EQ-DED-DED or instantiate them by AXIioMm
or CoNs. Thus, for all (X,sk"t;) € D(Cy), if X & S2(C1), then there exists t5 such that
(X, sk’ tg) S D(CQ)
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Let C3 be a constraint system such that Co —* C3 —* C;. Let (X, s’ t3) € D(C3).
Thanks to Lemma 65, we know that L (t1) < L4, (t3) < L¢,(t2). We will show that
that there exists C; and C3 such that Co —* C3 — C4 —* C1, (X,sF'ty) € D(Cy),
(X,sH"t3) € D(Cs) and Ly, (ts) < L, (t3), which will imply that Lp (1) < L, (t2).

Let C3 and Cy be the constraint systems such that (X, s’ t3) € D(C3), (X, sk’ t4) €
D(Cy), ta = t3, t3 # t4 and Co —* C3 — C4 —* C;. Those two constraints systems
exist since we know that ¢; # to. Let RULE(p) be the rule applied on C3 to obtained
C4. Since ty = t3, we deduce that t3 € X! and so t3 € X!(C3). Thanks to Lemma 61
and t3 € X!(C3), we deduce that RULE(p) is not an instance of CONs. Furthermore,
since EQ-DED-DED is applied internally we also deduce that RULE(p) is not an instance
of EQ-DED-DED. Hence we conclude that RULE(p) is an instance of AXIOM.

Assume that RULE(p) = AXIoM(Xy, path). By definition, of the rule, there exists
(Xo,i0 " ug) € D(C3) and (&, jo > vg) € ®(C3) such that jo < ig. Furthermore, we have
D(Cy) = D(C3)o ~ {Xo,i0"upo}, t = vo and ®(Cy) = ®(C3)0 where o = mgu(uo, vo).
Since by hypothesis (X,s7t;) € D(C4) and t4 # t3, we have that t3 € dom(c) and
t3 € vars*(ug,vo). But the rule AXIOM is applied on the deducibility constraint minimal
for £'(). Hence we deduce that t3 € vars'(ug) and L} (ts) = io. But for all z €
vars!(tzo), we have that x € vars!(vgo) and ®(C4) = ®(C3)o. Thus, by the property of
origination of a constraint system, we know that there exists (Y,pF’w) € D(C4) such
that 2 € vars’(w) and p < jo < ig. Thus, we have that £{,(z) < i and so for all
x € vars' (t30)), L, (x) < L, (t3). Since tzo = ty, we conclude that L} (ts) < LE,(t3).

We have shown that for all (X, s7u) € D(Cy), if X & So(Cy) there exists v such that
(X,sF v) € D(Cy) and L}, (u) < LE, (v). Thus we can conclude that f ,, (M1, M) <
M}f.b+c<M2? M/Q) O

Appendiz G.1.3. Step d: dealing with external deducibility constraints

During this step, we simplify the external deducibility constraints to obtain decubility
constraint with a variable as a right-hand term. To achieve this, we apply the external
rules EQ-DED-DED, CONS and AXIOM as long as they are strongly applicable on M, ;, by
increasing order on the index of the line ¢ (if we assume that k corresponds to an index
of the matrix M in the pair (M, M")).

To prove the termination of this step, we will use the measure pq4() defined on
constraint system to establish termination of Step b. Thanks to Lemma 60, we know
that the measure p; () strictly decreases for a rule strongly applicable on a constraint
system. Assume that n is the number of lines in M and M’, we define a lexicographic
measure on (M, M'), denoted u¥ ,(M, M’), as follows:

1. The number n—ig where ig is the maximal index of the line such that for all i < i,
My = L or M, j, satisfies the invariant InvVarConstraint(s)

2. prp(Migy1k)

3. The number of (X, path) such that (X,iF"u) € D(Myy), (£,7 > v) € ®(Myy),
j<i, X # ¢isnot in E(Mgg), X € Sy, path(¢) = path, £ € {1,...,n} and there
exist f € F. such that root(X) ;é?f in En(Mog)

We will assume for this measure that M, , = L when n' > n.
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Lemma 67. Let (M, M') be a pair of matrices obtained during Step d of Phase 1
with parameters s and k. Let RULE(D) be a rule applicable according to Step d of the
strategy and let (M, M) and (Mz, M}) be the two resulting pairs of matrices obtained
by application of this rule on (M, M"). We have that:

i g My, ME) <l g MM Al (Mo, MYy) < i (M, M)

Proof. Assume w.l.o.g. that the £ column of (M, M’) is the k" column of M. We
know that the only rules that can be applied in Step d are CoNs, EQ-DED-DED and
AxioM. Furthermore, the external application of those rules implies that M, j — M,
and M, — My, for all i € {1,...,n}. But thanks to Lemma 9, we know that if
M, . satisfies InvVarConstraint(s) then My, , and My, ;. also satisfy InvVarConstraint(s)
or are equal to L. Thus, we deduce that m(u¥ (M, M})) < m(p¥ (M, M) and
71 (i o(Ma, Mb)) < 1 (1 (M, M),

Let ip be the index of the line such that for all ¢ < iy, M,;, r» = L or M, satisfies
the invariant InvVarConstraint(s). Let RULE(p) be an instance of a rule that is strongly
applicable on M, ;. We do a case analysis on jo.

Case jo < ip+ 1 and RULE(p) strongly applicable on M, 41 : In such a case, by apply-
ing Lemma 60, we obtained that i1.5(M1;,41%) < p1.6(Migt1,k) and pg.p(Maj 11 5) <
f11.5(Migt1k). Tt implies that ma(uf 4(My, M7)) < ma(pf 4(M, M')) and ma(uf 4(Ma,
ME)) < ma(pk (M, M’)). Hence the result holds.

Case jo < ip + 1 and RULE(P) not strongly applicable on M;, 11 : RULE(D) is strongly
applicable on M, ., and therefore we have that M, , # L and jo # i + 1. Hence by
definition of i, we deduce that M, i satisfies the invariant InvVarConstraint(s). Hence
RULE(p) strongly applicable on M, ; implies that:

e RULE(P) = Cons(X,f) with (X,iF"z) € D(M,, k), * € X! and there exists
g € F. such that Er(M;, ;) E root(X)#’ g. But thanks to Lemma 28, (M, M)
satisfies InvGeneral and more specifically Property 6 of the invariant InvGeneral
which means that Erj(M;, 1) F root(X)#’ g. Thus, we deduce that RULE(p) is
also strongly applicable on M, 11, which is a contradiction with our hypothesis.

e RULE(p) = AXIoM(X, path) with (X,i+F"z) € D(M,, 1), z € X! and there exists
g € F. such that Er(Mj, ) E root(X)#"g. Once again, thanks to Property 6
of the invariant InvGeneral, we deduce that Er(M;,414) F root(X)#"g. How-
ever RULE(p) is not strongly applicable on M, 1 which means that if there
exists a frame element (&,iF"u) € ®(M,;,11,) such that path(¢) = path then
Ern(Miy 1) E X #7 €. But thanks to Property 7 and the fact that Ax1om(X, path)
is strongly applicable on M , we deduce that there is no frame element (&, Fu) e
®(Mi,41,%) such that path(§) = path. Thus, we have that My; 41, = L and
Moo 1,k = Migt1,k-

Therefore, we deduce that w1 (uf ;(Mi, M) < 71 (pf ;(M, M')) and 7o (pf (Mo,
MY)) = o (pf y(M, M')). Furthermore, we have that Erj(Maj, 1) = Ern(Mj, k) A
X #" ¢ where path(¢) = path and (€,i+"u) € ®(M,, ;). Hence we deduce that
w3 (pk (Mo, M) < m3(pk ;(M, M")). Thus we conclude that u¥ ,(Mi, M}) <
ﬂllc.d(MvMI) and lu’}f.d(M%Mé) < :ullc.d(MaM/)'
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Case jo > ig + 1: In such a case, it implies that no instance of the rule CONs, AXIOM
and EQ-DED-DED can be strongly applied on M 11 with support inferior of equal to
s. Thus, we can first deduce that for all (X,i"u) € D(M;, 1), if i < s then u € X!
and for all f € F,, Erq(Mi, 1) H root(X) #" f. Indeed, assume that u & X

e if there exists (£,j > v) € ®(M,11.) such that j < i and En(M;, 1) ¥ X #°€,
then AX10M(X, path(§)) would be strongly applicable on M;, , which contradicts
our hypothesis

e if there exists f € F. such that En(M;,14) ¥ root(X)#"f, then Cons(X,f)
would be strongly applicable on M 1 which contradicts our hypothesis.

e Else we would have that for all (£, > v) € ®(M,,41.%), 7 < @implies Eyp(M415) F
X #"¢ and for all f € F., En(M;, 1) E root(X)# f. But in such a case, the
normalisation of the constraint system would implies that M; 41 = L witch
contradicts the definition of ig.

We now prove that in fact the case jo > ip + 1 is impossible. Assume that (X,it’z)
and (Y,j+"y) in D(M;,11) such that = y. In such a case, since we proved that
for all f € F., En(M;y41x) 7 root(X) 7é?f and Er(M;,41%) F root(Y) 7é? f, we can
deduce that the rule EQ-DED-DED(X,Y) is strongly applicable on M, 41 which is a
contradiction on our hypothesis. Hence we can deduce that M, 1  satisfies the invariant
InvVarConstraint(s) which is also a contradiction on the definition of iy. Hence the case
jo > ip + 1 is impossible. L]

Appendiz G.1.4. Step e: solving non-deducibility constraints
This step only consists of replacing some constraint systems by L, and its termination
is ensured.

Proposition 1. Applying the transformation rules on a pair of sets of initial constraint
systems following the Phase 1 of the strategy terminates.

Proof. According to Section 4, Phase 1 of the strategy depends on two parameters s
and k that are respectively bounded by the size of the frames in the initial matrices
of constraint systems and by the sum of the number of columns of the two matrices.
Hence, the proof termination of Phase 1 follows directly from the proof of termination
of the different step given parameters s and k. Lemma 59 ensures the termination of
Step a. Corollary 3 ensures the individual termination of Step b. Lemma 64 ensures the
individual termination of Step c. Lemma 66 ensures the termination of the cycle of steps
b and c. Finally, Lemma 67 ensures termination of Step d. O

Appendiz G.2. Phase 2: Taking care of disequations

During the second phase of our strategy S, the only rules that can be applied are
Cons, AxioM and EQ-DED-DED. Furthermore these rules will always be applied as
external rules. As already explained, the purpose of this phase is to take care of the
disequations. For this, we need to match them, and ensure that the same disequations
occur in each constraint system. As depicted below, this second phase is made up of
three steps.
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if no rule of Step b
is applicable

AN
| Step b | | Step ¢ |—>
N

We show termination of each step separately, and we consider also the cycle Steps b/c.

Appendiz G.2.1. Step a: getting rid of universally quantified variables

This step of the strategy consists of getting rid of the universal variable. In order to
show that this step terminates, we introduce a measure on the formulas F that considers
the positions of all the universal variables. Let (M, M’) be a pair of matrices, we define
a lexicographic measure, denoted ps (M, M’), which is composed of :

1. The multiset of the positions of any occurrence of universal variables in E(C),
for any constraint system C in M and M', ie. {{p | E(C) = E' A [V§.Vz.E" V
u#"v] and uj, = 2 and C in (M, M')}}

2. The number of (X, f) such that root(X) # f not in Ey, X,iF"u € D(C), f € F,
and C in (M, M’).

3. The number of (X, &) such that X,iF'ue D, &, jF v e ®, j <i, X # ¢ is not in
En(C) and € in (M, M’).

Thanks to this measure we are able to prove the termination of Step a.

Lemma 68. Let (M, M’) be a pair of matrices obtained during Step a of Phase 2 of
the strategy. Let RULE(D) be an instance of the rule AXIOM or CONS such that RULE(p)
is strongly applicable on at least one constraint system in M or M’ and let (M7, M)
and (Mg, M}) be the two resulting pairs of matrices. We have that:

N?.a(MlaMll) < ,u2.a(MaM/) A M2‘a(M27M/2) < ,U/2.a<MaM/)

Proof. Thanks to the normalisation, we know that for all constraint system C in M, the
disjunctions of inequations in E(C) are of the form Vg.\/; z; £’ u; where § is a set of
universal variable and z; are not universal for any i. Assume that (X,iF’z) € D(C)
and a rule is applied on this deducibility constraint, i.e. CONs(X,f) or AX1oM(X, path).
Let’s denote C; and Cy the two constraint systems obtained by applying the rule on C,
ie. C1isin (M3, M}) and Cs is in (Mo, M)).

We first focus on (Mi, M}). In the case of rule CONs, since C satisfies the invariant
InvVarConstraint(s,,qz ), we deduce that z will be instantiated in C; by f(z1,...,x,) where
xy, are not universal, for all k € {1,...,n}. In the case of rule AXI0M, since C satisfies
the invariant InvNoUse(syqz), we know that (£,j > u) € ®(C) with path(§) = path(&)
implies that u & X' (otherwise we would have (£,j > u) € NoUse(C) and so the rule
AX10M(X, path) would not be applicable).

Hence we have shown that x is necessary instantiated by a term different from a
variable. We denote o the substitution that instantiates x. Let’s now look at the possible
atomic statement that contains z:

169



1. Case E(C) = E' A Vj.2.E" V x#"v] and z € vars'(v): In such a case, we have
that E(C,) = E'c) A [V§.2.E"0 V zo # vo]l. By hypothesis, we know that E(C)
is normalised. Hence we have that v # z which means that root(v) € F.. Let’s
denote v = g(v1,...,v,). Since x € vars!(v), there exists k and a position p such
that z € vars'(vy) and vg|, = z. This implies that (k- p) € m (p2.o(M, M')).
Furthermore, we proved that zo ¢ X!, thus we can denote zo = f(u1, ..., un).

If g = f then n = m and we have that (xo#?v0)¢ =wui Vv V...Vu, Vv,
Hence in such a case, we deduce that the same occurrence of z have the position

p e Wl(MQ.a(MlaMll))'

Else g # f. In such a case, we deduce that E'c| A [V§j.z.E"o V zo 4 voll = E'o].
Thus, this specific occurrence of z in E(C) is no longer in E(Cy).

2. Case E(C) = E' AN V§.z.E" V&' # 0], 2 # x and z € vars'(v): We already
proved that zo do not contain an universal variable and z #” 2/ which implies that
o £ vo)l =1’ £’ vo. Hence if p is a position such that vo|, = z then we also have
that v|, = z which means that p € m (p12.4(M, M’)) and p € m1(p2.4(M1, MY})).

3. Case E(C) = E' AV§.E" V &’ # v] and wvars' (v) N§ = 0: Once again, we already
proved that zo do not contain an universal variable hence vars!(v) N g = () implies
that vars'(ve) Ny =10

We have shown that the position of an occurrence of an universal variable either stays
the same or decrease. More specifically, we have shown that in Case 1, the position
necessary decreases or the occurrence is no longer in F(C;). Since Case 1 corresponds to
the application condition of the rule AxioM and CoNs, we deduce that pg (M7, M) <
H2.a (Mv MI)

We now focus on (M, M}). By definition of the rule AXioM and CONs, we know
that the only difference between C and Cs is the second order formula Epy, i.e. Er(Cs) =
En(C) Aroot(X)#" f in the case of the rule Cons(X,f); and Ep(Cs) = En(C) A X #° ¢
in the case of the rule AXioM(X, path) with path(¢) = path and (£,5 > u) € ®(C).
Hence we trivially have that my(p2.4(Ma, M5)) = mi(p2.0(M, M")) with k = 1,2 and
T3 (2.0 (Mo, Mb)) < w3(p2.0(M, M’)) in the case of the rule AXIOM; whereas we have
1 (2.0 (Mo, M5)) = 1 (p12.0(M, M')) and ma (2.0 (Ma, M5)) < ma(p12.4(M, M’)) in the
case of the rule Cons. We conclude that pis o(Ma, Mb) < pig.q(M, M'). O

Appendiz G.2.2. Steps b and c: matching disequations

Step b alone. This step consists of applying, as long as we can, either an instance of the
rule CONS or an instance of the rule EQ-DED-DED due to the presence of a disequation
T ;é? u in a constraint system C. Moreover, we consider an application where £} (z 75? w)
is maximum.

LE(w) =maz ({i | (X,iF x) € D(C) Az € vars(u)} U {0}).

The idea behind the measure that we will use to prove termination of this step is
to over-approximate the number of possible applications of these two rules (CoNs and
EQ-DED-DED) along a branch. This can be achieved by looking at the depth at which
names and “faulty” variables occur in disequations for the CONS rule, and by simply
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counting the number of distinct variables for the EQ-DED-DED rule. Actually, we need
to be more precise and to take into account the support at which the rule is applied.

Consider a matrix M and let n be the size of the frames in M. For alli € {1,...,n},
we denote by uf,, (M) the measure characterizing how many times the rule Cons will
need to be applied with a recipe variables of support i as parameter, and we define it as
follows:

Cisin M, E(C)=EA(DVz#"v),
(X,iF"x) € D(C), root(v) € Fu,
peons(M) = h | En(C) ¥ root(X)#" root(v),
either st(v) NN # 0 or i < L}(v),
h=max{lp| | o]y € AV (tly € X1 A7 < L3(0],)}

Recall that at this point of the strategy, all the constraint systems in the matrix are in
pre-solved form and in particular all deducibility constraints have a variable as right hand
term. At each disequation x 7é? v of any constraint system of the two matrices where the
rule CONs is applicable (given by Epj(C) ¥ root(X)#’ root(v) and either st(v) NN # 0
or i < Eé(v)), we associate an integer that corresponds to the maximal depth at which
either a name or a variable with a support greater than the support of z occurs in v.
A high value for pui , (M) indicates a possible high number of application of the rule
CONS at support i.

For example, assume that we consider the disequation z # f(g(a),y) where x and y
have the same support i. This disequation will contribute to the measure u’,, (M) by
adding 2 (the depth of the name a in this disequation). As long as the name a is not on
the root of the disequation, an application of the rule CONs will be possible:

x # f(g(a),y)

{ CoNSs on z

v #gla) Vo #'y
4 CONS on
3£ aVas £y No more CONS

The pl,,s(M) is an over-approximation of the number of applications of the rule
CoNS on the matrix M along a branch. It differs from the number of possible applications
of CONs on M that we denote by puArP (M).

We need also to take into account the number of possible applications of the rule
EQ-DED-DED along a branch, denoted by s, (M). First ui,,.(M) = 0 in case M
only contains constraint systems that are reduced to L. Otherwise, let Cxq be a non L
constraint system in M, ul,,..(M) = [{z € vars'(Crm) | Li,, (x) = i}|. Note that since
all the constraint systems in M have the same shape, this measure does not depend of the
choice of the representant Cxq in M. The measure ,ufiqrr(/\/l) only calculates how many
variable of index i there are in a constraint system. Once again, this measure differs from
the actual number of possible applications of EQ-DED-DED on (M, M), that we denote
by uAze (M).

We can combine these measures as follows:

1126 (M) = (11 s (M), 10 (M), 1k (M), 11 g (M), P2 (M), 2P (M)
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Lemma 69. Let (M, M') be a pair of matrices obtained during Step b of the second
phase. Let RULE(D) be an applicable rule and let (Mq, M}) and (Mo, M}) the two
resulting pairs of matrices obtained by appluing RULE(P) on (M, M’). We have that:

pop(Mi, M) <iex praps(M M) and  po (Mo, MY) <iex pr2.6(M, M)

Proof. First, at this stage, all the constraint systems of the matrix are in pre-solved form
and do not contain universal variable. Hence, the application conditions of the rules
Cons and EQ-DED-DED only depend on E and Er. Moreover, we consider w.l.o.g. that
(M1, M) (resp. (Maz, M})) is the pair of matrices on which the guess of the rule is
satisfied (resp. not satisfied).

Case of the branch (Mj, M}). Consider C in (M, M’) and let us denote by C; the result
in (Mj, M}) by application of the rule CONs or EQ-DED-DED on C. For both rules, a
substitution ¢ = { — u} was applied on F(C) to obtain E(C;), that is E(C1) = E(C)ol.
In the case of the rule Cons, u = f(x1,...,x,) where x4, ..., z, are some fresh variables
and in the case of the rule EQ-DED-DED, u is a term without any name. Moreover, in
both cases, we have £}(u) < L(z).

Let us assume E(C) = EA(DVy £° v) for some F, D,y and v; and let us observe the
influence of the application of o on the computation of pf,, (M7, M}) for all i > L} ().
Let us assume first that the disequation y#?v induces an integer h in the multiset
Wi ons (M, M) for some i > L} ().

If 2 & vars(v) and = # y then the disequation (y %’ v) is left unchanged by application
of o. If 2 € wars(v) then (y#’v)ol is in fact the disequation y#’ vo. But, y# v
inducing the integer h in the multiset ul,, (M, M’) implies that i = £}(y). With the
fact that u does not contain any name, i > £}(z) and £} (u) < L(z), we deduce that
the heights of names in v and the heights of the variables with strictly bigger support
than y is left unchanged after application of the substitution o, that is:

max{h(p) | v], € N'V (v], € X Ni < LE(v]p))}

max{h(p) | vo|, E NV (val|, € X' Ai < LE(vol,))}

This allows us to deduce that y;é?v and (y ;E? v)ol produces respectively the same
integer in Mions (M7 MI) and Mions (Ml? Mll)

Let us now consider the last case, that is y = x, meaning that i = L£i(z). In
such a case (y#’ v)o is either reduced after normalisation to (a) true; or to (b) z# v
when u is a variable (that we rename z for the occasion); or to (c) a disjunction of
disequation V7 uy 75? v where uy and vy are respectively strict subterm of v and v
(the fact that u; and v; are strict subterm comes from our knowledge that y 7é? v induces
hin pi,, (M, M’) and so that v is neither a variable nor a name).

In case (b), since £}(z) < LL(z), the disequation z#’ v either induces the same
integer as ##’ v in the multiset p?,,,,(M1, M}) when L£}(z) = L5(x) or else induces an
integer in the multiset uf,, (M7, M}) with j < L&(x).

In case (c), by normalisation, we know that for all k € {1,...,m}, either uy or vy
is a variable. When uy, is a variable, the facts that uy is a subterm of u and £}(u) <
LE(x) imply that if uy, +" v), induces an integer in a multiset (M7, M}) then j <.
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Moreover, because vy, is a strict subterm of v, then the induced integer is strictly smaller
than the integer h induced by y# v in the multiset x’,, ,(M, M’). On the other hand,
when vy, is a variable, since u does not contain any name and £i(u) < L5(x) then
up #” vy, can only induces an integer in a multiset i/, (M, M) where j < i.

To summarize the different cases, we showed that the application of o on y ;é? v where
LE(y) = i induces either the same integer h in p?,,, (M7, M) or; induces several integers
in ut,, (Mi, M), all of them strictly smaller than h; or else induces some integers in
Whons (M1, My) with j < L£}(z). This allows us to deduce that for all k > L£}(z),
M]gons(M17 Mll) < u“lcgons('/\/h M/)

For the rule CONS, we can be more specific by showing that for k = £ (z), ¥, (M1, M) <
pk (M, M'). Indeed, the application conditions of the rule imply the existence of at
least one disequation x#?v with names or variables in v with bigger index than =,
meaning that z # v induces an integer h in p% (M, M’). But the integers induced by
(u#"v)] in pk (M, M}) are all strictly smaller than h. Therefore, ¥, (M, M}) <
/"LEOTLS (M7 M’)'

Lastly, we trivially have p& (M1, My) = pk,. (M, M) for all k > Li(x), and in
the case of the rule EQ-DED-DED, we also have that uf,,., (M1, M}) < pk,., (M, M) for
k = £} (x). This allows us to conclude that s (M7, M) < pop(M, M').

Case of the branch (Maj, M5). Consider C in (M, M’) and let us denote by Cs the result
in (Mg, M}) of the application of the rule CONs or EQ-DED-DED on C.

For the rule CoNs with parameter X and f, the only difference between C and Cs is
the addition of root(X)#" f in Ey(Cs) which reduces by one the number of application
of CONS. Indeed, the application of CONS with once again X and f would be useless.
Therefore, PP (Mo, Mb) < pPP (M, M') and so pap(Ma, Mb) < pa (M, M').

For the rule EQ-DED-DED, a disequation may have been added to C to obtain Cs.
However, we know that this disequation is of the form z’ 75? u’ where v’ does not contain
name and LL(z) > L5(u'). Thus, 2’ #° ' does not induces an integer in any multiset
pk (Mg, Mh), for all k, and it also does not trigger the application of an instance
of the rule CoNs. Lastly, once the rule EQ-DED-DED is applied with some parameters,
the same instance of the rule becomes useless on (Ma, M), Hence pipe (Ma, Mh) <

piEp (M, M') and so we conclude that pg (Ma, M) < pg (M, M’). O

Step ¢ alone. The measure used to prove termination of Step c is very simple. Indeed,
during Step ¢, we only apply the rule AXiomM which either decreases the number of
deducibility constraints or adds a disequation between recipes. Let (M, M’) be a pair
of matrices, let Cy be a constraint system in M or M’ such that Cy # L, we define the
lexicographic measure ps (M, M’), as follows:

1. The number of deducibility constraints, i.e. |D(Cp)|

2. The number of pair (X, &) such that (X,iF"z) € D(Cy), (&,7 > u) € ®(Cp) and
?
En(Co) # X #° €.

Thanks to this measure, we can now state the termination lemma.

Lemma 70. Let (M, M’) be a pair of matrices obtained during Step ¢ of the second
phase. Let AXIOM(p) be an applicable rule and let (M, M}) and (Ms, M%) the two
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resulting pairs of matrices obtained by application of AX10M(p) on (M, M’). We have
that:
p2.c(Mi, MY) < pae(M, M) and i (Mo, M) < pia.c(M, M)

Proof. Direct from the definition of the rule AXIOM. O

Steps b and c together. We now describe the main measure that will necessarily
strictly decrease after one cycle Step b+ c. For a constraint system C of the matrix, the
application of any of the three rules Ax1om, CoNs and EQ-DED-DED, transforms E(C) by
either adding a disequation (case of EQ-DED-DED when the guess is not satisfied) or by
applying a substitution o = {& — u} where £}(z) > L} (u) (all the other cases). Thus,
we will consider the measure defined in Section 4.2 that characterizes a disequation by the
indexes of its variables, that is £}(u +"v). We also extend this measure to disjunction
of disequations as follows:

Eé(\n/ui 2" ;) = max{LE(u; A" v;) |i=1...n}

We use the lexicographic order > to compare pairs of integers, i.e. (i1,72) >ex (J1,J2)
if

e cither max(i1,i2) > maz(j1, j2);

® Or max(ilaiZ) = max(jlan) and mln(zlle) > mln(]laJQ)

Intuitively, the idea would be to measure all the values £} (D) for all disjunctions D
in all constraint system C of the matrix. However, even if this measure will never increase
on a single disjunction of disequations after application of any rule, it is not enough to
ensure termination. Indeed, the rule EQ-DED-DED adds new disjunctions of disequations
in all constraint systems of the matrix when the guess done by the rule is not satisfied.
However, these disequations are all the same up to renaming of first order variables. Thus,
we establish a measure that will avoid counting these particular disequations several
times. For that we will rely on the recipes that were used in parameters of the rule
EQ-DED-DED as follows.

Let us first define the measure £%(8) where 3 is a context of recipes:

L2(B) = max{i | (w-ax;) € st(B) or (X,i" ) € D(C) with X € st(8)}

Note that at this stage of the strategy, our matrix contains constraint systems having
the same shapre, and thus the same deducibility constraints up to a renaming of the
first order variables. Hence, given a matrix M containing at least one constraint system
C different from bottom, we denote £3,(3) = L(8). We can now define our measure
similar to £() but specific to disequations of context of recipes, denoted £3,() and
defined as follows: £3,(€#" B) = (L2,(€); £2,(B)). We use the same lexicographic order
>lex t0 compare pairs of integers. Lastly, we also extend this notion to disjunction of
disequations such that:

L\ Bi# B81) = max{L3, (B # B)) | i=1...n}
' 174



Even though we defined a measure for any disequations of context of recipes, we do
not want to consider all of them. Remember that these disequations should represent the
disequations between messages that appear into the matrices we consider. In particular,
if D is a disjunction of context of recipes representing the disjunction D in C then we
want that £3,(D) = £{(D). Therefore, we define a set of disjunction of disequations of
contexts, denoted Drr(M), that satisfy this identity:

Jje{l,...,n}.X € vars®(8;), X' € vars®(8}) s.t.
Dn(M) =14 (ViLy Bi# B | La(Visy Bi# B) = L3485, # B)),
L34(Bj) = L34(X) and L3,(8]) = L3,(X")

Note that the normalisation of disjunction of disequations of context of recipes, denoted
by D}, is formally defined by the rule:

DVF(&ry.en)Z f(Bry ., Bu) ~» DVEA BV ... VE A B

Given a constraint system C and a disjunction D = \/I"_, 3; #7 Bi, we denote F¢(D) =
(\/;l Bi61(C) £7 Blot (C)) J. Thanks to the origination property satisfied by our constraint
systems, we can easily prove that for all constraint system C in M, for all D € D (M),
L£3,(D) = L(D). Moreover, for any disjunction of disequations of context of recipes D,
if D & Dri(M) then £3,(D) > L{(D) where D = D§*(C)J.

We define the general measure on matrices, denoted figer (), as follows. Let (M, M)
be a pair of matrices of constraint systems. W.l.o.g. let us assume that M contains at
least one constraint system different from bottom. Let S = {C in M or M’}. We have:

CeS, E(C)=EAD
[gen (M, M) = LL(D) | for some E and some disjunction D
VD' € Du(C), Fe(D') # D

D € Di(M) and 3C in M or M’ s.t.
uzen(MaM/) = ‘Ca\/l(D) E(C) = E A D for some E and
Fe(D)=D

Hgen (Ma M/) = :u’éen (M’ M/) J Mgen (M7 MI)

Intuitively, p/,, (M, M’) represents the measure for the inequations that are not
matched by the EQ-DED-DED rule yet. On the other hand, u2., (M, M’) represents the
measure for the inequation that were matched at one point in the strategy by the rule
EQ-DED-DED.

Lemma 71. Let (M, M’) be a pair of matrices obtained during Step b of the second
phase. Assume that there exists (Mpe, M},), different from (M, M') obtained at the
end of Step ¢ of the second phase such that (M, M') —* (Mp, M;.). In such a case,
Ngen(Mme/bc) < Ugen(M>M/)-

Proof. Since (M, M;,.) is different from (M, M’), we can deduce that there exists at
least one instance of a rule EQ-DED-DED, CONs or AXIOM that is applied on (M, M’).

Let us denote (M7, M]) be the pair of matrices obtained by application of such instance
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of rule on (M, M’) and such that (M, M) - (M1, M) =% (Mse, M;,.). Note that
(M1, M}) may correspond to the case where the guess of the rule is satisfied, as well as
the case where the guess is not satisfied.

The proof of this result will first consist of proving that in general the measure
tgen (M, M) never increases. In particular:

1. If the rule applied is CONS or AXIOM then figen (M1, M) < pigen (M, M');

2. If the rule applied is EQ-DED-DED and (Mj, M]) corresponds to the case where
the guess of the rule is satisfied then fige, (M1, M) < pgen (M, M)

Thus, one can note that we never show that the measure strictly decrease and the case
of the rule EQ-DED-DED with a guess not satisfied is not covered. In fact, following these
two properties, we will show that since (M, M}.) is at the end of Step ¢ (i.e. no more
rule AXIOM applicable), then

3. If the rule applied is AxioM and (M, M’) is at the beginning of Step ¢ then
Mgen(Mbca M;;c) < MQEn(MaM/);

4. Tf the rule applied is EQ-DED-DED and (M7, M) corresponds to the case where
the guess of the rule is not satisfied, then either pige, (M1, M}) < pigen (M, M') or
else ,Ugen(Mbca MZC) < ,ugen(Mv M,)

The last property is probably the most technical. Indeed, we will show that in some par-
ticular cases, the application of EQ-DED-DED will increase the measure (i.e. pigen (M1, M)
> figen(M, M")) but in the long run (i.e. at the end of the cycle) the measure will still
strictly decrease (i.e. pgen(Mpe, Mp,) < figen(M, M")).

Therefore, by Properties 1,2 and 4, we can apply a simple induction on the length
of derivation (M, M) —=* (My., M}.) proving that pigen(Mpe, M},.) < pigen (M, M’).
Moreover, if no rule AXIOM was applied in the derivation then it means (M., Mj,) is
in solved form or else by Property 3 we have that pgen(Mpe, Mj.) < pgen(M, M’).

We first focus on the evolution of fige,, (M, M’) by application of an instance of a rule
Cons, EQ-DED-DED or AXIOM when the guess is satisfied.

Let us consider a disequation that induces an element in p},, (M, M’). Hence,
w.l.o.g., consider C € M such that E(C) = E A D for some E and some disjunction
D and such that for all D € D(M), Fe(D) # D. Moreover, let us denote C; the con-
straint systems obtained from C after application of the rule and assume that C; is the
constraint system. For any instance of any of these rules, a substitution o = {z — u} is
applied on C to obtain C; where £} (z) > £} (u). Thus, we obtain that £ (D) > £L(Dol).
Hence, if Do induces an element in pg,,, (M1, M}), then it is smaller than the element
induced by D in p., (M, M'). Moreover, since we know that for all D € Dp(M),
L3,(D) = L{(Fe(D)), then even if Dol induces an element in p?,, (M;, M}) through
some disjunction D € Dy (M), this element would still be smaller than the one induced
by D in prg.,, (M, M’).

Let us now consider a disequation that induces an element in p2,, (M, M’). In
such a case, there exists D € Dp(M) and some constraint systems Cy,...,C, in M
or M', and disjunctions Dy,...,D,, such that for all « € {1,...,n}, F¢,(D) = D; and
E(C;) = E; A D; for some E;. Moreover, let us denote Cy,...,C/ the constraint systems
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in (My, M]) resulting of the application of the rule on respectively Ci,...,C,. As
we already mentioned, for any instance of the rules CoNs, EQ-DED-DED or AXIOM,
for all i € {1,...,n}, a substitution o; = {z; — wu;} is applied on E(C;). We will
show that either (a) there exists 6 such that Df$ € D(My), L3, (D3) < L3,(D) and
Diol = Fe/(D63) for all i = 1...n; or else (b) Lg, (Diol) < L34(D) foralli=1...n.

By definition of the rule CoNs, EQ-DED-DED and AxioM, we know that there exists
X € X% such that (X, k" 2;) € D(C;) for alli € {1,...,n}. Moreover, there also exists a
context of recipes 3 such that for all i € {1,...,n}, u; = 6" (C;) and L3, (8) < L3,(X).
Typically, when the rule is AXIOM with path as parameter, then 8 is path; when the
rule is CONS with f as parameter, then § is f(Y7,...,Y;,) with Y7,...,Y,, the fresh
recipe variables created by the rule; and when the rule Eqrr is applied with parameter
& then 8 = £. Therefore, we can easily deduce that E?wl(D%) < £3,(D) and for all
i€ {1,....n}, Dol = Fa, (D63).

If DO3 € Drr(M;) then we satisfy point (a). Else let us assume that D83 & Drr(My).
But in such a case, we know that L} (Fa, (D63)) < L3, (D853). Hence we can deduce
that for all i € {1,...,n}, Elg(Di(d) < L3,(D) hence we satisfy point (b).

Let us now focus on the evolution of pige, (M, M’) by application of a rule CONS or
AXIOM when the guess is not satisfied. When these rules are applied, the disequations
are either not modified by the rule or some of them are removed by normalisation. Thus,
in such a case, we trivially have that pge, (M1, M)) < pigen(M, M’). This allows us to
conclude that Properties 1 and 2 hold.

We now focus on Property 3 hence we assume that the rule AXioMm is applied on
(M, M'). Let us observer the state of any disjunction D = VI, z; 47 4; in any constraint
system C in M or M’: Either D is in fact a unique disequation D = x; 747 u1 where uq
does not contain names and £ (u1) < L (x1); or else for all i € {1,...,n}, one of the

following properties holds:
® U, € N.

e u; € X, E(C) E root(X;)#£ f and Er(C) ¥ root(Y;) %’ g for all f,g € F,. where
XZ§1(C) =T; and Eél(C) = U;.

e root(u;) € F, and for all f € F,, Ex(C) E root(X;) #’ f where X6'(C) = x;.

These properties are consequences of the rules CONS and EQ-DED-DED not being appli-
cable anymore. Note that these properties are given by Lemma 30.

One can notice that either u; is a name or Er;(C) satisfies the disequations root(X;) #" f
where X;6%(C) = x;. This means that the rule AXioM will be applied with all the vari-
ables Xi,..., X, unless D becomes trivially true or false by normalisation. Let us de-
note o the substitution corresponding to the different applications of the rules Axiom
from (M, M’) to (Mje, M), meaning that either Dol is either true, or false, or is
in F(Cp.). But in the latter case, the origination property satisfied by all the con-
straint systems ensures us that L5 (z0) < Lg(x;) for all + € {1,...,n}. Hence, we
deduce that L (Dol) < L5(D). Also note that even if D was inducing an element in
Hoen (M, M) through a disjunction D, since we know that Lp(D) = £3,(D), we have
that £, (Do}) < L£3,(D). Moreover, since the same reasonning can be applied on all
disjunction D’ in any other constraint system C’ such that D’ = F¢/ (D), we deduce that
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the element £3,(D) in pgen (M, M’) is in fact replaced by several strictly smaller elements
in figen(Mpe, Mj,.). This allows us to conclude that jigen(Mpe, Mj,) < pigen(M, M).

Let us now focus on the last property, that is when the rule EQ-DED-DED is applied
and the guess is not satisfied. Once again, we do a case analysis on the disequation that
triggered the application of the rule EQ-DED-DED.

Assume first that the disequation induces an element in s ,,,(M, M’). Hence, w.lo.g.,
consider C € M such that E(C) = E A D for some E and some disjunction D and such
that for all D € D(M), Fe(D) # D. Moreover, assume that D = D'V z#" u for
some disjunction D’ and for some terms x, u such that z 74? u triggers the application of
EQ-DED-DED with parameters X and £. By definition of the rule EQ-DED-DED, we know
that X61(C) = z and £6'(C) = u. Moreover, the application of the rule on C will add
the disequation z #? uw in E(C) but will also remove the disjunction D by normalisation
(x#" w implies D’ V x#" u). Hence, B(C1) = E A x# u and so the element £}(D) in
tgen (M, M) is replaced by L3, (X £"¢)in e en (M1, Mf). Note that since in any other
constraint systems C’ of the matrices, only the disequation X¢&(C’) £’ £61(C") is added.
Hence they are captured by the element £3, (X £"¢) in e (M1, M), But LE(D) >
L(x#"u) = L3, (X #" €) hence we deduce that jigen (M, M}) < prgen(M, M).

Assume now that the disequation induces an element in 42,,,(M, M’). In such a case,
there exists D € Dry(M) and constraint systems Cy, . ..,Cp, in M or M’, and disjunctions
Dy, ..., D, such that for all ¢ € {1,...,n}, F¢,(D) = D; and E(C;) = E; A D; for some
E;. Moreover, w.l.o.g we can assume that D; = D]V« 75? u where x ;é? u triggered the
application of the rule EQ-DED-DED. We have to consider whether or not D = D'V X 75? &
such that X46'(C;) = = and £6%(C1) = u.

When such decomposition of D exists, then it implies that for all i € {1,...,n}
there exists D/ such that D; = D}V (X6'(C;) #° €6*(C;)). Thus, the application of the
rule EQ-DED-DED on C; will add the disequation X48'(C;) #" £€6(C;) but also remove the
disjunction D; by normalisation. Hence, the element £3,(D) in p2,, (M, M’) will be
replaced by the element £3, (X #°¢) in Hoen (M1, MY). Since D = D'V X #"¢ and so
L34, (X #7¢) < £3,(D), we deduce that frgen (M, My) < pigen(M, M').

Now let us assume that such decomposition of D does not exist. It implies in fact
that the disequation x #? u is derived from a disequation of context of recipe of the form
path " ¢, meaning that (path 6'(C) #° £6%(C))$ = DY Va #' u for some Dy Intuitively, it
indicates that the disequation x 75? u was generated by the application of a rule AXioM
during the previous cycle. Thanks to the origination property satisfied by constraint
systems, we can also deduce that £3,(path#"¢) > £} (v # u). In summary, we have
that D = D’ V path#’ ¢ and Dy = D} V z#" u such that L3, (path £¢) > LE (x # u).
Moreover, the application of EQ-DED-DED will add the disequation x;«é? u and remove
the disjunction D; due to the normalisation in C;.

The main difficulty here is that in all the other constraint system Cs,...,C,, the
normalisation will not necessarily remove the disjunctions Do, ..., D,. Hence, E%A(D)
will continue to be in 2., (M, M) and we also added the element £3,(X £"¢) in
Hoen (M1, MY), all of that implying that pgen (M1, M7) > pigen(M, M’) meaning that
the measure does not decrease at this step and even increase. In fact, we can show that
even if the measure increases after application of the rule EQ-DED-DED, the measure will
strictly decrease at end of Step c, i.e., after applying the different instances of the rules
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AXIOM.

Indeed, by definition of D € Dyy(M), we know that there exists Y #’ 8 such that D =
D” V path#£" € VY £’ 8 for some D” and such that L3, (path £'¢) < L3y ' 3). But
we also know that we only apply the rules EQ-DED-DED and CONS on the disequations
with the biggest value £}() first. Therefore, since the application of EQ-DED-DED was
possible on  #’ u where L (Y(Cy) #' B61(Cy)) > LE (x # u), we can deduce that
neither CONS or EQ-DED-DED were applicable on Y6 (C1) #’ 86 (C1). By definition of
the two rules, it implies that the disequation root(Y)#'f for all f € F, are in Er(Cy).
Thus, during Step ¢, either the disjunction Ds, ..., D, will all have become trivially true,
or trivially false, or else the presence of root(Y) ;é?f will trigger the application of the
rule AXIOM on Y. As we previously shown during the proof of Property 3, triggering
applications of the rule AX10M implies that the disjunctions D¢ in (M., Mj ) obtained
from D; in (M, M) satisty L1, (D)) < L, (D;) foralli € {2,...,n} and where C}° is the
resulting constraint system byzthe successive applications of rules on C;. This allows us to
conclude that the element £3,(D) in 2., (M, M’) was replaced by several strictly smaller
elements L}, (D) in )., (Mpe, M},), and so that prgen(Me, ML) < prgen(M, M'). O
Proposition 2. Let (M, M}) be a pair of matrices obtained at the end of Phase 1 from
a pair of sets of initial constraint systems (by following the strategy S). Applying the
transformation rules on (My, MY) following strategy S as defined in Phase 2 terminates.

Proof. The proof of termination of Phase 2 of the strategy is directly given by Lem-
mas 68, 69, 70 and 71 which respectively prove the termination of Step a, Step b, Step ¢
and finally termination of the cycle Steps b/c. O
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